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ABSTRACT. In this monograph, we study complexity classes that are defined
using O(log n)-space bounded non-deterministic Turing machines. We prove
salient results of Computational Complexity in this topic such as the Immerman-
Szelepcsenyi Theorem, the Isolating Lemma, theorems of Meena Mahajan and
V. Vinay on the determinant and many consequences of these very important re-
sults. The manuscript is intended to be a comprehensive textbook on the topic of
The Complexity of Logarithmic Space Bounded Counting Classes.

©T. C. Vijayaraghavan. This work is subject to copyright. All rights are re-
served by the author of the work.
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Preface to the Second Edition

The second edition of this monograph was brought about due to a pressing
need to remove the incorrect result that NL. = C_L, which I claimed to be true
using a buggy proof in the first edition of this monograph. I am extremely grateful
to Jacobo Toran for pointing out this error even before the first edition was pub-
lished. I however did not understand the argument given by Jacobo Toran all by
myself because of keeping sight on other portions of this book. However after pub-
lishing the first edition and discussing with Eric Allender who was very patient in
explaining the error in my proof, in which I claimed that C_.L C NL and with a bit
more diligence on my part, I understood that the result I have claimed is incorrect.
Consequences of assuming the statement which are incorrect in various chapters
have also been taken care of and corrected to the best of my knowledge.

Eric Allender gave invaluable comments about many other portions of the first
edition, especially in pointing out in Chapter 2, the result NL/poly = (UL N
co-UL) /poly requires some more refinement that polynomially many weight func-
tions are required as an advice string to isolate a directed path from s to ¢ in the
input directed graph, helped me gain clarity and proper understanding of the results
on this topic. I am extremely grateful to Eric Allender for careful proof reading of
major portions of the second chapter of this book. I once again thank Jacobo Toran
and Eric Allender for proof reading many other portions of this book and sending
me their valuable comments.

Shortly after publishing the first edition, I also felt the need to give more pre-
cision to the introductory material contained in Chapter 1 of this monograph. In
Chapter 1, we have included some more basic material starting from definitions
of deterministic and non-deterministic Turing machines as in [Koz97], refined the
notion of a configuration of a space bounded Turing machine by defining mini
configuration and succinct configuration, and to state explicitly and justify obser-
vations concerning definitions of these two types of configurations. Following this
in Section 1.2 of Chapter 1, we have stated certain very useful complexity upper
bound results from [CDL01] based on Boolean circuits and the Chinese remainder
representation. Following this, we have included an useful subsection on logarith-
mic space bounded computation.

Certain important typographical errors in various results or algorithms such as
in line 26 of the algorithm of Theorem 2.18 which existed in the first edition have
been corrected. In page 8 of Chapter 1, I have stated that we usually assume that the
computation binary tree of a non-deterministic Turing machine M is a complete
binary tree. However, | have clarified in page 29 of Chapter 2 that this is not always

vii



viii PREFACE TO THE SECOND EDITION

the case; that is, the computation tree of a non-deterministic Turing machine is not
always a complete binary tree since this assumption seems to be unrealistic in the
context of some logarithmic space bounded counting classes, especially GapL.
We carry forward this word of caution in many places in following chapters of this
monograph. Sections 2.3 and 2.4 of Chapter 2 have been thoroughly revised.

Chapter 3 remains almost the same as in the first edition except that a theorem
of Kummer and its corollary, the Prime Number Theorem and the Chinese Remain-
der Theorem which are useful for showing closure properties of Mod, L. and ModL
have been explicitly stated. Chapter 4 also remains almost the same.

Chapter 5 has been thoroughly revised with most notable changes being con-
sequences of dropping the incorrect result that C_L. C NL. The list of complete
problems given in the second edition now separately includes problems that are
logspace many-one complete for C_L. Table 5.1 has been revised and Section 5.9
does not deal with the C_L hierarchy or Boolean circuits that have C_L oracle
gates. Chapter 5 ends with the Notes section which contains Figure 5.1 that shows
the landscape of important logarithmic space bounded counting classes. This figure
has also been carefully redrawn.

Chapter 6 has undergone major revision in terms of the manner in which we
have introduced basic concepts on permutations in Section 6.1. We have intro-
duced certain terminologies such as orbicycle, 2-orbicycle, and orbicycle cover. 1
felt that using the same term “cycle” in the context of permutations and in the con-
text of directed graphs is obviously confusing. To solve this problem, I decided to
introduce the notion of a cycle in a permutation and call it as an orbicycle. The
notion of a 2-cycle (also known as a transposition in the first edition) is called
as just 2-orbicycle here in the second edition. An even permutation and an odd
permutation are defined based on the parity of the number of 2-orbicycles. Some
more examples are included in Section 6.1. The notion of the sign of a permutation
is defined in Definition 6.19 and it is interestingly justified in Theorem 6.21. The
notion of an orbicycle cover is related to a cycle cover of a directed graph in Defini-
tions 6.38-6.39 and in Lemma 6.40 in Section 6.2. Rest of Section 6.2 remains the
same. Section 6.3 discusses complexity upper bound results on problems in Linear
Algebra which follow as a consequence of the logspace many-one completeness
of computing the determinant of integer matrices for GapL. The complexity up-
per bound results have been revised following us noting that C_L C NL has been
incorrectly claimed to be true in the first edition.

Exercise problems of all chapters have been carefully looked into and changes
have been made to correct any error which might have been caused due to incorrect
statements in the first edition. Notes of all chapters have been read carefully. Any
error which remains in this manuscript is due to me, solely.

It is interesting to note that even though this topic of logarithmic space bounded
counting classes is a branch of computational complexity and structural complex-
ity, it borrows notions, ideas and results from many other areas of Mathematics.
The second edition of this book includes a small Appendix A on Mathematical
prerequisites which contains separate sections for Number Theory, Asymptotic no-
tation and Basics of Algebra & notation.
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I am once again indebted to V. Arvind for his guidance and continuous encour-
agement in helping me prepare this manuscript. Any useful comments regarding
this book may be sentto tcv.tclsbc@gmail . com.

Chennai, T. C. Vijayaraghavan,
India. March 2026.



Preface to the First Edition

It is a fact that the study of complexity classes has grown enormously and an
innumerable number of results have been proved on almost every complexity class
that has been defined. A counting class is defined as any complexity class whose
definition is based on a function of the number of accepting computation paths
and/or the number of rejecting computation paths of a non-deterministic Turing
machine. By restricting the space used by a non-deterministic Turing machine to
be O(log n), where n is the size of the input, we can define many logarithmic space
bounded counting complexity classes. The first and fundamental logarithmic space
bounded counting complexity class that one can easily define is Non-deterministic
Logarithmic space (NL). The definition of any other logarithmic space bounded
counting complexity class is based on NL.

The purpose of this research monograph is to serve as a textbook for teaching
the topic of logarithmic space bounded counting complexity classes and almost all
the salient results on them. In this monograph, we introduce the beautiful and so-
phisticated theory of logarithmic space bounded counting complexity classes. In
Chapter 1, we briefly introduce the Turing machine model and the Boolean circuit
model of computation. In Chapters 2 to 5 of this monograph, we define logarith-
mic space bounded counting complexity classes and we prove structural properties
of these complexity classes. In particular we study some important results on a
number of complexity classes whose definitions are based on Turing machines and
which are contained between the circuit complexity classes NC! and NC?. The
complexity classes of interest to us are NL, L., GapL, C_L, UL, Mod, L, Mod;L,
ModL and PL, where k,p € N, k > 2 and p is a prime. Results we prove in Chap-
ters 2 to 5 are diverse in the ideas and techniques involved such as the following:

* the non-deterministic counting method invented to prove NL. = co-NL
which is the Immerman-Szelepcsenyi Theorem in the logarithmic space
setting and some of its useful consequences which is to show that LNL —
NL dntd INV/ A/ 241/ in Chapter 2,

* using the Isolating Lemma to show that NL /poly = (ULNco-UL)/poly
in Chapter 2,

* by proving closure properties of L. and GapL, and using results from
elementary number theory we prove many interesting closure properties
of Mod, L and a characterization of Mod,L in Chapter 3, where k,p € N,
k > 2 and pis a prime,
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* the double inductive counting method used to prove a combinatorial clo-
sure property of L under the assumption that N, = UL in Chapter 2 and
its implications for ModL in Chapter 3, and

* using polynomials to approximate the sign of a GapL function and its
applications to show closure properties of PL in Chapter 4 such as the
closure of PL under logspace Turing reductions.

In Chapter 5, we list a set of problems which are complete for logarithmic space
bounded counting classes under logspace many-one reductions, all of which are
based on the results that we have discussed in Chapters 2 to 4. In Chapter 5, we
also define hierarchies of logarithmic space bounded counting complexity classes
and complexity classes based on Turing reductions that involve Boolean circuits
containing oracle gates for various logarithmic space bounded counting complexity
classes. We show that these two notions coincide for all logarithmic space bounded
counting complexity classes and as a consequence of the results shown in Chapters
2 to 4, some of the hierarchies also collapse to their logarithmic space bounded
counting complexity class itself. In Chapter 6 of this monograph, we deal exclu-
sively with one of the very important and useful theorems and its consequences
on logarithmic space bounded counting classes that computing the determinant of
integer matrices is logspace many-one complete for GapL.. We state and explain
two very beautiful and deep theorems of M. Mahajan and V. Vinay on the determi-
nant and also show many applications of the logspace many-one completeness of
the determinant for GapL to classify the complexity of linear algebraic problems
using GapL and other logarithmic space bounded counting complexity classes.

Since counting classes are defined based on non-deterministic Turing machines,
invariably every theorem statement that intends to prove a property of a logarithmic
space bounded counting class which we have covered in this monograph has at least
one non-deterministic algorithm which has been either made explicit or explained
in an easy to understand manner. We refrain from giving explicit algorithms for
logspace many-one reductions since they are routine algorithms computed by de-
terministic Turing machines. We do not claim uniqueness over the order in which
the chapters of this textbook is written since many theorems or statements proved
in this monograph may have various proofs depending upon how we introduce this
topic and order the results.

As a pre-requisite to understand this monograph, we assume that the student
is familiar with computation using Turing machines and has undertaken a basic
course on the Theory of Computation in which a proper introduction to complexity
classes, reductions, notions of hardness and completeness, and oracles have been
given.

I am extremely grateful to my doctoral advisor V. Arvind for the continuous
encouragement and support he has given to me in pursuing research ever since |
joined the Institute of Mathematical Sciences, C.I.T. Campus, Taramani, Chennai-
600113 as a research scholar in Theoretical Computer Science. His invaluable
guidance, ever encouraging words and timely help have rescued me from tough
situations and helped me shape this research monograph. I am extremely grateful to



xii PREFACE TO THE FIRST EDITION

Jacobo Toran for a gentle proof reading of the results shown in this manuscript. His
valuable comments and suggestions have significantly improved the presentation
of the results shown in this monograph. I also thank Meena Mahajan for some
useful discussions pertaining to the result that computing the determinant of integer
matrices is logspace many-one complete for GapL.

I am extremely thankful to the higher officials of the Vels Institute of Sci-
ence, Technology & Advanced Studies (VISTAS), Pallavaram, Chennai-600117
for their encouragement given to me in preparing this monograph. I also thank
my colleagues in the Department of Computer Science and Information Technol-
ogy, School of Computing Sciences, VISTAS and my friends for many enjoyable
discussions while I was preparing this monograph.

I am extremely indebted to my mother for always being prompt and never
late in cooking and providing me food everyday and in taking care and showing
attention pertaining to any issue of mine if I lacked confidence and direction in
tackling it. Any useful comments regarding this book may be sent by email to the
email address tcv.tclsbc@gmail.com.

Chennai, T. C. Vijayaraghavan.
India.



CHAPTER 1

Introduction

1.1. The Turing machine model of computation

In this monograph, every Turing machine that we deal with has a two-way
semi-infinite read-only input tape and a two-way semi-infinite read-write work
tape. The input tape and the work tape have separate tape heads. Also the input
tape and the work tape are assumed to be two-way to mean that corresponding tape
heads can move in both left and right directions. These two tapes are assumed to
be semi-infinite to mean that there are only finitely many tape cells on the left-hand
side and both these tapes have infinitely many cells on the right-hand side.

Using the input tape head, the Turing machine can only read symbols in the
input tape which are from the input alphabet .. Also using the work tape head,
the Turing machine can read and write symbols from the output alphabet I" on the
work tape. We assume that both the input tape and the work tape have a de-limiter
(F) in the leftmost tape cell which should prevent tape heads from moving any
further to the left. The input tape is assumed to have a de-limiter () in the tape
cell which is to the right of the tape cell containing the last symbol of the input
string . The input tape head is assumed not to move to the right of the right most
or the last symbol of x, because it is prevented by the de-limiter (H). We follow
the standard assumption that the -, - and the blank symbol LI ¢ 3, where ¥ is the
input alphabet. In every Turing machine, it is assumed that ¥ U {U,+, -} C T.

We also assume that the accepting state (gqcc) and the rejecting state (g¢;) of
our Turing machine are unique among its set of states. Any Turing machine decides
to accept or reject an input string depending on whether it enters its accepting state
or rejecting state. The Turing machine stops its computation when it enters the
unique accepting state or the unique rejecting state. Given L C »*, we say that a
Turing machine accepts L if and only if M accepts exactly those strings in L.

DEFINITION 1.1. We formally define a deterministic Turing machine as M =
(Q,%, I F,4, 1,0, qo, F'), where

(1) @ denotes the set of states of M,

(2) X is the input alphabet,

(3) F and — are de-limiters on the left-hand side and on the right-hand side of
the input string on the input tape; I is the de-limiter on the left-hand side
of the work tape,

(4) U is the blank symbol,

(5) I' = ¥ U {F, -, U} denotes the output alphabet,

(6) qo € Q is the initial state,
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Finite Control

Read-only Input tape - a b a 4 LI LI LI

Read-write Work tape - 0 1 1 LI Ll Ll Ll

FIGURE 1.1. A Turing machine.

(7) F = {qace, qrej} € Q is the set of final states of the Turing machine,
where g, denotes the unique accepting state and g,.; denotes the unique
rejecting state, and

(8) 4 is the transition function of M, defined as 0 : {Q \ F} xI' xI' —
QxI'x{L,R} xI' x{L, R}.

DEFINITION 1.2. We formally define a non-deterministic Turing machine as
M= (Q,%, T, -,U,6,qo, F), where

(1) @ denotes the set of states of M,

(2) X is the input alphabet,

(3) F and — are de-limiters on the left-hand side and on the right-hand side of
the input string on the input tape; I is the de-limiter on the left-hand side
of the work tape,

(4) U is the blank symbol,

(5) I' = ¥ U {F, H, U} denotes the output alphabet,

(6) qo € Q is the initial state,

(7) F = {Qace: @rej} C Q is the set of final states of the Turing machine,
where g, denotes the unique accepting state and g,.; denotes the unique
rejecting state, and

(8) ¢ is the transition function of M, definedas 0 : {Q \ FF} x ' xI' —
QQXIX{LR}xIX{L, R} \where 2@xI>{L.R}xI'>{L,R} denotes the set of all

subsets of @ x I' x {L, R} x T x {L, R}.

The state of a Turing machine along with the transition function is collectively
called as the finite control of the Turing machine. Since any Turing machine does
no further computation after entering its accepting state or its rejecting state both
these states are called as halting states.
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DEFINITION 1.3. We say that a Turing machine M is an O(S(n))-space bounded
Turing machine if the number of tape cells of the work tape that are being read or
written by the tape head of the work tape of M when it is given an input of length
nis O(S(n)), where S(n) € Q(logn).

DEFINITION 1.4. We define the complexity class L to be the class of all lan-
guages that are accepted by a O(logn)-space bounded determinsitic Turing ma-
chine.

1.1.1. Configuration. Given a Turing machine M, the configuration of M
is a snapshot of the computation in progress. It precisely gives information about
the Turing machine which includes the state of the Turing machine, contents of the
input tape and the work tape. In this monograph, since we deal exclusively with
space bounded computation and any Turing machine is O(S(n))-space bounded,
where S(n) € Q(logn), we define the mini configuration of M first as follows.

DEFINITION 1.5. (mini configuration) Let 3 be the input alphabet, I' be the
output alphabet and let M be a Turing machine. Given an input string x € >*, we
define the mini configuration of M on x as the tuple (q, s1, p;, S283, t1, Pw, tats),
where ¢ € () denotes the state of M, s, so, 53 € %, and t1, t9,t3 € ). The input
tape head scans the pgh cell after the left-most cell which is the first cell containing
the de-limiter i of the input tape. The cell which is scanned has the symbol so with
the symbol s; in the preceding cell and the symbol s3 in the next cell of the input
tape. Here p; is a positive integer which is < n, where n is the size of the input.
This configuration also indicates that the work tape head scans the p!” cell of the
work tape after the left most cell which is the first cell of the work tape containing
the de-limiter . This cell has the symbol to with the symbol ¢; in the preceding
cell and t3 in the next cell of the work tape. Similar to p;, here p,, is a positive
integer which is < k - S(n), where k is a constant, O(S(n)) is the space bound of
the Turing machine and n is the size of the input.

DEFINITION 1.6. (mini initial configuration) Let > be the input alphabet.
Given an input string * = s1S2---S, € %* to a Turing machine M, the mini
initial configuration of M is (qo,+, 1, s152,F, 1, LILJ).

PROPOSITION 1.7. Let S(n) € Q(logn). The amount of space required
to store a mini configuration of a O(S(n))-space bounded Turing machine is

0(S(n)).

PROOF. It follows from Definitions 1.1, 1.2 and 1.5 that the amount of space
required to store a mini configuration of O(S(n))-space bounded Turing machine
is max(O(logn),0(S(n)) = O(S(n)). O

Depending on the transition function of the Turing machine, it changes its
state, tape heads of the input tape and the work tape move in exactly one of the
either directions by exactly one tape cell and only the contents of the work tape
cell scanned by its tape head are modified. As a result, the Turing machine will
change from the present mini configuration to another mini configuration based on
its state and the transition function.
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PROPOSITION 1.8. Let S(n) € Q(logn). The number of mini configurations
of a O(S(n))-space bounded Turing machine is upper bounded by O(n - S(n)).

PROOF. From Definitions 1.1, 1.2 and 1.5 it is easy to see that the number of
mini configurations that can exist is upper bounded by k-|Q|-|T'|?-n-|T|>-S(n) =
k-1Q|-|T|%-n-S(n), where S(n) € Q(logn), n is the length of the input and
k > 0 is a constant. This is because the state of the Turing machine contributes
to the factor |@| in the product, the symbols of the input tape s, s2,s3 € I' and
symbols t1,to,t3 € I' of the work tape contribute to factor |I'|® in the product,
and the position of the tape heads on the respective tapes contributes to a factor of
k- n - S(n) to the product, where k& > 0 is a constant. O

Let S(n) € Q(logn). For any non-deterministic Turing machine A/ that uses
at most O(S(n)) space, since there exists an upper bound on the number of mini
configurations of M on any given input z € >*, we assume without loss of gen-
erality that M halts on all inputs either in the unique accepting state or in the
unique rejecting state. We also assume without loss of generality that when a Tur-
ing machine has arrived at a decision regarding the membership of the input string
T = 8152 - - - S, in a language L, before it enters the accepting state or the rejecting
state it does a clean up of the work tape contents. In other words, it replaces the
contents of the work tape with the symbol U in all cells by entering a special state
called as the clean-up state and brings its tape heads to the left most cell of the
input tape and the work tape. Following this, our Turing machine enters its unique
accepting state (¢gqcc) Or its unique rejecting state (gre;)-

DEFINITION 1.9. (mini accepting and mini rejecting configuration) Let >
be the input alphabet of a Turing machine M. The mini accepting configuration
of M is (qace, 1, $152,F,1,UL)) and the mini rejecting configuration of M is
(Grej, F, 1, s182,F, 1,UL), where s1, 52 € X.

Note that unlike the configuration of a polynomial time bounded Turing
machine introduced in standard texts, we do not include the entire con-
tents of the input tape or the work tape as part of the mini configuration
of our space bounded Turing machine.

Since we modify only the contents of the work tape of a Turing machine, let us
try to relax this stringent condition by including entire contents of only the work
tape in the configuration of a O(S(n))-space bounded Turing machine which we
call as a succinct configuration, where S(n) € Q(logn).

DEFINITION 1.10. (succinct configuration) Let X be the input alphabet and
I" be the output alphabet of a Turing machine M. Given an input x = s1S2 - Sy, €
¥*, we define a succinct configuration of M as (q, 1, pi, $253, Tw1, Pws Tw2), Where
q € @ is a state of M, s1, 82,83 € X and 1 < p; < n is a positive integer, and n
is the size of the input. The input tape head scans the pgh cell after the left-most
cell which is the first cell containing the de-limiter - of the input tape. The cell
which is scanned has the symbol s5 in it with s; in the preceding cell and s3 in the
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next cell of the input tape. The work tape of the succinct configuration contains the
string x,,1 T2 € I'* and the work tape head scans the pg‘ cell after the left most
cell of the work tape. The left most cell of the work tape is the first cell of the work
tape containing the de-limiter - and the symbol of the work tape scanned by M is
the first symbol of x,,2. Similar to p;, here 1 < p,, < k-S(n) is a positive integer,
where k is a constant, O(S(n)) is the space bound on the Turing machine and n is
the size of the input.

DEFINITION 1.11. (succinct initial configuration) Let 3. be the input alpha-
bet and let S(n) € Q(logn). Given an input string = s1s2---s, € X* to
a Turing machine M, the succinct initial configuration of M is (qo,tF, 1, s182,F
, U L),

——

O(5(n))

DEFINITION 1.12. (succinct accepting and succinct rejecting configura-
tion) Let X be the input alphabet, and let I" be the output alphabet of a Turing
machine M. The succinct accepting configuration of M and the succinct reject-
ing configuration of M are (gqace,, 1, s152,,1,U---U) and (grej, -, 1, s152,F

O(5(n))
, 1, L - - L) respectively, where s1, s3 € 3.

O(5(n))

As aresult of Definition 1.10, we infer the following which is similar to Propo-
sitions 1.7 and 1.8.

PROPOSITION 1.13. Let X be the input alphabet, T be the output alphabet
of a O(S(n))-space bounded Turing machine M, where S(n) € Q(logn). M
requires at most O(S(n)) space to store its succinct configuration on the work tape
and the number of succinct configurations is upper bounded by O(n - [I'|5(™) =
O(|T ™) = |1|°S W), Clearly the number of mini configurations of M is less
that or equal to the number of succinct configurations of M.

From now onwards, in all chapters to follow, we assume that we uni-
Jormly deal either with mini configurations or succinct configurations of
O(log n)-space bounded Turing machines, and not both of them. We how-
ever call both a mini configuration or a succinct configuration as just a
“configuration”.

As result of Propositions 1.7, 1.8 and 1.13, for the purpose of results shown
in this monograph, irrespective of whether we consider a mini configuration or a
succinct configuration, we note the following observation.

THEOREM 1.14. Let 3 be an input alphabet and let M be a deterministic
or a non-deterministic Turing machine that accepts a language L C ¥*. The
size of a mini configuration or a succinct configuration of M is O(logn) and the
number of mini configurations or succinct configurations of M is upper bounded
by a polynomial n* on any given input x € X*, where n = |x| and k > 0 is a
constant.
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Once our Turing machine enters its accepting state or rejecting state, it halts
and does no further computation. Since the Turing machine halts and does no
further computation after it enters the accepting state or the rejecting state, we say
that the accepting and rejecting configurations are halting configurations.

1.1.2. Computation tree. Let S(n) € Q(logn). It is easy to observe that
the computation of a O(S(n))-space bounded non-deterministic Turing machine
M on a given input is in fact a tree which we call the computation tree of M. Since
there is an upper bound on the number of configurations of M, the running time of
M is at most |I'|95(™) Since the running time of M can be taken to be the length
of the longest computation path of M, its computation tree is finite and it contains
finite number of nodes and edges.

FACT 1.15. Let S(n) € Q(logn) and let M be O(S(n))-space bounded non-
determinsitic Turing machine. Given any input x € %, in the computation of M
on input x we assume that no configuration gets repeated. Since otherwise there
will exist a path in the computation tree of M on x which extends infinitely long
and this contradicts the fact that the computation tree contains finitely many nodes
and edges.

PROPOSITION 1.16. Let X be the input alphabet. Let M be a non-deterministic
Turing machine. Given an input x € X%, let M be in a configuration c during its
computation. The number of configurations to which M can move from c is a
constant.

PROOF. Given a mini configuration c of M, it is easy to note that the number of
mini configurations which we can obtain in one step from c based on the transition
function of M is upper bounded by |Q| -2 - |T'| -2+ [T|? = 4-|Q| - |T'|* which is a
constant.

Since we define a succinct configuration in Definition 1.10 as an extension of a
mini configuration, in one transition on a given input, M can move from the present
succinct configuration to at most 4 - |Q| - |T'|® succinct configurations, which is also
a constant. U

It is also possible to restrict the possibility of moving from one configuration
to more than 2 configurations in a transition, to less than or equal to 2 configura-
tions by modifying the definition of the transition function of M. We can do this
by introducing new states in (), new symbols in the output alphabet I' and new
transitions in 4.

For example, in the Turing machine M, if we have the transition §(q, s,t) =
{(q1, 8, R,t1,R), (g2, s, R, t2, R), (g3, s, R, t3, R)} then we introduce new states

p1,P) € Q and a new symbol ¢ € 2 and modify transitions of M such that,
e 6(q,5,t) ={(q,s, R, t1,R),(p1,5 R, t,R)},
i 5(p17 s, t/) = {(pllv s', L, t, L)}
i 5(]9/17 S5, tA) = {(Q2a s, R, ta, R), (Q37 s, R, ts, R)}
Therefore, treating any configuration as a node u in the computation tree of M
such that u has k configurations vy, . . . , vy as children connected by directed edges
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(u,v;), where k is a constant and 1 < i < k, it is possible to convert this k-ary tree
of depth 1 into a binary tree with w as the root by introducing new intermediate
vertices to the k-ary tree such that vy, ..., vy are the leaf nodes of this binary tree
with u as the root. The depth of this binary tree is at least log k and it is at most &
and its size is also a constant.

As aresult, it is possible to assume that whenever M makes a non-deterministic
choice in its computation, the number of branches in the computation tree is 2. We
therefore obtain the following.

PROPOSITION 1.17. Let M be a non-determinsitic Turing machine. The com-
putation tree of M is a binary tree. It contains finitely many nodes and edges. Ev-
ery node of the computation binary tree of M denotes a non-deterministic choice
of M. Each node is either an internal node which has exactly 2 children or the
node is a leaf.

FACT 1.18. If M is a non-deterministic Turing machine that requires at most
O(logn) space, where n is the size of the input, then the depth of its computation
binary tree of M denotes the running time of M. The length of a computation path
from the root to a leaf is upper bounded by the number of configurations of M
which is a polynomial in n. The number of nodes in the computation tree of M is
exponential in n.

FIGURE 1.2. This figure is the computation tree of a non-
deterministic Turing machine M, where 0 and 1 on the edges de-
note the two non-deterministic choices using which M branches
at every stage on its computation path. Leaf nodes are marked as
“a” or “r’” denoting that the computation path ends in an accepting
configuration or in a rejecting configuration respectively. Also all

computation paths are of the same length.

In the computation binary tree of a O(.S(n))-space bounded non-deterministic
Turing machine, we usually assume that all computation paths of M on a given in-
put have the same length. That is, the computation proceeds for the same number
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of steps along any computation path in the computation tree of a non-deterministic
Turing machine, whether it is an accepting computation path or a rejecting com-
putation path. Since in any computation binary tree that we consider, there are no
internal nodes which have only one child, if we assume that the length of a directed
path from the root to any leaf are equal then we obtain that the tree is in fact a com-
plete binary tree. Note that the converse of this statement is also true: in a complete
binary tree the length of a directed path from the root to any leaf is the same. As
a result, we usually assume that the computation binary tree of a non-deterministic
Turing machine M is a complete binary tree.

The topic of logarithmic space bounded counting complexity classes is depen-
dent on studying the computation binary tree of NL-Turing machines. On a given
input z € ¥*, much more than following the computation of a NL-Turing machine
M along a computation path, we prove many interesting properties of logarith-
mic space bounded counting complexity classes by considering an aerial view of
the entire computation tree of M on x and designing non-deterministic O(logn)
space algorithms based on observing the number of accepting computation paths
and the number of rejecting computation paths of M on x.

1.1.3. Computing functions. Let g : ¥* — (I'\ {L,, 4})*. Given x € ¥*,
in order to output g(x), we assume that the Turing machine has a separate two-way
semi-infinite write-only output tape which has a separate output tape head that can
move in both left and right directions, and which is used by the Turing machine to
write g(z) as the output on the output tape. As in the case of the work tape, we
assume that the output tape has the de-limiter symbol - in the first cell of the output
tape. The transition function 0 is defined such that the tape head of the output tape
does not move to the left of this first cell of the output cell. The definition of the
configuration of any such Turing machine or the notion of its computation tree is
the same as a Turing machine that does not have any output tape as described in
Sections 1.1.1 and 1.1.2.

Alternately, we may also consider computing g(z) as a language in a symbol-
wise manner as follows. We say that g(x) is computable by O(.S(n))-space bounded
Turing machine M, if given an input 2 € ¥*, we check if the i** symbol of g(z)
isa € I'\ {U} by submitting the triple (x, ¢, a) as an input to M and finding out if
M halts in the accepting configuration or in the rejecting configuration in its com-
putation, where 1 < ¢ < |g(x)|. Therefore by submitting various input instances
(z,4,a) to M for different values of a € T, it is possible to find out the correct
value of the i*" symbol of g(z), given 2 € ¥*. Clearly there is no need for any
output tape in these Turing machines.

1.1.4. Oracle Turing machines. If M4 is a O(S(n)-space bounded Turing
machine that has access to an oracle A then M has a separate semi-infinite two-
way write-only oracle tape using which it can submit queries to the oracle A. As
in the case of the input tape and the work tape of M“, the oracle tape of M4 is
assumed to be semi-infinite, which means that there are only finitely many tape
cells to the left and that this tape also has infinitely many cells on the right side.
The oracle tape of M# has a separate two-way tape head, which means that it can
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move in both left and right directions. We assume that the oracle tape also has a
de-limiter () in a cell to the left of the first cell to prevent the oracle tape head
from moving to the left of the first cell of the oracle tape. Also M# has three
exclusive states qouERy, ¢y Es and gyo. When M A completes writing an oracle
query string y € X* in the oracle tape of A, it puts the de-limiter () in the last
cell (the |y| + 1 cell) and enters the gou ERry state. In the next instant the oracle A
erases the contents of the oracle tape, brings the oracle tape head to the left most
cell of the oracle tape and changes the state of M“ from qou ERY to either gy pg
or gno depending on whether y € A or y ¢ A respectively. A configuration of
an oracle Turing machine is denoted by the tuple (q, s1, p;, 5253, t1, Pw, tats, Por),
where ¢, s1, S2, S3,t1, 12, t3, pi, Py are as in the definition of a configuration of a
Turing machine. Here, p,, is a positive number that indicates the position of the
oracle tape head on the oracle tape. It is upper bounded by ]F]O(S (n) . Clearly
the amount of space required to store a configuration of a O(S(n))-space bounded
oracle Turing machine is also O(S(n)), where S(n) € Q(logn). Therefore if M4
is a O(S(n)) space bounded non-deterministic Turing machine then the number
of configurations of M is also upper bounded by |I‘|O(S (n)). From this we infer
that the length of any query to the oracle A and the number of queries that /4 can
submit to the oracle A are both at most |T|9(5(™),

1.1.5. Functions as oracles to Turing machines. Let > denote the input al-
phabet and let I' = ¥ U {LJ, I, -, #} be the output alphabet. Instead of a language
A, if the Turing machine M/ has access to a function f : ¥* — X* as an oracle
then M/ first computes an upper bound on the length of any query string that it
submits to the oracle f. It also computes an upper bound on the length of the value
of the function f. Given an input z of length n, if M/ needs to submit a query to
the oracle f, it computes the query string y bit-by-bit and writes it on the oracle
tape. M7 actually submits the string (y#j#b#) to the oracle f and enters the
qouERy State, where 1 < j < m denotes the index of the string f(y) that M/
wants to verify if it is b. In the next instant the oracle A erases the contents of
the oracle tape, brings the oracle tape head to the left most cell of the oracle tape
and changes the state of M A from qQUERY to either gy gs or gyo depending on
whether f(y); = b or not.

1.1.6. Ruzzo-Simon-Tompa oracle access mechanism. Let us consider a
non-deterministic oracle Turing machine M“ with access to a language A as an
oracle. We then follow the Ruzzo-Simon-Tompa oracle access mechanism in which
we assume that M/ always submits its queries to oracle A in a deterministic man-
ner only. This means that all the queries of A/ are submitted to A after doing some
computation and even before the first non-deterministic choice has been made in
the computation on the given input. All the algorithmic results involving non-
deterministic oracle Turing machines in this monograph follow the Ruzzo-Simon-
Tompa oracle access mechanism.
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1.2. Boolean circuit model of computation

DEFINITION 1.19. We define By = {—, (A?), (V?)} as the standard bounded
fan-in basis of Boolean gates.

DEFINITION 1.20. Let By be a standard bounded fan-in basis, and let s,d :
N — N. We define the complexity class, SIZE-DEPTHp, (s, d) as the class of all
sets A C {0, 1}* for which there is a circuit family (C),),en over the basis By of
size O(s) and depth O(d) that accepts A.

DEFINITION 1.21. We define B1 = {—, (A")nen, (V")nen} as the standard
unbounded fan-in basis of Boolean gates.

DEFINITION 1.22. Let 37 be a standard unbounded fan-in basis, and let s, d :
N — N. We define the complexity class, SIZE-DEPTHp, (s, d) as the class of all
sets A C {0, 1}* for which there is a circuit family (C), ), cn over the basis By of
size O(s) and depth O(d) that accepts A.

DEFINITION 1.23. Let (C),)nen be a circuit family over a basis 5. An ad-
missible encoding scheme of the circuit family is defined as follows: First fix an
arbitrary numbering of the elements of B. Second, for every n, fix a numbering of
the gates of C,, with the following properties:

e in (), the input gates are numbered 0, ..., n — 1,

e if C), has m output gates then these are numbered n, ..., n+m — 1,

e let s(n) be the size of C),. There is a polynomial p(n) such that, for every
n, the highest number of a gate in C,, is bounded by p(s(n)).

The encoding of a gate v in C,, is now given by a tuple (g,b, g1, . .., gx), where g
is the gate number assigned to v, b is the number of v in the basis 5, and g1, . . ., g
are the numbers of the predecessor gates of v in the order of the edge numbering
of C),. Fix an arbitrary order of the gates of C),. Let v, vy...,vs be the gates of
C,, in that order. Let ©7, U3, . . . , U; be their encodings. The admissible encoding of
Ch, denoted by C,,, is defined as (o7, . . ., U5).

We recall the definition of L from Definition 1.4.

DEFINITION 1.24. A circuit family (C},),en of size p(n) is L-uniform (also
called as logspace-uniform) if there is an admissible encoding scheme C,, of C,,
such that the map 1" — C,, is computable by a deterministic Turing machine using
space O(logn), for all n > 1, where p(n) is a polynomial in n and n is the size of
the input.

DEFINITION 1.25. Let Up-ACY denote L-uniform ACC. The complexity class
UL-AC" = L-uniform SIZE-DEPTHg, (p(n), O(1)), where p(n) is a polynomial
in n, and n is the size of the input.

DEFINITION 1.26. Let Ur-NC! denote L-uniform NC!. The complexity class
Up-NC! = L-uniform SIZE-DEPTHg, (p(n), O(log n)), where p(n) is a polyno-
mial in n, and n is the size of the input.
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As we have it in Definition 1.21, let 31 denote the standard unbounded fan-in
basis of Boolean gates. In this definition, along with the standard Boolean opera-
tions, it is easy to include oracle gates that compute a function. An oracle gate that
is of special interest to us is the MAJ gate (majority gate) defined as follows:
MAJ
INPUT: n bits a,,—1, . . ., ag.

QUESTION: Are at least half of the a; one?

DEFINITION 1.27. Let Up,-TCP denote L-uniform TC®. The complexity class
Up-TCY = L-uniform SIZE-DEPTHz, nay(n®M, O(1)).

DEFINITION 1.28. Let U -TC! denote L-uniform TC'. The complexity class
Up-TC! = L-uniform SIZE-DEPTHg, nas(n°M, logn).

A Chinese remainder representation (CRR) of an integer x > 0 is based on
a set mq,...,m, of pairwise coprime integers. The set mq,...,m, is called
the CRR base and each m; is called a modulus. We will denote this system by
CRR(M). Let M = my - - - my. By the Chinese Remainder Theorem, every inte-
ger 0 < x < M is uniquely represented by its CRR namely (z1,...,z,), where
0 <z; < m;and z; = x(mod m;).

THEOREM 1.29. Let CRR(M ) denote the CRR system based on the n consec-
utive primes 3 = my1 < -+ < my and let M = my - - - my,.
(1) Generating and to output the first n primes is in Up,-NC*.
(2) Converting an integer x < 2™ in binary notation to its CRR in CRR(M)
is in Up,-NCL
(3) Converting an integer x < 2" which is given in its CRR as CRR(M ) to
its binary notation is in Ur,-NCL.

COROLLARY 1.30. Given a 1" and O(logn) bit integer m > 0 as input, where
n = sizeof(m), we can determine if m is a prime in Up,-NC?,

We also need the following useful results on the complexity of certain basic
operations using Boolean circuits.

THEOREM 1.31. (1) Let ¥ = {0,1} be the input alphabet. Given a
string x € X in the unary notation as the input, the problem of com-
puting the length of = and to output it in binary notation is in Ur,-NC?.

(2) Let ¥ = {0, 1} be the input alphabet. Given a string x € X, the problem
of outputting the reverse of the input x is in Ur,-NCL.

(3) Let X2 = {0, 1} be the input alphabet. Let x,y be integers given in binary
notation as input. Here we assume that if vt = xox1 - - - y—1 is the binary
representation of x, then xq is the least significant bit (LSB) and x,,_1 is
the most significant bit (MSB) of x. The MSB denotes the sign of x, where
0 denotes that x is negative and 1 denotes that x is positive. Computing
the sum of x and y in binary notation, and the product of x and y in
binary notation is in Ur,-NCL.

(4) Let ¥ = {0, 1} be the input alphabet. Let x and y be positive integers.
Determining if © < y is in U,-NC™.
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(5) Let ¥ = {0, 1} be the input alphabet and let x,y € ¥* be integers given
as input such that y # 0. Computing the quotient of | x/y| is in U-NC™.

(6) Let X2 = {0, 1} be the input alphabet and let x,y € X* be integers given
as input such that yy > 0. Computing x(mod v) is in Up,-NC.

1.2.1. Logarithmic space bounded computation. A standard result in com-
putational complexity is that Up,-NC! C L which relates the Boolean circuit model
of computation with the Turing machine model. As a result all basic operations that
we have listed above in Theorems 1.29 and 1.31 are computable in O(log n) space
using deterministic Turing machines, where n is the size of the input. We therefore
get the following observation.

PROPOSITION 1.32. Let n be a positive integer given as input in the unary
notation. It is possible to non-deterministically choose an integer 1 < k < n and
also output k in binary notation using O(log n)-space.

PROOF. Given a positive integer n in the unary notation 1™ as input, it follows
from Theorem 1.31 that we can compute n in binary notation using space O(logn)
since the length of 17 is computable in Up-NC! which is contained in L.

Initially let = denote the empty string. Iteratively, we non-deterministically
choose 0 or 1 and append it to the string = and check in every iteration if z < n.
Since there exists some iteration in which we are bound to get x > n then we
output the string x obtained in the previous iteration as the integer k£ and stop.
Clearly this requires at most O(log n) space. O

DEFINITION 1.33. Let X be the input alphabet and L1, Ly € ¥*. We say that

0
Ly is Up-AC? many-one reducible to Lo, denoted by L §P,ZL*AC Lo, if there
exists a function f : ¥* — >* such that given any input string = € X%, it is
possible to compute each symbol of f(z) in Up-AC” and we have f(z) € Lo if

and only if z € L. The function f is called as Ur,-AC® many-one reduction from
Ly to Lo.

We once again recall the definition of L from Definition 1.4.

DEFINITION 1.34. Let X be the input alphabet. We define the complexity class
FL to be the class of all functions f : ¥* — X* such that given an input x € %,
each symbol of f(z) is computable by an O(logn)-space bounded deterministic
Turing machine, where n = |x|.

We observe that the composition of two functions in FL is a function in FL.

PROPOSITION 1.35. Let 3. be the input alphabet and let f1, fo 1 X% — X%,
For any x € ¥*, we have f3(fi(x)) € FL. In other words, FL o FL = FL.

PROOF. Let M; be the O(log n)-space bounded deterministic Turing machine
that computes f;(z) on any input string z € X*, where ¢ = 1,2, and n = |z|.
Given an input string x € X*, let M be a deterministic Turing machine that first
simulates M7 on input x and hence computes f1(x) in a symbol-wise manner such
that it stores at most O(logn) symbols of fi(z) at any instant on the work tape,
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where n = |z|. The Turing machine M simulates M> on the input fi(z) after
computing the required O(logn) symbols of fi(x). If M requires any symbol
of fi(x) for its simulation of My which is not stored in the work tape then it
stores its present configuration on the work tape and starts the simulation of M;
on input x to compute the required symbol. Computation of M on the input x
proceeds in this manner and we finally obtain f2(f1(z)) in the work tape. Since
this entire computation requires O(logn) space and M is deterministic we can
compute fa(f1(z)) in FL. O

DEFINITION 1.36. Let X be the input alphabet and L1, Ly € ¥*. We say that
Ly is logspace many-one reducible to Lo, denoted by L, Sl;h Lo, if there exists
a function f : ¥* — ¥*, which is computable by a deterministic O(logn) space
bounded deterministic Turing machine, such that given any input string z € »*,
we have f(z) € Lo if and only if € Ly, where n = |x|. The function f is called
as logspace many-one reduction from L to Ls.

NOTE 1. (1) We note that in the above definition, if Ly S% Lo using a

logspace computable function f then given any input x € ¥* we have
x € Ly if and only if f(x) € Lo. Therefore x € Ly if and only if
f(x) € Lo. In other words, Ly S%‘l Lo.

(2) Also it is easy to show that if Ly is logspace many-one reducible to Lo
and Lo is in a complexity class C where C contains the complexity class
L of all languages that can be decided in deterministic logarithmic space
then Ly isinC.

(3) IfLy <L Ly and Ly <L Ly then L, <L Ls.

DEFINITION 1.37. Let X be the input alphabet and let C be a complexity class.
L C ¥* is logspace many-one hard for C if for any L' € C, we have L' §];1 L.

DEFINITION 1.38. Let X be the input alphabet and let C be a complexity class.

L C ¥* is logspace many-one complete for C if L € C and L is logspace many-one
hard for C.

DEFINITION 1.39. Let X be the input alphabet and L, Ly € ¥*. We say that
L1 is logspace Turing reducible to Lo, denoted by L, S% Lo, if there exists a

O(logn) space bounded Turing machine M2 that has Ly as an oracle such that
given any input string x € X*, we have M 2(z) accepts if and only if 2 € Ly,
where n = |z|.

DEFINITION 1.40. Let X be the input alphabet and let C be a complexity class.
We define LC as the class of all languages L C ©* that is accepted by a O(log n)
space bounded deterministic Turing machine that has oracle access to a language
A € C, where n is the size of the input and A C ¥*.

It is easy to note that if L is logspace Turing reducible to Lo and Ls is in a
complexity class C, where C contains the complexity class L of all languages that
can be decided in deterministic logarithmic space then L1 is in LC.
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DEFINITION 1.41. Let X be the input alphabet. Given functions f,g : ¥* —

77", we say that f is logspace many-one reducible to g, denoted by f §% g, if
there exists a function h : £¥* — ¥* computable in O(logn) space, where n is the
length of the input, such that f(x) = g(h(x)) for every x € ¥*.

Notes

The Turing machine model of computation explained in Section 1.1 is from the
excellent textbook by Dexter Kozen [Koz97, Lectures 28-29] and it is as introduced
in any standard textbook on the Theory of Computation such as [HU79, LP98,
Sip13]. The Ruzzo-Simon-Tompa oracle access mechanism for non-deterministic
oracle Turing machines stated in Section 1.1.6 has been conceptualized and formu-
lated by Walter L. Ruzzo, Janos Simon and Martin Tompa in [RST84].

Background material including definitions and results needed to understand
the results of Section 1.2 is from [Vol99, Chapter 1] and [Weg87]. Definitions
1.19 to 1.24 are due to Heribert Vollmer and they are from [Vol99, Chapter 1,
pp- 10 & Chapter 2, pp. 43-44, 47]. In [Vol99, Lemma 2.25] it is shown that in
order to define a uniform family of circuits, the concept of admissible encoding
scheme and the concept of “direct connection language” are equivalent in terms of
complexity. In particular it is stated in [Vol99, pp. 51] that if the uniform circuit
family {C},},,~, is of size polynomial in the size of the input then, {C},}, -, is
logspace-uniform if and only if the admissible encoding scheme is computable
from 1™ in space O(logn) if and only if the direct connection language is in L. We
need the MAJ function as an oracle gate along with the standard unbounded fan-in
basis of Boolean gates in Boolean circuits to define Up,-TCY in Definition 1.27 and
UL-TC! in Definition 1.28.

The concept of Chinese remainder representation and Theorem 1.29, due to
A. Chiu, G. Davida and B. Litow [CDLO01], are based on the Chinese Remainder
Theorem. Next, Theorem 1.31 is based on results shown in [BCH86, CDLO01,
HABO2]. In fact, the first log-depth, polynomial size uniform circuit family for
computing the quotient upon dividing an integer by a non-zero integer is demon-
strated in the seminal paper of Paul Beame, Stephen A. Cook and James Hoover
[BCHS86]. This complexity upper bound is been improved to DLOGTIME-uniform
TCY by William Hesse, Eric Allender and David A. Mix Barrington in [HAB02]
and their proof uses descriptive complexity. The well known result that Up,-NC! C
L is due to Alan Borodin [Bor77].

We refer to [Koz97, Lectures 29-33] for the notion of simulating one Turing
machine by another and for the definition of a reduction.



CHAPTER 2

Counting in Non-deterministic Logarithmic Space

2.1. Non-deterministic Logarithmic Space: NL

DEFINITION 2.1. Let X be the input alphabet. We define the complexity class
Non-deterministic Logarithmic Space, NL = {L C 3*| there exists a O(logn)
space bounded non-deterministic Turing machine M such that L = L(M)}.

DEFINITION 2.2. Let X be the input alphabet. For a language L C X", the
complement of L is L = X* — L. Given a complexity class C, we define the
complement of C as co-C = {L C ¥*|L € C}.

DEFINITION 2.3. Let X be the input alphabet. For a language L. € ¥*, the
complement of the language L is L = ¥* — L. We define the complexity class co-
Non-deterministic Logarithmic Space, co-NL = {L C X*| there exists a O(logn)
space bounded non-deterministic Turing machine M such that L = L(M)}.

2.1.1. NL and the Directed st-Connectivity Problem (DSTCON).

DEFINITION 2.4. Let G = (V, E) be a directed graph given in terms of its
adjacency matrix, and let s,t € V. We define DSTCON = {(G,s,t)|3 a di-
rected path from s to ¢ in G}.

In this chapter, any matrix A € R"*" is synonymous with the adjacency
matrix of a directed graph G such that the weight of the directed edge
(i,7) in G is equal to the entry A(i, j) of the matrix A, where 1 < i,j < n.
If A(i, j) = O then the directed edge (i, j) does not exist in G.

LEMMA 2.5. DSTCON is logspace many-one hard for NL.

PROOF. Let X be the input alphabet and let . C ¥*. Assume that L € NL
and let M be a non-deterministic Turing machine that accepts L using space at
most O(logn) where n is the size of the input. We show that L g% DSTCON.
Given an input string = € ¥*, we consider the set of all configurations of M on
an input of length n = |z|. It follows from Theorem 1.14 that the number of
configurations of M on input of length n is at most n*, for some constant k& > 0.
We now define a directed graph G = (V, E') where the set of all vertices V' is the
set of all configurations of M and there exists an edge from a vertex u to another
vertex v in G if the tape head upon reading the symbol it points to in configuration
u results in the configuration v of M. Since |V| < n* and M is O(logn) space
bounded, any configuration of M is also O(logn) space bounded, and so given a

15
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configuration u of M on x it is always possible to find the neighbors of « in G in
O(logn) space. Also given x € ¥* we have x € L if and only if there exists a
directed path from the vertex which is the initial configuration of M on input z to
the vertex which is the accepting configuration of M on input z. Clearly, given
the description of M and an input € X*, we can output the adjacency matrix
of the directed graph GG and vertices s and ¢, which denote the initial and final
configurations of M on x respectively, using O(logn) space, where n = |x|. This
shows that L SI;l DSTCON which implies that DSTCON is hard for NL under
S%n reductions. U

LEMMA 2.6. DSTCON € NL.

PROOF. Let G = (V, E) be a directed graph which is represented by its ad-
jacency matrix and let s, € V be given as input along with GG. Let us consider
the following algorithm which can be implemented by a non-deterministic Turing
machine.

Algorithm 1 Directed-Graph-Accessibility
Input: (G, s,t), where G = (V| E) is a directed graph, and s,t € V.
Output: accept if 3 a directed path from s to ¢ in G. Otherwise reject.
Complexity: NL.

1. Letn « |V|.

2: Letm «+ |E|.

3: Letu + s.

4: for counter <— 0to (n — 1) do

5 Non-deterministically choose a vertex v € V such that (u,v) € E.

6: if Av € V such that (u,v) € E then reject the input.
7: end if
8
9

if v = ¢ then
: output there exists a directed path from s to ¢ in G.
10 accept the input.
11: end if
12: U< v.
13: counter < counter + 1.
14: end for

15: reject the input and stop.

The non-deterministic Turing machine that implements the Directed-Graph-
Accessibility (G, s,t) algorithm needs at most O(logn) space to store vertices
u,v € V, to store variables n, m and to update the variable counter. In addition
it looks into the adjacency matrix of the directed graph given as input to find and
non-deterministically choose vertex v which is the head of the directed edge (u, v)
in each iteration. Clearly this also needs at most O(log n) space.

Now, if there exists a directed path from s to ¢ then any such path is of length
less than or equal to (n—1) and it is possible to non-deterministically guess the ver-
tices along a directed path from s to ¢. Thus, whenever there exists a directed path
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there exists a computation path of the computation tree of this non-deterministic
Turing machine that accepts. Conversely, if there does not exist any path from s to
t in GG then no computation path of this non-deterministic Turing machine ends in
an accepting state. Therefore DSTCON € NL. O

THEOREM 2.7. DSTCON is logspace many-one complete for NL.
PROOF. The result follows from Lemma 2.6 and Lemma 2.5. Il

DEFINITION 2.8. We define SLDAG = {G|G = (V, E) is a simple layered
directed acyclic graph which is represented by its adjacency matrix, and which does
not have any self-loops on vertices or directed cycles or parallel edges between
vertices. Also vertices in GG are arranged as a square matrix such that there are n
rows and every row has n vertices. Any edge in this graph is from a vertex in the
it" row to a vertex in the (i + 1) row, where 1 <4 < (n — 1) and n > 2}.

FIGURE 2.1. This figure is a directed graph G which is an in-
stance of SLDAG. Assuming that vertices s = v1] and t = v4q we
also infer that this instance (G, s, t) is in SLDAGSTCON.

DEFINITION 2.9. Let G = (V, E) € SLDAG be represented by its adjacency
matrix, and let s,¢ € V such that s is a vertex in the first row and ¢ is a vertex in
the last row of G. We define SLDAGSTCON = {(G, s, t)|3 a directed path from
stotin G}.

THEOREM 2.10. SLDAGSTCON is logspace many-one complete for NL.

PROOF. We know from Theorem 2.7 that the st-connectivity problem for di-
rected graphs is complete for NL under logspace many-one reductions. There-
fore the st-connectivity problem for directed graphs which does not have any self-
loops on vertices or parallel edges between vertices is also complete for NL under
logspace many-one reductions. In other words, the st-connectivity problem for
simple directed graphs is complete for NL under logspace many-one reductions.
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FIGURE 2.2. This figure explains the reduction from a directed

graph G with vertices s = v to the vertex t| = vy to a “yes”
instance G"" of SLDAGSTCON where s = v11 and t = vy4.

Let G = (V, E) be a simple directed graph given in terms of its adjacency ma-
trix, and let s,¢ € V. Also let n = |V|. Given G, we obtain the directed graph
G' = (V,E'), where V! = V and E' = E U (t,t). We now reduce G’ to
G" = (V" E") € SLDAG. In G”, the vertex set V" has n? vertices arranged as a
n X n matrix obtained by creating n copies of V. As an example refer to Figure
2.2 in which we obtain an instance of SLDAG from the directed graph given as
input. For the sake of convenience, we assume in this example that vertices in each
row of the instance of SLDAG are arranged vertically.

Now let the vertex s in the first row be denoted by (1, s) and the vertex ¢ in
the last row be denoted by (n,t). A (i,j) vertex in G” is the j*" vertex in the
ith row of G, where 1 < i,j < n. Here E"” = {((i,41), (i + 1,52))|(j1,j2) €
E', wherel < i < n—1land1 < j;,j2 < n}. Now it is easy to note that
there exists a directed path from s to ¢ in G if and only if there exists a directed
path from (1, s) to (n,t) in G”. Since we can obtain the adjacency matrix of G”
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from the adjacency matrix of G using a logspace many-one reduction, the result
follows. O

DEFINITION 2.11. Let ¥ be the input alphabet. The complexity class fL is
defined to be the class of functions f : ¥* — Z% such that there exists a NL-
Turing machine M for which we have f(z) = accps(x) where accyr(x) denotes
the number of accepting computation paths of M on input x € 3%,

REMARK 2.12. If alanguage L C >* is in NL then there exists a NL-Turing
machine M that accepts L. Therefore, given any input x € >* we have « € L if
and only if there exists a y € ¥* which is of length at most p(n) such that M (z, y)
“accepts”, where p(n) is a polynomial in n = |z|. As a result, the problem of
counting the number of witnesses y such that M (x,y) “accepts” is in fL.

We recall the notion of reduction between functions stated in Definition 1.41.

DEFINITION 2.13. A function f : ¥* — Z* is logspace many-one hard for fLL
if every function g € {L is logspace many-one reducible to f.

DEFINITION 2.14. A function f : ¥* — Z* is logspace many-one complete
for L if f € 4L and f is logspace many-one hard for L.

PROPOSITION 2.15. Let (G, s,t) be an input instance of DSTCON. Counting
the number of directed paths from s to t in G, denoted by DSTCON, is logspace
many-one complete for L.

PROPOSITION 2.16. Let (G, s,t) be an input instance of SLDAGSTCON.
Counting the number of directed paths from s to t in G, denoted by {fSLDAGSTCON,
is logspace many-one complete for L.

PROPOSITION 2.17. Let 3 be the input alphabet and f € fL using a NL-
Turing machine M such that f(x) = accpr(x) on any input x € ¥*.

(1) For any input string x € ¥*, g(x) = (G, s,t), where g is the canonical
logspace many-one reduction used to show that DSTCON is NL-hard
and (G, s,t) is an input instance of DSTCON, we have f(x) is equal to
the number of directed paths from s to t in G,

(2) For any input string x € ¥*, g(x) = (G, s,t), where g is the canonical
logspace many-one reduction used to show that SLDAGSTCON is NL-
hard and (G, s,t) is an input instance of SLDAGSTCON, we have f(x)
is equal to the number of directed paths from s to t in G

2.2. The Immerman-Szelepcsenyi Theorem
2.2.1. The Immerman-Szelepcsenyi Theorem in logarithmic space.
THEOREM 2.18. NL = co-NL

PROOF. Let G = (V, E) be an input instance of SLDAG which is given in
terms of its adjacency matrix and let s,¢ € V such that s is a vertex in the first row
and t is a vertex in the last row of (G. We know from Theorem 2.10 that deciding
if (G, s,t) € SLDAGSTCON is logspace many-one complete for NL. Therefore,
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to prove this theorem, it suffices to prove that the problem of deciding if there does
not exist any path from s to ¢ in GG is also in NL. In other words we show that
SLDAGSTCON € NL.

Algorithm 2 Immerman-Szelepcsenyi-in-Logspace.

Input: (G, s,t), where G = (V, E) is an input instance of SLDAG and s,t € V.
Output: accept if A a directed path from s to ¢ in G. Otherwise reject.
Complexity: NL.

1: Leta < 1.
2: fori <+ 1to(n—1)do
3: Let 5 < 1.

4: Letd < 0.
5: flag < 0.
6: for each node v in layer (i + 1) in G do
7: for each node u in layer 7 in G do
8: Non-deterministically either perform or skip {step 9 to step 16}.
9: Non-deterministically follow a path of length < (i — 1) from s.
10: if this path does not end at « then
11: reject and stop.
12: end if
13: d<+d+1.
14: if (u,v) is an edge of G and flag = 0 then
15: 8+ B+ 1and flag < 1.
16: end if
17: end for
18: if d # « then
19: reject and stop.
20: end if
21: flag < 0.
22: end for
23: o+ .
24: end for
25: Letd < 0.

26: for each node v in layer n in G do

27: Non-deterministically either perform or skip {step 27 to step 34}.
28: Non-deterministically follow a path of length (n — 1) from s.

29: if this path does not end at u then

30: reject and stop.
31: end if

32: if u = t then

33: reject and stop.
34: end if

35: d<+d+1.
36: end for
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Algorithm 2 Immerman-Szelepcsenyi-in-Logspace (continued)

37: if d # « then

38: reject and stop.
39: else

40: accept and stop.
41: end if

Let us consider our algorithm Immerman-Szelepcsenyi-in-Logspace(G, s, t).
We show that this algorithm can be implemented by a NL-Turing machine M. As
a result M must have at least one accepting computation path if and only if there
does not exist any directed path from s to ¢ in G.

Let us assume that we know « which is the number of nodes in layer n of G
that are reachable from s in G. We assume that « is provided as an input to M
and we show in steps 24 to 40 of the above algorithm Immerman-Szelepcsenyi-in-
Logspace(G, s, t), that it is possible to use « to prove that SLDAGSTCON € NL
using a method which we call as non-deterministic counting. Later we prove that
M also computes « in steps 1 to 23 using the same non-deterministic counting
method.

In steps 24 to 40, given G, s,t and «, the Turing machine M operates as
follows. One by one M goes through all the n nodes in layer n of G and non-
deterministically guesses whether each one is reachable from s. Whenever a node
u is guessed to be reachable, M attempts to verify this guess by guessing a path
of length n or less from s to u. If this computation path fails to verify this guess,
it rejects. The Turing machine M counts the number of nodes that have been ver-
ified to be reachable. When a path has gone through all of G’s nodes in layer n,
it checks that the number of nodes that are verified to be reachable from s equals
«, the number of nodes that are actually reachable from s, and rejects if not. In
other words, if M non-deterministically chooses exactly a nodes reachable from
s, not including ¢, and proves that each is reachable from s by guessing the path,
M knows that the remaining nodes including ¢ are not reachable and therefore it
can accept.

Next we show in steps 1 to 23 described in the above algorithm Immerman-
Szelepcsenyi-in-Logspace(G, s, t), how to calculate o: the number of nodes that
are reachable from s in layer n in G. We describe a non-deterministic logspace
procedure whereby at least one computation path has the correct value of « in
which it accepts and all the other paths reject.

Let Ay = {s}. Foreach i from 1to (n—1), we define A; to be the collection of
all nodes in layer (i + 1) that are reachable from s by a directed path of length i. So
A,,_1 is the set of all nodes in layer n that are reachable from s by a directed path of
length (n—1). Let 5 = |A;_1]. In steps 6 to 22 of the Immerman-Szelepcsenyi-in-
Logspace(G, s, t) algorithm we show how to calculate |A;| from | A;_1|. Repeated
application of this procedure yields the desired value of «.
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We calculate | A;| from | A;_1| using an idea similar to the one presented earlier
in this proof. In the algorithm we go through all the nodes of G in layer (i + 1) and
determine whether each is a member of A; and also count members to find | A4;].

To determine whether a node v in layer (i + 1) is in A;, we use the innermost
for loop starting in line 7, to go through all the nodes of G in layer ¢ and guess
whether each node is in A;_1. Each positive guess is verified by a path of length
(¢ — 1) from s. For each node u verified to be in A;_1, the algorithm tests whether
(u,v) is an edge of G. If it is an edge, v is in A;. The variable §3 is used to count
the number of vertices which are in A;. We use the flag variable to prevent the
vertex v from being counted more than once. Additionally the number of nodes
verified to be in A;_1 is counted. At the completion of the innermost for loop,
if the total number of nodes verified to be in A;_1 is not « then entire A;_1 has
not been found, so this computation path rejects. If the count equals v and v has
not been shown to be in A;, we conclude that v is not in A;. Then we go to the
next vertex v in layer (7 + 1) in the outer loop. Since we use constant number of
variables each of which takes values from 0 to n in the this algorithm, it is easy to
note that the Turing machine M that implements it is a NL-Turing machine. As
a result we have shown that SLDAGSTCON & NL which implies co-NL C NL
from which the result follows. U

We recall the notions of logspace Turing reducibility from Definition 1.39 and
the definition of L¢ from Definition 1.40, where C is a complexity class.

THEOREM 2.19. LNL = NL.

PROOF. It is trivial to note that NL. C LML o prove our result we have to

show that LN € NL. Let I/ € LNL. Therefore there exists a O(logn)-space
bounded deterministic Turing machine M/, that has access to a language A € NL
as an oracle such that given any input string z € X*, M4 correctly decides if
x € L'. Since M requires at most O(logn) space on any input of size n, we infer
that the number of queries that M/ submits to the oracle A is a polynomial in the
size of the input. Let M 4 be the NL-Turing machine that decides if an input string
is in A or not. Due to Theorem 2.18 it follows that A is also in NL. Let M be the
NL-Turing machine that correctly decides if any input string is in A. Now let X be
the input alphabet and let x € 3* be the input string. Let us consider the following
algorithm implemented by a non-deterministic Turing machine N.

Algorithm 3 Closure-Logspace-Turing-for-NL.

Input: © € ¥*.

Output: accepts if x € L, where L € LNL Otherwise reject.
Complexity: NL.

1: while IV has not reached any of its halting configurations do

2 N simulates M on input x until a query y is generated.

3: N simulates M 4 on input y.

4 if M 4 accepts y then

5 N assumes that the reply of the oracle to the query y is “YES”.
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Algorithm 3 Closure-Logspace-Turing-for-NL (continued)

6: else
7: N simulates M~ on y
8: if M~ accepts y then
9: N assumes that the reply of the oracle to the query y is “NO”.
10: else
11: N rejects the input = and stops.
12: end if
13: end if
14: N continues to simulate M on x.

15: end while

We now show that N correctly decides if x € L. It is easy to note that if for
any oracle query string y, either M4 or M can accept y and not both of them
can accept y. Also if M4 accepts y then y € A. Similarly if M accepts y then
y € A. As aresult when either of these two NL-Turing machines accept then this
can be taken to be the output of the oracle and N will proceed with its simulation
of M. On the contrary if neither M 4 nor M accept since it follows from Theorem
2.18 that NL is closed under complement, we know that there exists at least one
accepting computation path in exactly one of these Turing machines and we did not
simluate both the Turing machines along any such path. Therefore IV also rejects =
and stops the computation. Since N simulates only NL-Turing machines, it shows

that N is also a NL-Turing machine. This shows that LNL C NL from which we
get that LNL = NL. O

COROLLARY 2.20. NL is closed under union and intersection.

DEFINITION 2.21. Let X be the input alphabet and let C be a complexity class.
We define NLC to be the class of all languages L C X* that is accepted by a
O(log n) space bounded non-deterministic Turing machine A that has oracle ac-
cess to a language A € C, where n is the size of the input and A C >*. Here
we assume that M submits queries to the oracle A according to the Ruzzo-Simon-
Tompa oracle access mechanism.

THEOREM 2.22. NLNL = NL.

PROOF. It is trivial to note that NL C NLNL Therefore we have to prove
that NLNL C NL. Let L € NLNL. Therefore there exists a NL-Turing machine
M that has access to a language A € NL as an oracle such that given any input
string € ¥*, M4 decides if € L correctly. It follows from Section 1.1.6
that our NL-Turing machine M“ follows the Ruzzo-Simon-Tompa oracle access
mechanism to submit queries to the oracle A. Due to Proposition 1.14, since the
number of configurations of a NL-Turing machine is at most a polynomial in the
size of the input, we that the number of queries that are submitted to the oracle A is
also a polynomial in the size of the input. Let M4 be the NL-Turing machine that
decides if an input string is in A or not. Since we have shown in Theorem 2.18 that
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NL is closed under complement, it follows that A is also in NL. Let M be the
NL-Turing machine that correctly decides if any input string is in A. Now let X be
the input alphabet and let x € ¥* be the input string. Let us once again consider
the Algorithm 3, Closure-Logspace-Turing-for-NL, in Theorem 2.19 implemented
by a non-deterministic Turing machine .

We now show that N correctly decides if € L. Itis easy to note that if for any
oracle query string y, either M4 or M7 can accept y. Also if M4 accepts y then
y € A. Similarly if M- accepts y then y € A. As aresult when either of these two
NL-Turing machines accept then this can be taken to be the output of the oracle
and NV will proceed with its simulation of M. On the contrary if neither M 4 nor
M accept since NL is closed under complement we know that there exists at least
one accepting computation path in exactly one of these Turing machines and we
did not simluate both the Turing machines along any such path. Therefore IV also
rejects z and stops the computation. Since N only simulates NL-Turing machines

it shows that V is also a NL-Turing machine. This shows that NINL N O

THEOREM 2.23. Let 2SAT={¢|¢ is a Boolean formula in the 2-CNF such that
¢ is satisfiable}. 2SAT is in NL and 2SAT is also in NL.

PROOF. We want to show that the language of all unsatisfiable Boolean for-
mulae in the 2-CNF, denoted by 2SAT, is in NL. Let ¢ = (1 A pa A -+ A )
be in 2-CNF. We know that each ¢; is a conjunction of exactly two literals, where
1 << m.

Now given a 2-CNF Boolean formula ¢ we define a directed graph G = (V, E)
as follows. For each variable x that occurs in ¢ we define two vertices in G. More
precisely, we define a vertex for the variable x and a vertex for —x. Clearly if there
are n variables in ¢ then there are 2n vertices in G. If ¢; = (—x V y) is a clause
then we include directed edges (x,y) and (—y, —z) in E of G. In other words,
if we have a clause of ¢ to be (—z V y) which is (z = y) then we include the
directed edge (x,y) in E. By commutativity, since (—z V y) is also (y V =) which
is (my = —x) we also include the edge (—y, —x) in E of G. Clearly if there are
m clauses in ¢ then there are 2m directed edges in G. Also it is easy to observe
that there exists a directed path from a vertex « to a vertex 3 in G if and only if
there exists a directed path from = to =« in G. The 2-CNF Boolean formula ¢
is the conjunction of implications of the form (o« = /), where « and 3 are literals
in the clauses of ¢. Given the conjunction of two clauses (o = ) A (8 = ) we
can simplify this conjunction and derive the clause (« = «y) from them. Using this
we infer that the 2-CNF Boolean formula ¢ is unsatisfiable if and only if we can
obtain a contradiction which is that there exists at least one variable = such that we
can simplify the conjunction of clauses in ¢ to obtain the clause (x = —z) and
also that (—z = z). However this is equivalent to the existence of edges in E of
G such that there is a directed path from x to -z and a directed path from —z to x.

Now given a 2-CNF Boolean formula ¢ such that n is the size of ¢, a O(logn)-
space bounded deterministic Turing machine can output the adjacency matrix of
the directed graph G described above. We then submit a query to the NL oracle to
determine if there exists a directed path from a variable x to —x and also from —x
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FIGURE 2.3. This figure is the directed graph G obtained in the
logspace many-one reduction from 2SAT to DSTCON. We are
given the Boolean formula ¢ = (z V y) A (z V —y) A (—mz V
2) A\ (—zV —z) as input and we obtain the directed graph G in this
figure as the output of the reduction. Clearly, there are 4 clauses
in ¢, 8 vertices and 8 edges in G. It is easy to see that ¢ is not
satisfiable and there is a directed path in fact, from every literal to
its negation in G.

to = in G for all the variables « that occur in ¢. If for some variable x we get the
oracle reply to be “YES” for the queries submitted then we accept ¢ and output that
¢ is unsatisfiable. Otherwise we reject the input ¢ and output that ¢ is satisfiable.
Now it follows from Theorem 2.19 that 2SAT is in NL. Using Theorem 2.18 it
follows that 2SAT € NL. U

NOTE 2. In the proof of Theorem 2.23 we first show that 2SAT € NL. Given
a subformula 1 of a Boolean formula ¢ which is in 2-CNF, we say that v is a
contradiction if 1 is not satisfiable. We say that 1 does not have any redundant
clause if there does not exist any clause 1)’ in 1) such that 1) is unsatisfiable even
after deleting 1)’ from1). Any directed path from a variable x to —~x and therefore a
directed path from —x to x is a proof or a witness that the input 2-CNF formula ¢
is not satisfiable. This is equivalent to stating that a there exists a subformula v of
¢ which is a contradiction and which is free from any redundant clauses and that it
is a proof that ¢ is not satisfiable. As a result counting the number of directed paths
from a variable x to —x is in L. Equivalently counting the number of subformulae
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of ¢, each of which is a contradiction and which do not have any redundant clauses
among them, is in L.

THEOREM 2.24. 2SAT is logspace many-one hard for NL.

PROOF. We prove this statement by showing that DSTCON §£‘n 2SAT. Let
G = (V, E) be a directed graph and let (G, s, t) be the input instance of DSTCON.
Let n = |V|. We construct a 2-CNF Boolean formula ¢ from (G, s, t) such that
there exists a directed path from s to ¢ in GG if and only if ¢ is not satisfiable.
Let  be the Boolean variable corresponding to the vertex s in G and —x be the
literal corresponding to the vertex ¢. For each of the remaining vertices v; in G, let
there be a Boolean variable v;. For each edge (u,v) € E let us include the clause
(u = o) in ¢. In other words, for each edge (u,v) € E we include the clause
(—u V v) in ¢. Apart from these clauses we also include the conjunction of the
clause (x) in ¢. Since the clause () is not a disjunction of two distinct literals
we introduce a new variable y and include the conjunction of the following 2-CNF
Boolean subformula (x V y) A (x V —y) in ¢. Clearly a O(logn)-space bounded
deterministic Turing machine can output ¢ given (G, s, t) as input.

FIGURE 2.4. This figure is a directed graph G in the reduction
from DSTCON to 2SAT. We therefore obtain the Boolean formula
¢ = (mxVua) A(—v2 Vo) A (w2 Vug) A (—wg V=) A (—vg V
—z) A (xVy) A (xV —y). Since there exists a directed path from
stotin G it is easy to see that ¢ is not satisfiable.

Now consider the case when there exists a directed path from s to ¢ in G. Let
the vertices that form the directed path be the following in sequence: s, v;, vj,. ..,
v, t, where 1 < 7,7, k < n. We claim that ¢ is not satisfiable. To prove this claim
consider the case when x = False. Then ¢ is not satisfiable since we have clauses
(x Vy) A (xV —y)in ¢. For the case when = = T'rue let us consider the 2-CNF
Boolean subformula of ¢ formed by the clauses due to the edges in a directed path
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from stotin G: (—x V v;) A (—v; Vuj) A+ A (- V —x). Itis easy to see that
the Boolean subformula (-2 V v;) A (—v; Vvj) A -+ - A (-, V ) is not satisfiable
and so ¢ is also not satisfiable.

Conversely, assume that there does not exist any directed path from s to ¢ in
G. Let A be the subset of vertices in V' that are reachable from s in GG, B be the
subset of vertices in V' from which ¢ is reachable and C' = V' \ (A U B). Since
there is no directed path from s to ¢ in (G it is easy to observe that the subsets of V'
of vertices in A, B and C' are pairwise disjoint and there are no edges from A to
B UC and from AU C to B in G. Now let us assign the truth value 7" to every

@

®

FIGURE 2.5. This figure is a directed graph G in the reduction
from DSTCON to 2SAT. We therefore obtain the Boolean formula
¢ = (—x V) A(—vgVog) A (—wg Vog) A(—vg Vog) A (v V
vg) A (mvs Vo) A (mz Vog) A(xVy)A(zV —y). Here A =
{z,v2,v3,v4}, B = {t} and C = {vs}. Clearly, ANB = Bn
C = ANC = 0. Also A any directed edge from a vertex in A
to B U C and from a vertex in AU C to B. Since there does not
exist any directed path from s to t in G it is easy to see that ¢ is
satisfiable: we can assign the truth value True to every variable
in AU C' including the variable x and the truth value False to the
literal —~x corresponding to the vertex t. We assign either the truth
value True or False to the variable y.

variable in A U C' including the variable x and the truth value F' to every variable
in B including the literal =. It is easy to verify that this truth value assignment

satisfies ¢. This shows that DSTCON g%‘l 25AT. O
THEOREM 2.25. 2SAT is logspace many-one complete for NL.

PROOF. This result follows from Theorem 2.23, Theorem 2.24 and Theorem
2.18. O
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CONJECTURE: Counting the number of satisfying assignments of a 2SAT
formula, denoted by §2SAT, is logspace many-one complete for fiL.

2.2.2. Non-deterministic space bounded complexity classes above NL.

DEFINITION 2.26. Let ¥ be the input alphabet and S(n) € Q(logn). We de-
fine the complexity class NSPACE(S(n)) = {L C ¥*|3a O(S(n)) space bounded
non-deterministic Turing machine M such that L = L(M)}.

DEFINITION 2.27. Let X be the input alphabet and S(n) € Q(logn). We de-
fine the complexity class co-NSPACE(S(n)) = {L C ¥*|L € NSPACE(S(n))}.

THEOREM 2.28. (The Immerman-Szelepcsenyi Theorem)NSPACE(S(n))
is closed under complement, where S(n) € Q(logn). In other words, NSPACE
(S(n)) =co-NSPACE(S(n)), where S(n) € Q(logn).

PROOF. Let 3 be the input alphabet and let . C X* such that . € NSPACE
(S(n)). Let M be the NSPACE(S(n)) Turing machine that accepts L. As in the
proof of Lemma 2.5 we observe that given an input x € X*, all the configura-
tions of M (z) is computable by a deterministic Turing machine using space at
most O(S(n)) and therefore the adjacency matrix of the configuration graph of
M (z), which is a directed graph, can also be output by a O(S(n)) space bounded
deterministic Turing machine. As in Theorem 2.10 we observe that the directed st-
connectivity problem for the simple layered directed acyclic graph obtained from
the configuration graph G of a NSPACE(S(n)) Turing machine M (x) is a canon-
ical complete problem for NSPACE(S(n)). Now following the algorithm in the
proof of Theorem 2.18 we are able to decide if there does not exist a directed path
from a vertex s in layer 1 of the above graph G to the vertex ¢ in layer n of G
in NSPACE(S(n)). This shows that co-NSPACE(S(n)) € NSPACE(S(n)) from
which our theorem follows. O

2.3. Logarithmic Space Bounded Counting classes

In this section we assume without loss of generality that the input alphabet > =
{0,1}. We informally say that a complexity class C is a logarithmic space bounded
counting class if the criterion to decide if an input string x € ¥* is in a language
L € C is based on the number of accepting computation paths and/or the number of
rejecting computation paths of a O(log n) space bounded non-deterministic Turing
machine M. It follows from this informal definition that NL is the first and
fundamental logarithmic space bounded counting class. We recall the defintion
of §L. from Definition 2.11.

PROPOSITION 2.29. Let X be the input alphabet and let M be a O(logn)-
space bounded non-deterministic Turing machine. Counting the number of com-
putation paths of M on input x is in L, where x € 3*.

PROOF. We define a O(logn)-space bounded non-deterministic Turing ma-
chine M’ which simulates M on input x € X* such that M’ accepts x along all
computation paths. In other words, given any input x € 3*, if M (z) accepts then
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M’ (x) also accepts. Otherwise if M (x) rejects then M'(x) still accepts. As a re-
sult L(M') = ¥*. Also the number of computation paths of M’ on z is equal to
accyp(x) = acepr(x) + rejyr(z), which is the number of computation paths of
M on x, where x € X", O

DEFINITION 2.30. Let X be the input alphabet. The complexity class GapL is
defined to be the class of functions f : ¥* — Z such that there exists a NL-Turing
machine M for which we have f(x) = accy(x) — rejy (x) where acepr(x) and
rejys(x) denote the number of accepting computation paths and the number of
rejecting computation paths of M on any input x € X* respectively. We also

denote (accyr(x) — rejy(x)) by gap ().

In Section 1.1.2, we have assumed that the computation binary tree of an
O(S(n))-space bounded nondeterministic Turing machine is a complete
binary tree. That is, all computation paths in the computation binary tree
of an O(S(n))-space bounded nondeterministic Turing machine have the
same length. However, note that under this assumption any f € GapL
will never be an odd integer on any input x € X*, where X is the input
alphabet, since the number of leaves in the computation tree is an integer
which is a power of 2. This suggests an unrealistic computation tree. So
to overcome this problem, we assume that in many places such as when
considering GapL functions that the computation binary tree for L <
NL contains computation paths which are not all of the same length. In
other words, the computation binary tree of a non-deterministic Turing
machine on any given input is not necessarily a complete binary tree.

DEFINITION 2.31. A language L belongs to the logarithmic space bounded
counting class PL if there exists a GapL function f such that = € L if and only if

f(z) > 0.

DEFINITION 2.32. A language L belongs to the logarithmic space bounded
counting class C_L if there exists a GapL function f such that = € L if and only
if f(x)=0.

We recall the definition of FL from Definition 1.34. We need the following
result.

PROPOSITION 2.33. (Folklore)

(1) Let X2 be the input alphabet and f : ¥* — 7 such that f(z) > 0, Vx €
>*and f € FL. Then f € L.

(2) 4L is closed under addition.

(3) 1L is closed under multiplication.

(4) GapL is closed under addition.

(5) GapL is closed under multiplication.

PROOF. (1) Let f be a FL function that takes non-negative values on all
inputs. Given an input x € X*, without loss of generality, we assume that
f(x) € Z7 is represented in binary notation.
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Let us define a NL-Turing machine M, which on input x first com-
putes f(x), and thereby finds the size of f(x). If f(z) = 0 then M
rejects x and stops. Otherwise, let [ denote the size of f(z). It is easy to
see that [ € O(logn), where n = |z|. Given f(z), we denote the 7' bit
of f(z) by f(x);, where 1 < i <. Let f(z) = f(z)if(z)i—1- f(x)1.
Here f(z); denotes the most significant bit of f(z) and f(z); denotes
the least significant bit of f(x). Since we assume that f(z) # 0, we have
f(z); = 1 always.

After finding [, let us define M as follows: M starts by sequen-
tially choosing exactly [ bits from {0, 1} in a non-deterministic fashion.
For 1 < i < I, after choosing the i*" bit, M computes f(x)i—ipr. If
f(z);—i+1 = 1 and the 5*" bit chosen by M is 0, then M accepts the
input z along all of its computation paths obtained by choosing the re-
maining (I — i) bits and stops. Instead, if f(x);_;,1 equals the i’ bit
chosen by M, then M continues to iterate the above step of choosing the
(i + 1)*! bit non-deterministically as long as (i + 1) < [. However, if
f(z);_i+1 = 0 and the i'* bit chosen by M is 1 then M rejects the input
x along all of its computation paths obtained by choosing the remaining
(I — 1) bits and stops.

It is easy to see that M accepts x if and only if any of the computation
paths which M has guessed is among the first f(z) lexicographically least
computation paths in the computation tree of M which has depth [ and 2!
leaves. Clearly accys(x) = f(x) whenever f(z) > 0,V € ¥*.

(2) Let f1, fo € L. Since we can define a NL-Turing machine which first
branches once and simulates the NL-Turing machine corresponding to f;
along one branch and the NL-Turing machine corresponding to f5 along
the other branch, we get the result that (f; + f2) € fL.

(3) Let f1, fo € L. We define a NL-Turing machine M which simulates
the NL-Turing machine corresponding to f; and then at the end of all
of its accepting computation paths it simulates the NL-Turing machine
corresponding to f2. At the end of the rejecting computation paths of the
NL-Turing machine corresponding to fi, M also rejects the input. It is
the easy to see that (f1 f2) € fL.

(4) Proof is identical to (2).

(5) Let f1, fo € GapL. We define a NL-Turing machine M which simulates
the NL-Turing machine corresponding to f; and then at the end of all of
its computation paths it simulates the NL-Turing machine corresponding
to fo. M accepts if and only if the NL-Turing machine corresponding to
f2 accepts. It is the easy to see that (f1 f2) € GapL.

O

LEMMA 2.34. Let X be the input alphabet and L C ¥* be a language in NL.
df € #L such that for any given input x € X*, we have x € L if and only if
f(z) > N, where 2 x N is the number of computation paths of the NL-Turing
machine M of f.
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PROOF. Let M’ be the NL-Turing machine that accepts L. For any given in-
put z € X*, we know that € L if and only if accypy(x) > 0. Let M"” be the
O(logn)-space bounded non-deterministic Turing machine as shown in Proposi-
tion 2.29 which accepts X* such that, given any input x € ¥*, M" simulates M’
and finally accepts « and never rejects any input x. It is easy to see that the number
of accepting computation paths of M”(z), denoted by accys»(x), is equal to the
number of computation paths of M’ on .

Given an input x € ¥*, let M be the non-deterministic Turing machine that
non-deterministically decides to either simulate M’ on input x along the left branch
or it decides to simulate " on input = on the right branch of its computation tree.
It is easy to see that, given input x € ¥, the number of computation paths of M on
x is equal to 2 x N, where N is the number of computation paths of M’ on z. Also
if x € L then we have accys(z) > N. Otherwise if © ¢ L then accy(z) = N.
We take f € fL., as the fL. function which is the number of accepting computation
paths of M on input x € ¥*. O

THEOREM 2.35. NL C PL.
PROOF. Follows from Definition 2.31 and Lemma 2.34. O

DEFINITION 2.36. The symmetric difference of two sets A and B is the set of
elements that belong to exactly one of A and B. The symmetric difference of two
sets A and B is denoted by AAB. In other words, AAB = (AN B)U (AN B).

DEFINITION 2.37. Let X be the input alphabet. We define (NLANL) = {L C
Z*ELl, LQ € NLand L = L1AL2, where Ll, LQ g E*}

THEOREM 2.38. (NLANL) € LNL,

PROOF. Given two sets A and B it follows from the definition that (AAB) =
(AN B)U (AN B). Now, let A, B € NL. Due to Theorem 2.18 and Corollary
2.20, it follows that (AAB) € NL. Clearly, to determine if an input string x € %*
is in (AAB) a logarithmic space bounded deterministic Turing machine that has
access to a NL oracle shall make one query and output if x is in (AAB) or not.

This shows that (NLANL) € LN, 0
THEOREM 2.39. NL = (NLANL).

PROOF. Let X be the input alphabet and let I C >* be a non-trivial language
such that L € NL. It is easy to see that L = LA(), where () denotes the empty set.
We therefore get NL € NLANL. Converse follows from Theorem 2.38 and the

closure of NL under Slf reductions, which we have shown in Theorem 2.19. 0O

LEMMA 2.40. Let 33 be the input alphabet, L C ¥*, L € NL and let M be
a NL-Turing machine such that L(M) = L. There exists a NL-Turing machine
M’ such that L(M') = L and, on any input x € ¥*, the computation tree of M’
is a complete binary tree such that it has has exactly on* computation paths and
accyp(x) = acepr(x), where n = x| and k > 0.
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PROOF. Let M be the NL-Turing machine such that the number of configura-
tions of M on input x € ¥* is < n® where ¢ > 0 is a constant. Without loss of
generality, we assume that the computation tree of M on x is a binary tree which
has finite number of nodes and edges. Let us define another NL-Turing machine
M’ which on input z does the following:

(1) simulate M on x, and
(2) start a (deterministic) counter ctr with its initial value n*, where k > ¢ >
0, and decrement ctr by 1 in each step until ctr > 0.

In the simulation of M by M’, each configuration we encounter has either 0 or 1
or 2 successors.

e if the present configuration has 2 successors, then M’ also has two suc-
cessor configurations and it continues to simulate M on z,

e if the present configuration has 1 successor, then M is defined such that it
has 2 successor configurations among which one successor configuration
continues to simulate M on x, and the other is the root of a subtree which
rejects along all of its computation paths until ctr > 0.

o if the present configuration has 0 successors then it is a halting configu-
ration of M on zx. If the halting configuration is a rejecting configuration,
then M’ forms a rejecting subtree, as done above by decrementing ctr by
1 in each step until cfr > 0, with this node as the root. Otherwise if the
halting configuration is an accepting configuration, then M’ will gener-
ate a complete subtree, as done above by decrementing ctr by 1 in each
step until ctr > 0, wherein the lexicographically least computation path
accepts and remaining computation paths of this subtree reject the input.

It is easy to see that the computation tree of M’ is a complete binary tree and
accpp (x) = acepr(z). O

LEMMA 2.41. NL C co-C_L.

PROOF. Let L C ¥* such that L € NL and let M’ be the NL-Turing machine
which accepts L as in Lemma 2.40. Let f € £L such that on any input x € X* we
have f(z) = accpp(x), Vo € ¥*. For any input x € X* such that n = |z|, we
assume without loss of generality that all the computation paths of the computation
tree of M’ on input x have length n*, where k& > 0 is a constant and which clearly
depends on the O(log n) space used by M’(x) in any of its computation paths.

Algorithm 4 NL-contained-in-co-C_L

Input: © € >*

Output: accept if x € L, where L € NL. Otherwise reject.
Complexity: co-C_L.

1: Non-deterministically choose one of the following two options.

2: Simulate M (z), or

3: Form a computation tree having depth n* and accept the input z on all of these
computation paths
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Let us consider the algorithm given above which can be implemented by a
NL-Turing machine, say M”, on a given input x € X*, where n = |z|. On
any given input z € ¥*, if x € L then f(z) > 1. As a result gap,;»(x) =
acc g (z) —rejym(x) > 0. However if 2 ¢ L then all the computation paths of M’
on input = end in the rejecting configuration and therefore accyy» (z) = rejy ()
which clearly implies gapy;~(x) = 0. This shows that L € co-C_L from which
we get NL C co-C_L. O

THEOREM 2.42. NL C C_L.

PROOF. From Lemma 2.41 we infer that co-NL C C_L. Also as a conse-
quence of Theorem 2.18 we obtain that N, C C_L. U

PROPOSITION 2.43. C_L is closed under union.

PROOF. It follows from Proposition 2.33 due to the closure of GapL under
multiplication. U

2.3.1. Properties of fI. and GapL functions. We recall the definition of L.
and GapL from Definitions 2.11 and 2.30

LEMMA 2.44. Let 3 be the input alphabet. If f(x) is a §L or GapL function
then there exists a polynomial p(n) such that the absolute value of f(x) is bounded
above by 2°™) for every x € ¥*, where n = |x|.

PROOF. Either f(x) = accpr(x) or gap,;(x) for some NL-Turing machine
M. Let s(n) € O(logn) be an upper bound the amount of space that M uses on
input strings of length n. It is easy to note that the running time of M (z) is at most
p(|z|) = 2°(=D, which is a polynomial in |z|. As a result the number of distinct
computation paths of M on any input z is upper bounded by 27(%)) from which it
follows that the number of accepting computation paths and rejecting computation
paths of M on any input z is at most 2°(*) and this proves our claim. O

PROPOSITION 2.45. If f € GapL then — f € GapL.

THEOREM 2.46. Let 3. be the input alphabet. For every NL-Turing machine
M, there is a NL-Turing machine N such that gap 5 (x) = accpr(x), on any input
x e Xr

PROOF. Given an input z, let M () denote the NL-Turing machine obtained
by reversing the decision of computation paths of M (z). In other words, M (x) re-
jects every accepting computation path of M (z) and accepts every rejecting com-
puting path of M (x). Our NL-Turing machine N guesses a path p of M (x). If
p is accepting, N accepts. Otherwise, N branches once, accepting on one branch
and rejecting on the other. We have for all z, gap(z) = accy(x) — rejy(z) =
accy(x) — aceyp(x) = (acey(x) + aceyp(x)) — acegp(x) = acep(x). Note that
all the computation paths of /V are not necessarily having the same length. U

COROLLARY 2.47. L. C GapL.

PROOF. Follows from Theorem 2.46 and the fact that GapL contains functions
that take negative values on many inputs. U
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Note that a fL. function can take only nonnegative values and so this class
cannot capture all the functions in FL that evaluate to integer values on any given
input. However, it does capture those functions in FL that only take nonnegative
integer values on all inputs as shown in Proposition 2.33. The class GapL includes
any function in FL that takes integer values on any input without any restriction.
For the rest of this chapter, we assume without loss of generality that, any function
f € FL which we consider always takes integer values on any input.

THEOREM 2.48. Every FL function f is in GapL.

PROOF. Let f € FL. Define a NL-Turing machine N which on input z
first computes f(z). For any f(z), since the absolute value of f(x) (denoted
by |f(x)|) is greater than 0, it follows from Proposition 2.33 that there exists a
NL-Turing machine N” such that accy»(z) = |f(x)| on any input x € X*. Us-
ing Corollary 2.47 we get that there exists a NL-Turing machine N’ such that
gapn/(x) = aceyn(z) = |f(x)|. Therefore, after computing f(x), if f(xz) > 0
then N simulates N’ on input 2. However, if f(z) < 0, then N simulates N’ on
input = and rejects at the end of the computation paths in which N’ accepts and
accepts at the end of the computation paths in which N’ rejects. This shows that
gapy () = f(x). 0

THEOREM 2.49. Let 3. be the input alphabet. If h € GapL, then there exists
fyg € tL such that h(x) = f(x) — g(x) on any input © € ¥*. Conversely, if
fsg € fL, then there exists h € GapL such that h(x) = f(x) — g(z) on any input
x € X*. In other words, we can write every function in GapL as the difference of
two functions in L. Equivalently, we say that GapL, = L. — fL.

PROOF. Let h € GapL and let M denote the NL-Turing machine corre-
sponding to h. Given a NL-Turing machine M and an input z, let M (z) de-
note the NL-Turing machine obtained by reversing the decision of computation
paths of M (x). In other words, M () rejects every accepting computation path of
M (x) and accepts every rejecting computing path of M (z). For any M we have
gapy(x) = accy(x) — accyp(x) by definition, so if h € GapL then h is the
difference of two L functions.

Conversely, let f,g € gL. Using Corollary 2.47 we get that f,g € GapL.
It follows from Theorem 2.46 that there exists NL-Turing machines M and N
such that gapps(x) = f(x) and gapy(z) = g(z) on any input x € ¥*. We use
Proposition 2.45 and Lemma 2.33 and obtain that (f(x) — g(z)) = (gapa(x) —
gapn(x)) € GapL, on any input z € X*. O

THEOREM 2.50. Let X be the input alphabet. If h € GapL, then there exists
f €tland g € FL such that h(z) = f(x)—g(x) on any input x € ¥*. Conversely,
if f € fL and g € FL, then there exists h € GapL such that h(z) = f(x) — g(z)
on any input x € X*. In other words, we can write every function in GapL as
the difference of a function in §L. and a function in FL. Equivalently, we say that
GapL =L — FL.

PROOF. Let h € GapL. We know from Theorem 2.49 that there exists f, g €
fL such that, on any given input x € X*, we have h(x) = f(z) — g(x). Let My
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and M, be NL-Turing machines corresponding to f and g respectively. As shown
in Lemma 2.40, we assume that the computation tree of both f and g are complete
binary trees such that both My and M, have exactly on* computation paths on any
input of length n, where £ > 0 is a constant. Let Mg be the NL-Turing machine
which reverses the decision of a computation path of M. In other words, along
any computation path, My accepts if and only if M, rejects. Let us consider a
Turing machine M which non-deterministically branches once and simulates M ¢
along the left branch and M7 along the right branch. Then, given any input z € »*,
we have
(f(x) —g(z)) = acen;(x) — acen, (x)
= accp, () + acep (v) — o
= accy(z) — 2.

Since a NL-Turing machine can output 27" in binary notation when it is given an
input z € ¥* such that n = |z|, we get h = (f — g) € fL — FL.

Conversely, let f € L and let ¢ € FL. We know from Theorem 2.46 that there
exists a NL-Turing machine N; such that gapy, (z) = f(x), for any z € ¥*. We
also know from Theorem 2.48 that g € GapL. Therefore there exists a NL-Turing
machine Ny such that gapy,(z) = g(x), for any x € ¥X*. It is now easy to see
using Propositions 2.45 and 2.33 that (f — g) € GapL. d

We first recall the notion of an oracle Turing machine from Section 1.1.4. We
also recall the notion of having a function as an oracle from Section 1.1.5. Let
us also recall the definition of logspace Turing reducibility using functions from
Definitions 1.39 and 1.40.

NOTE 3. (1) In Definition 1.39, if we replace Lo by a function f € F,
where F is a complexity class of functions such as L then Ly S% f and

we say that MY accepts Ly. In this context of having a function f such
as tDSTCON as an oracle, we note that to obtain the value of the oracle
function when it is given an oracle query string as input, the O(logn)-
space bounded deterministic Turing machine has to submit at least one
and at most p(n) many queries, where p(n) is a polynomial in n, and n
is the size of the input.

(2) In Definition 1.40 if we replace C by F, where F is a complexity class of
functions such as {L then L” is the complexity class of all languages that
is accepted by a O(logn) space bounded deterministic Turing machine
that has access to a function f € F as an oracle.

DEFINITION 2.51. We define FLEL to be the complexity class of all functions
that are logspace Turing reducible to the complexity class of functions in fL.

LEMMA 2.52. GapL C FLﬁL.

PROOF. We know from Proposition 2.15 that fDSTCON is logspace many-one
complete for fL.. Let X be the input alphabet. It follows from Proposition 2.17 that
if L € NL such that M is the NL-Turing machine which decides if an input z € ¥*
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is in L, then there exists an instance (G, s,t) of DSTCON which is obtained using
the logspace many-one reduction shown in Theorem 2.5 that accyy () is equal to
the number of directed paths from s to ¢ in G.

Let f € GapL and let M be the NL-Turing machine such that given an input
x € ¥*, we have f(x) = accyr(x) —rejrr(x). Let n be the size of the input z. Let
M be the NL-Turing machine which is obtained from M by reversing the decision
of the computation paths of M (x). In other words, M (x) rejects every accepting
computation path of M (x) and accepts every rejecting computation path of M (x).
As a result, accyp(x) = rejy(x). Since DSTCON is logspace many-one com-
plete for fL, using a O(log n)-space bounded determinsitic Turing machine M’, we
can obtain 2 instances (G1, s1,t1) and (G2, s2, t2) of DSTCON from z such that
accyy(x) is equal to the number of directed paths from s; to ¢1 in G and accyp(x)
is equal to the number of directed paths from sy to to in Go. M’ can therefore
use these 2 instances of DSTCON and submit p(n) many oracle queries to find
accyr(x) and accqp(x) = rejyr(x) in a bit-wise manner, where p(n) is a polyno-
mial in n. After finding these values, M’ computes f(z) = accyr(z) — rejy(z)
and outputs it in the output tape of M. O

L
PROPOSITION 2.53. LLij = LﬁL.

L
PROOF. It is trivial to show that Lij - LLtt . We have to therefore show that

LLj:tL - L LetL e LLIjL such that there exists a deterministic O(logn) space
bounded oracle Turing machine N~ which correctly decides if any input string
r € ¥*isin L, where L' € Lij is the oracle for V. Let M’ denote a deterministic
oracle Turing machine which correctly decides if an input string ¢’ € L'.

Let M be a deterministic O(log n) space bounded Turing machine which sim-
ulates N’ on the given input string x € X* till N L generates an oracle query v/
which is to be submitted to the oracle L’. In other words, M continues its simula-
tion of NX" and stops its simulation in the step before it enters the gou pry state.
Now M stores the present configuration of N L" which includes its present state,
position of the tape head of the input tape, the contents of the work tape, and the
position of the tape head of the work tape. Clearly M requires at most O(logn)
space to store this information. M then simulates M’ on the query 3’ with access to
a function in L as the oracle. Based on this simulation of M’ by M, it is possible
to correctly decide if the oracle query string 3/’ is in L’. Therefore after correctly
deciding if 3/ is in the oracle, M restores itself to the state of N L" which it had
saved and continues with its simulation repeating these steps whenever a oracle
query string is generated. As a result it correctly decides if the input string x € L
or not. Since M simulates a LfL computation and uses at most O(log n) space we

getthat L € LiL g

GapL
PROPOSITION 2.54. LI P L.GapL,
THEOREM 2.55. 1.GapL — p iL.
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PROOF. It follows from Corollary 2.47 that fl. C GapL. As a result Lib C

LGarL | prove the other way inclusion, we have already shown that GapL. C

Ll in Lemma 2.52. So using Proposition 2.53, we get LGarL AL we
therefore get LGapL _ fL O

LEMMA 2.56. Let f be a FL function and g be a §L. or GapL function. Then
g(f(z)) is a L or GapL function, respectively.

PROOF. Let M be a NL-Turing machine that defines a L. function g. Define
N to be a NL-Turing machine that on input 2 simulates M (f(z)). Then accy ()
is exactly g(f(z)). The proof for GapL is identical. O

We refer to Definition A.3 and Theorem A.4 in the Appendix A for (Z), where
nkeZr.

THEOREM 2.57. If f € fLand k € Z™ is a constant, then g(z) = (f(kz)) € fL.

PROOF. Let M be a NL-Turing machine which has f(x) accepting computa-
tion paths on any input € X*. We now define a NL-Turing machine /N such that
the number of accepting computation paths of NV on input z € >* is (f f))

Without loss of generality, assume that £ > 0. Otherwise, if k¥ = 0 the NL-
Turing machine NNV is defined such that it accepts the input x € X* at the end of the
lexicographically least computation path and rejects on all the other computation
paths. Now let & > 0. N starts to simulate M on the given input z € 3%, and it
first stores the initial configuration of M on the work tape. Clearly, this requires
O(log n) space, where n = |z|. N maintains a counter which is initialized to 1. N
will store constantly many configurations of M on its work tape and the counter
will keep track of how many configurations have been stored.

Now every time when N has to make a non-deterministic choice, in an iterative
manner NV cycles through all the configurations stored on its work tape and chooses
one of the following three possibilities:

(a) replace the configuration which it is at present considering by its left suc-
cessor configuration

(b) replace the configuration which it is at present considering by its right suc-
cessor configuration

(c) replace the configuration by its left successor configuration and add the
right successor configuration to the list of configurations stored on the work tape,
and increment the counter by 1.

In the above non-determinisitic algorithm, NNV rejects x if the counter exceeds k,
or if any of the stored configurations are rejecting configurations of M on x, or if all
the configurations are accepting; however the counter is less than k. N accepts x if
all the configurations are accepting and the counter is exactly k. Clearly, the space
used by N is O(klogn) = O(logn) since k is a constant, where n = |z|. Also
it is clear that NV chooses k£ many distinct computation paths from the computation
of M(x). As a result, the number of accepting computation paths of N on input

T € X*is (f(,f)). O
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Let us recall Proposition 2.33.

THEOREM 2.58. (1) Let 3 be the input alphabet, f € L and p(n) be

(@)

3)

a polynomial. Let h : ¥* — 7 be defined for all x € ¥* by h(x) =
Ei<i<p(zp f ({2, 4)). h € L.

Let 3 be the input alphabet, f € 8L and p(n) be a polynomial. Let
h : ¥* — Z be defined for all x € X* by h(z) = [[1<;<p(a) f({z, ).
h € L.

Let . be the input alphabet, f € GapL and p(n) be a polynomial. Let
h : X* — Z be defined for all x € X" by h(x) = Si<j<p(ja)) f (7, 7))
h € GapL.

PROOF. (1) Let f({x,i)) = accpr({z,1)) for some NL-Turing machine

(@)

3)

M. Define N to be the NL-Turing machine that on input x € X%, first
guesses a positive integer i between 1 and p(|z|). If the guessed integer i
is greater than p(|z|) then N rejects and stops.

Let us assume that 1 < i < p(|z|). N simulates a computation path
of M on the input (z,i). NN accepts the input (x,7) if M accepts and
rejects the input otherwise. Then, for every x € ¥*, we get accy(z) =
h(x).

Let f({z,i)) = accp({x,1i)) for some NL-Turing machine M. Define
N to be the NL-Turing machine that on input x € X* simulates a com-
putation path of M on the input (z, i), forall 1 < i < p(|z|), in sequence
one after the other. If for some ¢ in the simulation of M on (z,7) by N,
the computation path rejects then N also rejects and stops. Otherwise
N continues to simulate M on (z,7). Then for every z € ¥* we get
accy(z) = h(x).

Let f({x,i)) = gap,;((z,)) for some NL-Turing machine M. Define
N to be the NL-Turing machine which on input € ¥, first guesses a
positive integer ¢ between 1 and p(|x|). If the guessed integer i is greater
than p(|z|) then N branches exactly once more and accepts along one
branch and rejects along the other branch.

Let us assume that 1 < i < p(|z|). N simulates a computation path
of M on the input (z,i). N accepts the input (x,:) if M accepts and
rejects the input otherwise. Then, for every x € ¥*, we get gap (z) =
h(z).

O

THEOREM 2.59. Let X be the input alphabet, f € GapL and p(n) be a poly-
nomial. Let h : 5% — Z be defined for all x € X" by h(x) = [];<;< () f((z,7)).
h € GapL.

PROOF. Let f = gap,, for some NL-Turing machine M. For each x € ¥*
and ¢ such that 1 < ¢ < p(|z|), let S(x,4) denote the set of all computation paths
of  on input (x, 7) and, furthermore, for each = € S(x, 7), define «(x, i, 7) = 1 if
7 is an accepting computation path and it is —1 otherwise. Then, for each x € ¥*,

M) = Eries1)  SmyopeSep(le)) (@, 1 m) - al@, p(|2]), mp(ap)-
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Define N to be the NL-Turing machine that on input € ¥* behaves as fol-
lows: N non-deterministically guesses and simulates a path of M on input (x, i),
forall 1 < i < p(Jz|). In the course of doing this, N computes the parity of
the number of values of 4, 1 < i < p(|z|), such that M on input (z, ) rejects.
When all the simulations have been completed, N accepts x on its current compu-
tation path if and only if this value is even. Note that, for every x € X*, on the
path of N on input = corresponding to the guesses (71, 72, . . . 7rp(|x‘)), the product
a(x,1,m) - a(z,p(|z]), mp(|z)) is 1 if and only if IV accepts at the end of this
computation path and that the product is —1 if and only if N rejects at the end of
this computation path. Thus for every x € ¥*, we have gap (z) = h(z). Since p
is a polynomial and M is a NL-Turing machine, N is also a NL-Turing machine.
Thus h € GapL. O

2.4. The Isolating Lemma

Let A = {a1,as9,...,an} be a set of elements and let F be a collection of
non-empty subsets of A. Let W be a finite number of consecutive integers, which
are called as integer weights, and assume that we shall assign integer weights to
elements of A using a function f : A — W. Define the weight of a subset .S of A,
denoted by f(.9), to be the sum of the weights of the elements in the subset .S.

We say that a weight function f is good for F if there is exactly one minimum-
weight set in F with respect to f and we say that f is bad for F otherwise.

THEOREM 2.60. (The Isolating Lemma) Let A be a finite set of cardinality
m and let F be a family of non-empty subsets of A. Let r > 2m and let f be a

function f : A — {1,...,r} that assigns a value independently and uniformly at
random to each element in a; € A from the set {1,...,r}, where 1 < i < m.
Then,

P}r[f is good for F| > %

PROOF. Let us define the MinWeights(F) = min{f(S)|S € F} and let
MinWeightSety(F) = {S € F|f(S) = MinWeights(F)}. Recall from the
definition of good and bad functions stated above that any weight function f is bad
for F if and only if [MinW eightSet§(F)| > 2.

For x € A, we say that minimum-weight sets of F with respect to f are
ambiguous about the inclusion of z if there exists at least one pair of sets S, 5" €
MinWeightSets(F) such that z € (S '\ S") U (S \ S). In other words, we
say that minimum-weight sets of F with respect to f are ambiguous about the
inclusion of  if there exists at least one pair of sets S, S" € MinW eightSet ¢(F)
such that z is in exactly one of S or in S’, and that x is not in both S and in S’.
Conversely, minimum-weight sets of F with respect to f are unambiguous about
the inclusion of z, if x is either in the intersection of all minimum-weight sets or
2 is not in any minimum-weight set of F. It is easy to see that f is bad for F
if and only if there exists some x € A such that minimum weight sets of F with
respect to f are ambiguous about the inclusion of x. Since any weight function f
assigns only positive weights to elements of A, it is also easy to see that, if f is
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a bad weight function then 35, 5" € MinWeightSet(F) such that S # S’ and
[(S\S)U(S"\S)| > 2. As aresult, if f is a bad weight function, then there exists
an elementy € A suchthaty # z, z € S, y € S, and, minimum-weight sets of
F with respect to f are ambiguous about the inclusion of y also. In fact, we will
have at least 2 < k < min(m, (‘M i"WEiggtS ety (f)‘)) such elements in A such that
minimum-weight sets of F with respect to f are ambiguous about the inclusion of
each of these £ elements.

Let us assume that a function f is bad for 7. Therefore | MinW eightSet ¢(F)|
> 2, and minimum weight sets of F with respect to f are ambiguous about the
inclusion of x, for some = € A. Let us fix this z € A, and let us not bother about
the number of ambiguous elements of A with respect to f. Let us define ' : A —
{1,...,r} suitably so that MinWeight (F) = MinWeighty(F). In defining
f', we first ensure that MinWeightSety (F) = {S € MinWeightSet(F
)x & S}

Let B = U{T\T does not contain x, T€MinWeightSet s (f)}T It is easy to see that
|B| > 2. First, determine if there exists 2’ ¢ B such that 2/ # z. If there
does not exist any such 2’ then we arbitrarily delete a pair of elements from B,
say 21, 29, and we do not assign any weight to these two elements immediately
as we do for other elements in B: if 2 € B then let f'(2) = f(2). We de-
fine f’ for elements 2" ¢ B, where 2’ # x, or the pair of elements 21, zo that
might exist as mentioned above such that f'(2") # f(2”), or {f(z1) # f(z1)
and f’(z2) # f(z2)}. This is to ensure that we obtain a function f’ which is not
f itself. Before we assign weights for x in f’, let us consider F’ which is the
collection of subsets of A in F such that if = is in a set S € F then we delete
x from S. It is important to note that by defining f’ in this manner we obtain
MinWeightp(F') = MinWeights(F') = MinWeights(F). Let us finally
assign a weight f’(z) # f(x) for « and and let us consider F.

Claim. Minimum weight sets of F with respect to f’ are unambiguous about
the inclusion of z.

Proof of Claim. To prove this, let §(x) = f’(x) — f(x). Suppose that
d(z) > 0. Forany S C A, if x € S then f/(S) = f(S) + d(z) and f'(S) =
f(S) otherwise. This implies that MinWeight¢(F) = MinWeights (F) and
MinWeightSety (F) = {S € MinWeightSety(F )|z ¢ S}. Therefore, if
d(z) > 0 then there does not exist any minimum-weight set of F with respect to
/' that contains z. Next, suppose that §(z) < 0. Then, for all S € F, we have
11(S) = f(S)—|6(x)|if z € S and f'(S) = f(S) otherwise. This implies that
MinWeights(F) = MinWeightp (F) — |0(x)| and MinWeightSety(F) =
{S € MinWeightSety (F)|x € S}. Therefore, if 6(x) < 0 then all minimum-
weight sets of F with respect to f’ contain 2. This proves our claim.

Therefore, if f'(z) = f(x) then f is a bad weight function and minimum
weight sets of F with respect to f’ are ambiguous about the inclusion of x. Given
F, we need not have every x € A as a possible candidate for being ambiguous
since some x can be in every subset of A in F. However if we have obtained one
element x € A as ambiguous with respect to a bad weight function f, then the
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number of bad weight functions f’ that we can obtain from f, for each of which x
is ambiguous, is < »™ !, Since there can be at most m choices for x, the number
of bad weight functions that can exist is at most mr™~!. As a result, the proportion
of weight functions f such that f is bad for F is < m’::l < % Therefore, the
proportion of weight functions f that are good for F is > % and this proves our

theorem. O

COROLLARY 2.61. Let A ={ay,...,an} be afinite set of cardinality m and
let F1,Fa,...,Fn be a collection of families of non-empty subsets of A, where
n < mF for some k > 0. Letr > 2nm and let f be a function f : A — {1,...,r},
which assigns a value independently and uniformly at random to each element
a; € Afromthe set {1,...,r}, where 1 <1i < m. Then,

1
f}r[f is good for each F;] > 3

where 1 <1 <n.

PROOF. If we have only one family F, then we have shown in Theorem 2.60
that

mrm 1
Pr|f is bad Fl < .
fr[fzs ad for }_( o >
If there are n families F1, ..., Fy,, then

nmrm=1

1
I}r[f is bad for at least one Fj, where1 <j <n] < ——— < 3
r

As aresult, we get

m—1
Prlf és good for all F;, where 1 < j <n] > (1 - ”W) >

COROLLARY 2.62. Let A = {ay,...,an} be afinite set of cardinality m and
let F1,Fa,...,Fn be a collection of families of non-empty subsets of A, where
n < mF, for some k > 0. Let v > 4nm. There is a collection of weight functions
fi,.. fm such that, each f; : A — {1,... r} and for every collection Fi, ..., F,
of families of non-empty subsets of A, there exists some f; such that f; is good for
all 7, where 1 <i<mand1 < j<n.

PROOF. Since we have chosen r > 4nm, it follows from Corollary 2.61 that
3
chr[f is good VFj, wherel < j <n| > <4> )

We first note that there are 2™ possible subsets of A. Among these subsets, let us
consider S C A such that a; € S if and only if a; is a member of at least one subset
of A in some family F;, where 1 <7 <mand 1 < j < n. As aresult considering
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S and the given a collection of families F1, Fo, ..., F, of non-empty subsets of
A, if f1,... fi, are random weight functions then,

1
f}r[ﬁlgj <n: (fjisnot good VF;, wherel < j <n)] < <4m)

Since there 2™ possible subsets of A, given any S C A from whose elements we
get families F7, ..., F, we get

2m
chr[/ﬂlgjgn: (fj is not good VF;, wherel < j < n)] < ( > < 1.

qm
Therefore, there exists a collection of weight functions f1, ..., f,, such that for
every collection of subsets Fi, ..., F, of A, there exists some f; such that f; is
good for all F;, where 1 <i<mand1 < j <n. O

COROLLARY 2.63. Let A be a finite set of cardinality m and let F1, Fa, ..., Fn
be a collection of families of non-empty subsets of A, where n < m" for some
k > 0. Also let v > max(m*, n*). There exists a function f : A — {1,...,r}
such that for all families F1, Fa, . .., Fn of non-empty subsets of A, we have [ is
good for every F;, where n < mF, for some k > 0, and 1 < i < n.

PROOF. Form a 0,1 matrix M of dimension n x " with n rows and ™
columns, where the i row of M corresponds to the family F; and the j** column
corresponds to the function f; in the lexicographically increasing order, for 1 <
i <nand1l < j < r™. (Here we assume that every function f is considered
as a vector, and given two functions f and g we say that f is lexicographically
smaller than g, denoted by f < g, if f is less than g when compared component-
wise as vectors). We put M;; = 1 if the function f; is good for the family F; and
M;; = 0 otherwise. For a given 1 < 4 < n, by the choice of r and from the proof
of Theorem 2.60, it follows that

1
Pr(fis good for Fi| > (1— — ),
fr[fzsgoo for Fi] > ( mk>

where f is a function chosen independently and uniformly at random. For suffi-
ciently large m, it is easy to see that there exists a column in M that contains only
1. The function corresponding to this column satisfies the condition stated in this
theorem. U

2.4.1. Min-unique graphs and Unambiguous Logarithmic space, UL.

DEFINITION 2.64. A min-unique graph is a weighted directed graph with pos-
itive weights associated with each edge where for every pair of vertices u, v, if
there is a path from u to v, then there exists a unique minimum weight path from
u to v. Here, the weight of a path is the sum of the weights on its edges. Any such
weight function on the edges of the min-unique graph G is defined as a min-unique
weight function. If the maximum of the positive integer weights assigned by the
weight function are less than or equal to a polynomial in the size of the directed
graph then we say that the weight function is polynomially bounded.
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Let f be a function that assigns positive weights to the edges of the directed
graph. If only for some vertex s the minimum weight directed path from s to every
other vertex reachable from s is unique, then the weight function f is min-unique
with respect to s.

We define the complexity class unambiguous logarithmic space, UL.

DEFINITION 2.65. Let X be the input alphabet. We say that L C »* is a
language in the complexity class UL if there exists a function f € fL such that for
any input x € ¥* we have f(z) = lifx € Land f(z) =0ifz & L.

We now define co-UL, based on the definition of co-C from Definition 2.2
where C is a complexity class.

DEFINITION 2.66. Let X be the input alphabet. For a language L € ¥*, the
complement of L is L = ¥* — L. We define the complexity class co-UL = {L C
¥*|L € UL}.

DEFINITION 2.67. Let X be the input alphabet. We say that . € UL N co-UL
if L € UL and L € co-UL.

THEOREM 2.68. Let G be a class of graphs, where each graph in G is given
in terms of its adjacency matrix, and let H = (V, E) € G. If there is a polynomi-
ally bounded logarithmic space computable function f that on input H outputs a
weighted graph f(H) so that

(1) f(H) is min-unique, and
(2) H has an st-path if and only if f(H) has an st-path
then the st-connectivity problem for G is in UL N co-UL.

PRrOOF. It suffices to give a UL M co-UL algorithm for the reduced graph. For
H € G, let G = f(H) be a directed graph with a min-unique weight function
w on its edges. We first construct an unweighted graph G’ from G by replacing
every edge e in G with a directed path of length w(e). It is easy to see that st-
connectivity is preserved. That is, there is an st-path in G if and only if there is
one in G’. Since G is a min-unique graph, it is straightforward to argue that the
shortest path between any two vertices in G’ is unique. Let us call this directed
graph G’ as unweighted min-unique graph.

Let ¢, and X, denote the number of vertices which are at a distance at most k&
from s and the sum of the lengths of the shortest path to each of them, respectively.
Let d(v) denote the length of the shortest path from s to v. If no such path exists,
then d(v) = |V| + 1. We have,

S = > d(v).

{veV]d(v)<k}

We first give an unambiguous routine (Algorithm 5) to evaluate the predicate “d(v) <
k> when given the values of ¢ and X;. The algorithm will output the correct value
of the predicate (True/False) on a unique path and outputs “?” on the rest of the
paths.
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Algorithm 5 Shortest-Path: Determining whether d(v) < k or not.

Input: (G,v,k,c,Xi), where G = (V, E) is a unweighted min-unique graph
given in terms of its adjacency matrix, v € V and k € N.

Output: True if d(v) < k. Otherwise False or ?.

Complexity: UL.

1: Initialize count < 0; sum < 0; path.to.v <False
2: foreachz € V do
3: Non-deterministically guess if d(z) < k

4: if guess is Yes then
5: Non-deterministically guess a path of length [ < k from s to x
6: if guess is correct then
7: Set count < count + 1
8: Set sum < sum + [
9: if x = v then
10: Set path.to.v +True
11: end if
12: else
13: return “?”
14: end if
15: end if
16: end for
17: if count = ¢, and sum = X then
18: return path.to.v
19: else
20: return “?”
21: end if

We will argue that Algorithm 5 is unambiguous.

(1) If Algorithm 5 incorrectly guesses that d(z) > k for some vertex x then
count < ¢ and so it returns “?” in line 20. Thus, consider the computa-
tion paths that correctly guess the set {z|d(x) < k}.

(2) If at any point the algorithm incorrectly guesses the length [ of the shortest
path to x, then one of the following two cases occur.

(a) If d(z) > [ then no path from s to x would be found and the algo-
rithm returns “?” in line 13.

(b) If d(x) < [ then the variable sum would be incremented by a value
greater than d(x) and thus sum would be greater than ¥, causing the
algorithm to return *“?” in line 20.

Thus there will remain only one computation path where all the guesses are correct
and the algorithm will output the correct value of the predicate on this unique path.
Finally, we note that Algorithm 5 is easily seen to be computable in logarithmic
space.

Next, we describe an unambiguous procedure (Algorithm 6) that computes cy,
and >, given c;_1 and Xj_1.
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Algorithm 6 Computing ¢, and .

Input: (G, k, cx_1,25—1), where G = (V, E) is a unweighted min-unique graph
given in terms of its adjacency matrix, and k € N.

Output: ¢, Y.

Complexity: UL.

1: Initialize cj, < c—1 and X <+ X1
2: for eachv € V do

3: if =(d(v) < k — 1) then

4: for each x such that (z,v) € E do
5: if d(x) <k — 1 then

6: Setcy <+ ¢ + 1

7: Set X « X+ k

8: end if

9: end for

10: end if

11: end for

12: return c; and >,

Algorithm 6 uses Algorithm 5 as a subroutine. Other than making function
calls to Algorithm 5, this routine is deterministic, and so it follows that Algorithm
6 is also unambiguous. We will argue that Algorithm 6 computes c; and .. The
subgraph consisting only of s (d(x) < 0) is trivially min-unique and ¢y = 1 and
>0 = 0. Inductively, it is easy to see that

¢k = cg—1 + [{vld(v) = K},
Y =Ygp_1+k x |{v|d(v) = k}|.
In addition, d(v) = k if and only if there exists (x,v) € F such thatd(z) < k —1
and —(d(v) < k — 1). Both of these predicates can be computed using Algorithm

5. Combining these facts, we see that Algorithm 6 computes ¢, and ¥, given c;_1
and X5 _1.

Algorithm 7 Determining if there exists a path from s to ¢ in a min-unique graph
G.

Input: A min-unique graph G = (V, E) given in terms of its adjacency matrix,
and vertices s,t € V.

Output: True if there exists a directed path from s to ¢ in G. Otherwise False.
Complexity: UL.

1: We obtain the unweighted min-unique graph G’ from G as described in the
beginning of this proof.
Initialize ¢ <— 1,39 + 0,k + 0
fork <+ 1,...ndo
Compute ¢, and X, by invoking Algorithm 6 on (G, k, cx_1, Xk 1)
end for
Invoke Algorithm 5 on (G',t, n, ¢y, 3y,) and return its value

A o
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As a final step, we give the main routine that invokes Algorithm 6 to check
for st-connectivity in a min-unique graph. Since there is an st-path if and only if
d(t) < n, it suffices to compute ¢,, and ¥,, and invoke Algorithm 5 on the input
(G,t,n,cp,%y). This procedure is presented as Algorithm 7. To ensure that the
algorithm runs in logarithmic space, we do not store all intermediate values for
¢, 2. Instead, we only keep the most recently computed values and re-use space.
Similar to Algorithm 6, this procedure is deterministic and so the entire routine is
unambiguous. Thus reachability in min-unique graphs can in fact be decided in
UL N co-UL. U

NOTE 4. We recall Definition 2.64 and note that, in the proof of Theorem 2.68,
it is not necessary to have a weight function that is min-unique such that for every
pair of vertices u and v there exists a directed path from u to v if and only if there
exists a directed path from u to v which has unique minimum weight. Instead, it
is sufficient that the min-uniqueness is with respect to only the vertex s. In other
words, it is sufficient that the function f outputs f(H) such that there exists a
directed path from s to any vertex v in H if and only if there is a unique minimum
weight directed path from s to v in f(H).

DEFINITION 2.69. Let X be the input alphabet and let I" be the output alphabet.
We define FNL to be the complexity class of all functions f : ¥* — I'* such that
for any given input string x € X* there exists a NL-Turing machine M which
outputs f(x) at the end of all of its accepting computation paths.

DEFINITION 2.70. Let X be the input alphabet and let I" be the output alphabet.
We define FUL to be the complexity class of all functions f : >* — I'* such that
for any given input string x € X* there exists a NL-Turing machine M which
has at most one accepting computation path and M outputs f(x) at the end of its
unique accepting computation path.

Let X be the input alphabet and I" be the output alphabet. We say that a function
f 32 — I'"is UL computable if f € FUL.

THEOREM 2.71. NL = UL if and only if there is a polynomially-bounded UL
computable weight function f so that for any directed acyclic graph G, we have
f(Q) is min-unique with respect to s.

PROOF. Assume NL = UL. Therefore, given a directed graph G = (V, E)
in terms of its adjacency matrix, and vertices s,t € V as input, the problem of
determining if there exists a directed path from s to ¢ in GG is in UL. Also, we know
from Theorem 2.18 that NL. = co-NL. So UL = co-UL.

Claim: The language A = {(G, s,t, k)|3 a path from s to ¢ of length < k} is
in UL.

Proof of Claim. We reduce (G, s, t) to an instance of SLDAG in O(logn) space as
in Theorem 2.10. Using a deterministic O(logn) space bounded Turing machine
We then query the DSTCON oracle if there exists a directed path from s to the
copy of the vertex ¢ in every layer starting from the second layer of the instance of
SLDAG. We accept the input if there is a directed path from s to ¢ in layer ¢ where
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1 < k. Otherwise we reject. Our claim now follows because of Theorem 2.19 and
our assumption that NL. = UL.

We now compute a subgraph of G which is a directed tree rooted at s such that
there exists a directed path from s to a vertex v in G if and only if there exists a
directed path from s to v in the tree. We say that a vertex v is in level k if the
minimum length of any directed path from s to v is of length £ > 0. A directed
edge (u, v) is in the tree if for some k& > 0,

(1) visinlevel k, and
(2) w is the lexicographically first vertex in level £ — 1 so that (u,v) is a
directed edge.

It is clear that this is indeed a well-defined tree and to decide if an edge e = (u, v)
is in this tree, we submit the following query to A: is it true that Vo < u, | <
(k—=1) [(AG,s,w,l) & A) A (w,v) € A]. If an edge is in the tree we assign
the weight 1 to it. For the rest of the edges we assign weight n2. It is clear that
the shortest path from s to any vertex with respect to this weight function is min-
unique. It is also easy to see that this weight function is computable in L4 C UL.
Conversely, by following the proof of Theorem 2.68 under the assumption that
the complexity of computing weighted graph f(H ) using the weight function f is
UL and the observation in Note 4 we get NL. = UL. U

2.4.2. Some more applications of Isolating Lemma and non-deterministic
counting.

DEFINITION 2.72. Let 3 = {0, 1} be the input alphabet and let C be a com-
plexity class. We define C/poly as the complexity class of all languages L C
¥* for which there exists a sequence of “advice strings” {«(n)|n € N}, where
|a(n)| < p(n) for some polynomial p, and a language L’ € C such that x € L if
and only if (z, a(|z|)) € L, for every z € ¥*.

THEOREM 2.73. (UL N co-UL)/poly C NL/poly.

PROOF. It is easy to see from Definition 2.65 and Definition 2.1 that UL C
NL. Also we know from the Immerman-Szelepcsenyi Theorem (also see Theorem
2.18) that NL = co-NL and so (UL N co-UL) € NL. Using Definition 2.72, it is
now trivial to show that (UL N co-UL)/poly C NL/poly. O

THEOREM 2.74. NL/poly C (UL N co-UL)/poly.

PROOF. Using Definition 2.72, we infer that it is sufficient to show that NL C
(UL N co-UL)/poly. We know from Theorem 2.7 that, DSTCON is complete
for NL under §%1. Therefore to prove our result, it is sufficient to show that
DSTCON € (UL N co-UL)/poly.

Let us now consider an input instance (G, s,t) of DSTCON, where G =
(V,E) is a directed graph and n = |V/|. We assume that G is given as input in
terms of its n X n adjacency matrix M. Also vertices s and t of G are marked
using two special symbols of the input alphabet . As a result the size of the input
(G, s,t) is (n? 4 2) symbols. We also assume the following ordering of edges in
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G: if M(i,§) = 1 then itis the ((i — 1) x |[V| + j)'" edge of G. Otherwise if
M (i, ) = 0 then the ((i — 1) x |V + 7)™ edge does not exist in G. In total there
can be at most n? edges in G.

Let us define a family F,, ,, of subsets of I such thatif S C Fand S € F,,
then edges in S form a directed path from « to v in G. Number of such families
Fupisatmost 2 x (). Letr > 4n* and A = {1,..., (n? + 2)}. It follows from
Corollary 2.62 that there is a collection of weight functions f1, ..., f,2 5 such that
each f; : A — {1,...,r}, and for every collection F,, ,, of families of non-empty
subsets of F/, 3 some f; such that f; is good for all F,, ,,, where 1 < ¢ < (n? +2)
and u,v € V. In other words, the set of weight functions fi,..., f,2.o which
we obtain using Corollary 2.62 is such that, there exists some f; using which there
exists a directed path from « to v in f;(G) of unique minimum weight between
every pair of vertices u, v for which there exists a directed path from u to v in G,
where the weight of a directed path is the sum of the weights of the edges in the
directed path, 1 < i < (n? +2) and f;(G) is the weighted directed graph obtained
after assigning weights to edges of G according to f;.

Given f;, we replace every edge (u,v) that exists in G with a directed path of
length f;((u,v)), where 1 < i < (n? + 2). Let the resulting directed graph be
G;. We assume that vertices in G which are in G; are numbered from 1 to |V'| and
newly added vertices get numbering greater than |V | in G;. As a result we obtain
(n? 4 2) directed graphs G, ... G,2_ 5 such that

e the directed graph G; has a directed path from a vertex « to another vertex
v if and only if there exists a directed path from u to v in G;, and
e there exists some 1 < i < (n? + 2) such that G; is min-unique.

It is easy to see that, given the directed graph G = (V, F) as input, if we are
given (n? + 2) weight functions then we can output the (n? + 2) directed graphs
G1,...,Gp,2,91n O(logn) space, where n = |V/|.

A useful observation is that if (¢; is min-unique, then we can use Algorithm
5 (Shortest-Path) on input (G;, v, k, ¢, X) to decide whether d(v) < k or not in
UL. Here we assume that correct values of ¢ and X, are provided. We complete
the proof of this theorem by giving two algorithms. The proof of correctness and
the complexity analysis of following algorithms is similar to Theorem 2.68.

The following algorithm computes ¢, and Xy if the input directed graph is
min-unique, or it outputs that the input directed graph is a BAD.GRAPH and
therefore it is not min-unique.

Algorithm 8 Computing c;, and ¥, for directed graphs.

Inmput: (G, k,ci_1,%k_1), where G = (V| E) is a directed graph given in terms
of its adjacency matrix, and k£ € N.

Output: ¢y, X and the flag BAD.GRAPH.

Complexity: UL.

1: Initialize ¢ < cp—1 and X < Xp_1
2: foreachv € V do
3: if 7(d(v) <k —1) then
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Algorithm 8 Computing ¢, and >, for directed graphs (continued).
4: for each x such that (z,v) € FE do

5: if d(x) < k — 1 then

6: Setcp <+ ¢ + 1

7: Set Xp < X + k

8: for 2/ # x do

9: if ((«/,v) is an edge and d(2') < (k — 1)) then
10: BAD.GRAPH <+ True
11: end if
12: end for
13: end if

14: end for
15: end if

16: end for

17: return ¢, and X, and BAD.GRAPH

Algorithm 9 Determining if there exists a path from s to ¢ in a directed graph G
which is assumed to be min-unique.
Input: A directed graph G = (V, E) given in terms of its adjacency matrix which
is assumed to be min-unique, and vertices s,t € V.
Output: True if there exists a directed path from s to ¢ in G. Otherwise False.
Either GG is not min-unique or there does not exist any directed path from s to ¢ in
G.
Complexity: UL.

1: Initialize BAD.GRAPH = False,co + 1,39+ 0,k <+ 0

2: repeat

3 k+— (k+1)
4 Compute ¢ and X, by invoking Algorithm 8 on (G, k, cx—1, Y1)
5: until (¢;,_1 = ¢, or BAD.GRAPH = True)
6
7
8

. if BAD.GRAPH = False then
there is a directed path from s to ¢ in G if and only if d(t) < k
. end if

Assume that we are given an input instance (G, s,t) of DSTCON. Let func-
tions f; : A — {1,...,r} be as stated above, which we have obtained from Corol-
lary 2.62 be given as the advice string, where 1 < i < (n? + 2). Each weight
function f; is a vector of weights f; = (w1, ws, ..., w;), where I = (n? + 2) and
1 < i < (n? +2). Clearly the length of each f, is (n? + 2)* (where k > 0 is a
constant), which is a polynomial in the size of the input (G, s,t). Therefore the
length of the advice string is also a polynomial in the size of the input.

Also it is possible to use this advice string to assign weights to edges of G in
O(logn) space to obtain (n? + 2) weighted directed graphs G, ..., G2 o. Itis
clear that there exists ¢ such that GG; is min-unique, where 1 < i < (n2 +2). Using
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Algorithm 9 given above, it follows that we can decide if there exists a directed
path from s to ¢ in G in UL/poly. Since we have shown in Theorem 2.18 that
NL = co-NL, it follows that we can in fact decide if there exists a directed path
from s to ¢ in an input instance of DSTCON in (UL N co-UL)poly. As a result it
follows that DSTCON € (UL N co-UL)/poly which proves our result.

O

COROLLARY 2.75. NL/poly = (UL N co-UL)/poly.

2.5. A combinatorial property of L
2.5.1. Some more results on directed st-connectivity.

LEMMA 2.76. Let X = {1,...,n} be a set and let F C 2% such that | F| <
p(n) for a polynomial p(n). Let r > (n + 1)?p(n) be a prime number and for
each 1 < i < rand j € X define the weight function w; : [n] — 7Z, as
w;(j) = (i/mod r). Further for each subset Y C X define

wi(Y) = Yjeywi(j)(modr).

There exists a weight function w,, such that w,,(Y) # w,(Y')(mod r) for any
two distinct Y,Y' € F.

PROOF. Forany 1 < m < rand Y € F, we can interpret w,,(Y") as the
value of the polynomial gy (z) = Ejeyzj at the point z = m over the field Z,.. For
Y # Y’, notice that the polynomials ¢y (z) and gy (z) are distinct and their degrees
are at most n. Hence, gy (z) and ¢y~(z) can be equal for at most n values of z in
the field Z,. Equivalently, if Y # Y” then w;(Y") = w;(Y”) for at most n weight

functions w;. Since there are (‘]2: |) pairs of distinct sets in JF, it follows that there

are at most (71} - n < n - p?(n) weight functions w; for which w;(Y) = w;(Y")
for some pair of sets Y, Y’ € F. Since r > n - p?(n), there is a weight function as
claimed by the lemma. U

THEOREM 2.77. Let (G, s,t) be an input instance of SLDAGSTCON and let
the number of directed paths from s to t in G be at most p(n) for some polynomial
p(n), where G = (V, E) € SLDAG and n = |E|. Also let E = {1,...,n} and let
r > (n+ 1)?p?(n) be a prime number and for each 1 < i < r and j € E define
the weight function w; : E — Z, as w;(j) = (i’mod r). Further for each subset
Y C E define

w;i(Y) = Zjeywi(j)(mod ).
Now let F C 2% such that if X € F then edges in X form a directed path
from s to t in G. It is then possible to determine a weight function wy, such that
Wi (X) # wn(X')(mod 1) for any two distinct X, X' € F, and the number of
directed paths from s to t in G in FNL.

PROOF. We iteratively start with the first weight function and first replace each
edge in G with weight w by a directed path of length w. Let the resulting directed
graph obtained be G’. It is easy to note that the number of directed paths from s to
t in G is equal to the number of directed paths from s to ¢ in G’. Since it is shown
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in Theorem 2.10 that SLDAGSTCON is NL-complete under logspace many-one
reductions it is possible to obtain an input instance (G”, s”,t") of SLDAGSTCON
when we are given (G, s,t) as input. Upon following the proof of Theorem 2.10
we infer that the number of directed paths from s to ¢ in G’ is equal to the number
of directed paths from s” to ¢” in G”. Let us initialize a counter ¢ to 0. We
consider the simple layered directed acyclic graph structure of G” and vertices
which are copies of ¢ in all the polynomially many layers of G”. We query the
NL oracle if there exists a directed path in G” from s” to the copy of the vertex
t in each of the layers of G”. If the oracle returns “yes” then we increment the
counter ¢ by 1. For a given weight function we can compute ¢ in O(log |G|) space.
Using Lemma 2.76, it follows that there exists a weight function w,,, such that
Wiy (X) # Wy (X')(mod r) for any two distinct X, X’ € F, where 1 < m < r.
Clearly any such weight function will result in the maximum value for the counter
c. As a result by storing ¢ for successive weight functions and updating it by
comparison we can find the weight function w,, also. Note that the maximum
value of ¢ is the number of directed paths from s to ¢ in G itself. Since |G”] is

a polynomial in |G| it follows that we can find the weight function w,, in FL
which is FNL due to Theorem 2.19. U

THEOREM 2.78. Let G = (V, E) be a directed graph given in terms of its adja-
cency matrix as input, and let s,t € V. Also let p be a positive integer whose unary
representation can be computed by a deterministic O(log |G|) space bounded Tur-
ing machine. Then we can determine if the number of directed paths from s to t in
G is at least (p + 1) in FNL. Otherwise if the number of directed paths from s to
tin G is lesser than (p + 1) then the FNL machine outputs the number of directed
paths from s to t in G.

PROOF. Due to Theorem 2.10 we know that SLDAGSTCON is NL-complete
under logspace many-one reductions. We therefore follow Theorem 2.10 and ob-
tain H € SLDAG and vertices s’,t' € V(H) from G. Upon following the proof of
Theorem 2.10 we infer that the number of directed paths from s to ¢ in G is equal
to the number of directed paths from s’ to ¢’ in H. Let us consider the subgraph
of H induced by vertices that are in at least one directed path from s’ to ¢’ in H.
Let this subgraph be H’. We use induction on the number of layers A\ > 2 in H'
and consider subgraphs of H’ formed by vertices in the first A layers of H’ such
that the number of directed paths from s’ to vertices in layer A of H’ is at most
(p + 1) or a polynomial in |G|. Note that it is easy to compute this upper bound
on the number of directed paths using O(log |G|) space. We now once again use
Theorem 2.10 and Theorem 2.77 to compute the number of directed paths from s’
to all the vertices in layer A in H’. If the number of directed paths is greater than
or equal to (p + 1) then we move to the accepting configuration, output (p + 1)
and stop. Otherwise finally we would have computed the number of directed paths
from s’ to ¢’ in H which is lesser than (p + 1). We then move to the accepting
configuration, output this value and stop. In all stages of this proof, we use a deter-
ministic O(log |G|) space bounded Turing machine with access to the FNL oracle.
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The deterministic O(log |G|) space bounded Turing machine submits queries de-
terministically to the FNL oracle. In the intermediary stages, the reductions are
done by submitting queries deterministically to the FNL oracle and after reading
the reply given by the oracle on the oracle tape. As a result given the input G it is
possible to determine if the number of directed paths from s to ¢ is at least (p + 1)

is in FLFNL Which is FNL due to Theorem 2.19. 0

COROLLARY 2.79. Verifying if there are polynomially many accepting com-
putation paths for a NL-Turing machine on a given input is in FNL.

PROOF. Let M be a NL-Turing machine and let g be the canonical logspace
many-one reduction from L(M) to SLDAGSTCON obtained by using the seminal
result that the st-connectivity problem for directed graphs is complete for NL under
logspace many-one reductions and Theorem 2.10. We note that if x is the input
string then g(z) = (G, s,t) and the number of accepting computation paths of
M on zx is equal to the number of directed paths from s to ¢ in G. We now use
Theorem 2.78 to complete the proof. U

COROLLARY 2.80. Assume that N = UL. Let G = (V, E) be a directed
graph given in terms of its adjacency matrix as input, and let s, t € V. Also let p be
a positive integer whose unary representation can be computed by a deterministic
O(log |G|) space bounded Turing machine. Then we can determine if the number
of directed paths from s to t in G is at least (p + 1) in FUL. Otherwise if the
number of directed paths from s to t in G is lesser than (p + 1) then the FUL
machine outputs the number of directed paths from s to t in G.

NOTE 5. The number of accepting computation paths of a NL-Turing machine
is not altered if it simulates a NL-Turing machine of a language L. € UL during
intermediate stages to verify if some input string is in L.

2.5.2. Choosing at most polynomially many number of computation paths
from the computation tree of a NL-Turing machine. We refer to Definition A.3
and Theorem A.4 in the Appendix A for (Z) where n, k € ZT. In Theorem 2.81,
after assuming NL. = UL, we show that if f € #L. and ¢ € FL such that g(z) is
the unary representation of a positive integer k£, where x € X* is the input, then the
number of ways of choosing exactly k& = |g(z)| distinct paths from amongst the
f(x) accepting computation paths of the NL-Turing machine corresponding to f
isin fiL.

THEOREM 2.81. Assume that NL = UL. Let 3 be the input alphabet, f € fLL
and g € FL such that, for the given input string x € ¥*, g(x) is a positive integer
k in the unary representation. Then the function (f Sf)) € L.

PROOF. Let z € X* be the input string. Given x, we obtain the number k£ =
|g(x)| in FL. It is easy to note that k is upper bounded by a polynomial in |z|. It
follows from our assumption that NL. = UL and Definition 2.65 that there exists
a NL-Turing machine M’ to which if we give a directed graph G’ along with two
vertices s’ and ¢ in G’ as input then M’ outputs “yes” at the end of the unique
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accepting computation path and “no” at the end of all the other computation paths
if there exists a directed path from s’ to ¢ in G’. Otherwise if there does not
exist any directed path from s’ to ¢’ in G’ then M’ outputs “no” at the end of
all of its computation paths. Now given the input x, we obtain an instance of
SLDAGSTCON, say (G, s, t), using a logspace many-one reduction from Theorem
2.10. It is easy to note that the adjacency matrix of the graph G that we obtain is of
size polynomial in |z|. Once again we assume that s is in row 1 and ¢ is in row n.
Also any two paths are distinct if there exists a vertex in one of the paths that is not
in the other path. It follows from Proposition 2.17 that f(z) is equal to the number
the directed paths from s to ¢ in G. We associate the label (i, j) to a vertex of G if it
is the jth vertex in the i*" row of G, where 1 < 1,7 < n. In the following algorithm
the row number is denoted by A and a vertex in row A is denoted by (A, w), where
1 < A\,w < n. The number of distinct paths we have chosen till row A is denoted
by ¢ and 7 denotes the number of vertices in row A\ that are in the ¢ distinct paths.
We use non-determinism to compute ¢ and 7. Let us consider the SHARPLCFL
algorithm described below. Input to the SHARPLCFL algorithm is (0%, (G, s,t))
where (G, s, t) is an input instance of SLDAGSTCON. If using SHARPLCFL, we
are able to non-deterministically choose exactly k& = |g(z)| distinct directed paths
from s to ¢ in G then that computation path ends in the accepting configuration.
Otherwise the computation path ends in the rejecting configuration.

Algorithm 10 SHARPLCFL

Input:(0*, (G, s,t)), where k € N, G = (V,E) is an input instance of
SLDAGSTCON and s,t € V.

Output: accepts if k distinct directed paths from s to ¢ have been chosen in G.
Otherwise rejects.

Complexity: fL.

AL p—1,n+1

2: while A < (n—1) do

3: O 0,170,000, 1n"+0 w1

4: while (w < n) do

5: Nondeterministically either choose (A, w) or skip (A, w)

6: if (A, w) is chosen nondeterministically then

7: if (M'(G,s,(\ w)) returns“yes”) and (M'(G,(\,w),t) returns
“yes”) then

8: n<+n+1

9: if ' > 7 then

10: reject the input

11: else

12: o+ 0,90

13: while 3 a neighbour (A + 1, p) of (A, w) that is yet to be
visited do

14: Nondeterministically either choose (A + 1, p) or skip

(A+1,p0)
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Algorithm 8 SHARPLCFL (continued)

15: if (A + 1, p) is chosen nondeterministically then
16: c+—o+1

17: if M'(G, (A + 1, p),t) returns “no” then

18: reject the input

19: elseif (0 = k or ¢’ = k) and o > 2 then
20: reject the input

21: end if

22: end if

23: end while

24: if (o =0 or o > k) then

25: reject the input

26: end if

27: if #(directed paths from sto (A\,w)) > ¢ — ¢’ then
28: ¥+ max(1,¢ — ¢)

29: else

30: Y < #(directed paths from s to (A, w))

31 end if

32: Nondeterministically choose a number « from 1 to
33: o — ¢ +a

34: Nondeterministically choose a number 3 from 0 to o
35: O —aB+ ¢’

36: 77” - 77// + 8

37: if (7" =0)or ((¢p =kor¢” >k)andn” > n) then
38: reject the input

39: end if

40: if ¢” > k then

41: o'k

42: end if

43: end if

44: else

45: reject the input

46: end if

47: end if

48: w—w+1

49: end while

50: if A\ +1<nand(n #nory <) then

51: reject the input

52: elseif A + 1 =n and (' # nor ¢” # k) then

53: reject the input

54: end if

55: A= A+1, o+ " nn"
56: end while
57: accept the input
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We note the following points about the SHARPLCFL algorithm.

Always 1 < A < nand 1 < w < n. In the SHARPLCFL algorithm, if we
choose a vertex non-deterministically we verify if it is in a directed path from s to
t in lines 7 and 17.

The variable 7/’ is the number of vertices we are choosing non-deterministically
in row A and it must be equal to n after we have made non-deterministic choices on
all the vertices in row \ failing which we reject the input in lines 50-54. ¢’ is used
to verify if the number of distinct directed paths from s to ¢ that pass through 7’
vertices chosen non-deterministically in row A is atleast ¢ failing which we reject
the input in lines 50-54.

The variable o computed in line 16 inside the nested while loop from line 13
to 23 is the number of vertices chosen non-deterministically as the neighbours of
(A, w) inrow A + 1 such that these vertices are in at least one directed path from s
totinG. Here1l <o <n.

We compute ) in lines 28 and 30 in FUL by Corollary 2.80 without altering the
number of accepting computation paths. Note that ¢) > 1 since (A, w) is in at least
one directed path from s to t in G. After lines 28 and 30, v is either max(1, o —¢’)
or #(directed paths from s to (A, w)). Therefore 1 < ¢ < ¢ always. From lines
1, 37-38 and 55 it follows that 1 < ¢ < k always and so in line 35 we always
have ¢’ < kn + ¢” < 2kn?. 1 < a <t andso 0 < ¢ < 2kn always. Also
0 < ¢" < k in line 4 at the begining of the while loop. Therefore 0 < " < 2kn?
always.

Always 0 < < 0,0< 7 <n,0<n" <n?and 1 <n < n? Ifn > nthen
we reject the input due to the condition in lines 50 and 52. Variables ¢’, 7’ and n”
are updated in the while loop from line 4 to 49 and these values do not decrease
inside this loop.

Using non-determinism to increment 7 in lines 34 and 36 by 3 is to non-
deterministically avoid the possibility of counting vertices in row A + 1 that are
common neighbours of two distinct vertices in row A more than once.

In lines 32 and 34, assume that we are always non-deterministically choosing
the correct value of o and 3 respectively in the algorithm. Then our algorithm
proceeds correctly and ends in an accepting configuration if and only if we have
non-deterministically chosen exactly % distinct directed paths from s to ¢ in G. On
the contrary if ¢” is updated with an incorrect value of « or if 1" is incremented
by an incorrect value of 3, then in those iterations of the while loop from line 4 to
49, the algorithm proceeds by assuming that an alternate set of non-deterministic
choices have been made on vertices in row A\ + 1 which agree with 5" and ¢”.

Any two directed paths formed by non-deterministically choosing two different
vertices in row A in lines 5-6 are distinct irrespective of their neighbours non-
deterministically chosen in the row A + 1 in lines 14-15. As a result if the number
of directed paths from s to ¢ in G is lesser than k then the value of ¢ computed in
line 30 is always lesser than k and these inputs are rejected in lines 52-53.

At the end of the while loop in line 49, ¢” is the number of directed paths from
s to t computed non-deterministically, that we need for subsequent stages of our
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algorithm. Also 7 is the number of distinct vertices that are in row A+ 1 in ¢ dis-
tinct directed paths from s to ¢ in G which is also computed non-deterministically.

Now assume that the number of directed paths from s to ¢ in G is at least k.
The cases where we reject the input since the non-deterministic choices made on
the neighbours of (A, w) in row A + 1 results in increasing the number of distinct
directed paths non-deterministically chosen to be greater than k is in lines 19, 20,
37 and 38.

Lines 19 and 20 are pertaining to the case when we are in vertex (\,w) in
row A and we are visiting the neighbours of (\,w) in row A + 1. In this case we
have already non-deterministically chosen £ distinct directed paths from s to ¢ and
we have also chosen vertices in row A + 1 in excess that results in increasing the
number of distinct directed paths chosen non-deterministically from s to ¢ to be
greater than k. Similarly in lines 37 and 38 we have the case when we have chosen
a (A,w) in row X\ and we have visited all the neighbours of (A, w) in row A + 1. If
(p = kor¢” > k)and n” > 7 then it implies that we have chosen more than %
distinct directed paths from s to ¢ in GG that most recently includes directed paths
that pass through (\,w) and " distinct neighbours of (\,w) in row A + 1 and so
in lines 37 and 38 we reject the input.

The case when we reject the input since we have not chosen 7 vertices in row
A < n — 1 or at least ¢ distinct directed paths till row A < n — 1 is in lines 50 and
51. The case when we reject the input since we have not chosen exactly k distinct
directed paths from s to ¢, however we have moved till row n — 1 is in lines 52 and
53.

In the SHARPLCFL algorithm, since we keep track of only a constant number
of variables all of which take non-negative integer values and the values of these
variables are upper bounded by a polynomial in the size of the graph G, which
is once again polynomial in the input size |z| we get a NL-Turing machine that
executes the SHARPLCFL algorithm. Since we have assumed that NL. = UL and
we use M’ to verify if there exists a directed path from a vertex s’ to a vertex
" in lines 13 and 27, it follows that the number of accepting computation paths
of the NL-Turing machine described by our SHARPLCFL algorithm does not get
altered upon simulating M’ (also see Note 5). As a result it follows that the NL-
Turing machine described by the SHARPLCFL algorithm stops in an accepting
state if and only if we start from vertex s in row 1 and reach vertex ¢ in row n
via exactly k distinct directed paths. Now as mentioned in Proposition 2.17, since
f(x) is equal to the number of directed paths from s to ¢ in G and since we have
assumed NL = UL, it follows that the number of accepting computation paths
of this NL-Turing machine is (/{*)). When f(z) < k this NL-Turing machine

has no accepting computation paths and so we get (f Sf)) = 0. This shows that
() ea .
Exercises

(1) A directed graph G = (V, E) is called strongly connected if every pair
of vertices u,v € V are connected by a directed path in each direction.
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Show that language of all directed graphs that are strongly connected is
logspace many-one complete for NL, where the directed graph is given
as input in terms of its adjacency matrix.
Show that the language of all directed graphs that contain at least one
directed cycle is logspace many-one complete for NL where the directed
graph is given as input in terms of its adjacency matrix.
Show that NL is closed under union without using Theorem 2.19.
Show that NL is closed under intersection without using Theorem 2.19.
Show that NL is closed under star operation (Kleene closure).
Point out the error in the following deduction:

Let X be the input alphabet, L C ¥* and L € NL. Let M’ be

the NL Turing machine that accepts L such that on any input x

of length n there are on” computation paths of M’ on z, where

k > 01s a constant. For any given input x € ¥*, we know that

z € Lif and only if accyy > 0. Let f(z) = accpp(a) + 27,

where n = |z|. Then f € fL. Also if M is the NL Turing

machine of f then the number of computation paths of M on

any input x of length n is i+l Clearly L € NL,and z € L

if and only if f(z) > 2"". Now, if L' € PL then there exists

g € GapL such that on any input  we have z € L’ if and only

if g(z) > 0. So PL C NL which implies that NL. = PL.
(Polynomially bounded Isolating Lemma) Let p(x) be a polynomial
and let r > n?p%(n) be a prime, where n > 0 and n € Z. Also let
0 <m < rand m € Z. Define e, (7) = X7, (m™ ™D mod r), where
w € Sy, is a permutation of n elements. Let 7y, w2 ..., 7 € S, for some
t < p(n). Show that there exists a m < r such that e,,(7m;) # em (7)),
foralli # jand 1 <i,j <t.
The Directed Graph Isomorphism problem consists of deciding whether
there is a bijection between the set of nodes of the two input directed
graphs G and H such that the bijection preserves edge relations. Consider
the Colored Directed Graph Isomorphism problem, in which the nodes
are colored by different colors, such that we have to decide whether there
is a bijection between the set of nodes of the two input directed graphs G
and [ which preserves the colors of the nodes and edge relations, where
G and H are given in terms of their adjacency matrix. In other words,
the bijection maps vertices colored with the same color (say, red) in G to
vertices colored with the same color (say, red) in H and it also preserves
edge relations between every pair of vertices. The k-Colored Directed
Graph Isomorphism problem is the Colored Directed Graph Isomorphism
problem where the number of vertices colored with a color is at most a
constant £ > 0.

The Directed Graph Automorphism problem consists of deciding if
there exists an isomorphism from a directed graph to itself, where the in-
put directed graph is given in terms of its adjacency matrix. Similarly,
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the Colored Directed Graph Automorphism problem consists of deciding
if there exists an isomorphism from a directed graph, whose nodes are
colored, to itself. The k-Colored Directed Graph Automorphism prob-
lem consists of deciding if there exists an automorphism from a colored
directed graph to itself, where the number of vertices having a color is
less than or equal to k, for some constant k£ > 0.
e Show that if £ = 2,3 then k-Colored Directed Graph Isomorphism
is logspace many-one complete for NL.
e Show thatif £ = 2, 3 then k-Colored Directed Graph Automorphism
is in NL.

Open problems

(1) Is gL closed under division by a function in FL, which outputs a non-
negative integer on a given input? In other words, is the quotient obtained
by dividing the value of a L. function by a function in FL, which outputs
a non-negative integer on any given input, also in fL.?

(2) Is L closed under the modulo operation by a function in FL, which out-
puts a non-negative integer on a given input? In other words, is the re-
mainder obtained by dividing the value of a fL. function by a function in
FL, which outputs a non-negative integer on any given input, also in fL.?

(3) Isitpossible to strengthen Theorem 2.71 by showing the following: “NL =
UL if and only if there is a polynomially bounded UL computable weight
function f so that for any directed acyclic graph G, we have f(G) is
min-unique?”

(4) Is it possible to prove Theorem 2.81 unconditionally, that is without as-
suming NL = UL?

(5) Is GapL closed under division by a function in FL, which outputs an
integer on any given input? In other words, is the quotient obtained by
dividing the value of a GapL function by a function in FL. which outputs
an integer on any given input, also in GapL?

(6) Is GapL closed under the modulo operation by a function in FL, which
outputs an integer on all inputs? In other words, is the remainder obtained
by dividing the value of a GapL function by a function in FL which
outputs an integer on any given input, also in GapL?

Notes

The Immerman-Szelepcsenyi Theorem (Section 2.2, Theorem 2.28) is a cele-

brated result in the Theory of Computational Complexity [BDG95, AB09, DK14,
Sip13] which generalizes the result that N = co-NL shown in Theorem 2.18
for non-deterministic space bounded complexity classes above NL. Even though
the algorithm in the proof of Theorem 2.18 is based on the algorithm given by
Michael Sipser in [Sip13, Section 8.6, Theorem 8.27], our proof is slightly differ-
ent from this proof since it depends on an input instance of the NL-complete lan-
guage SLDAGSTCON. However our proof has a shortcoming that it is not as much
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general as the proof in [Sip13, Section 8,6, Theorem 8.27] which seems to work
even for showing that the directed st-connectivity problem is closed under com-
plement for restricted type of inputs such as directed planar graphs and so on. Also
both these proofs use the counting method which is commonly called as the dou-
ble inductive counting method (for example, see [BDG9S, Appendix]). However
the term non-deterministic counting seems to be more apt and akin to the method
used to prove our theorem and so we refer to the method as the non-deterministic
counting method in this manuscript.

Logarithmic space bounded counting classes were first introduced in analogy
with the counting classes in the polynomial time setting such as §P. The logarith-
mic space bounded complexity class L. was defined by Carme Alvarez and Birgit
Jenner in [AJ93]. Complexity classes GapL were defined by Eric Allender and
Mitsunori Ogihara in [AQ96].

Results shown in Section 2.3.1 are from [AO96, BDH"92] and the excellent
textbook by Lane A. Hemaspaandra and Mitsunori Ogihara [HO01, Chapter 9].

The Isolating Lemma was invented by Ketan Mulmuley, Umesh Vazirani and
Vijay Vazirani, see [MR95, Chapter 12]. It plays an important role in designing
randomized parallel algorithms for problems such as the perfect matching in undi-
rected graphs. Our proof of the Isolating Lemma in Section 2.4 is based on Lemma
4.1 in the textbook by Lane A. Hemaspaandra and Mitsunori Ogihara [HOO01].
The complexity class UL was first defined and studied by Gerhard Buntrock, Bir-
git Jenner, Klaus Jorn Lange and Peter Rossmanith in [BJL191]. The result that
NL/poly = UL/poly is based on the Isolating Lemma and it was proved by Klaus
Reinhardt and Eric Allender in [RA00] (see also [HOO01, Section 4.3]). Our expo-
sition of this result in Sections 2.4.1 and 2.4.2 (and especially our proof of Theorem
2.68) is from results shown by Chris Bourke, Raghunath Tewari and N. V. Vinod-
chandran in [BTV09]. Theorem 2.71 is due to Aduri Pavan, Raghunath Tewari and
N. V. Vinodchandran and it is from [PTV12].

We also note that Manindra Agrawal, Thanh Minh Hoang and Thomas Thier-
auf have shown a restricted version of the Isolating Lemma in [AHTO07], where
the weight function is computable in deterministic logspace when the number of
subsets of the set A in the family F is at most a polynomial in the size of A. This
result is stated in Exercise no.(7) of this chapter. They use this result to show that
the problem of counting the number of perfect matchings in instances of the poly-
nomially bounded perfect matching problem for bipartite and general undirected
graphs is in C_L. Exercise problem (8) of this chapter on the directed graph iso-
morphism is adapted from the results proved on the undirected graph isomorphism
by [JKMT03].

Restricted versions of the directed st-connectivity problem, such as for planar
graphs, grid graphs and graphs embedded on surfaces, each of which defines and
uses deterministic logspace computable weight functions to isolate directed paths
between a pair of vertices in the input graph, have been investigated and many
interesting results on their computational complexity that use logarithmic space
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bounded counting classes are known due to Eric Allender, David A. Mix Barring-
ton, Chris Bourke, Tanmoy Chakraborty, Samir Datta, Sambuddha Roy, Raghu-
nath Tewari and N. V. Vinodchandran, from [BTV09, ABC"09]. We also note
that Raghunath Tewari and N. V. Vinodchandran define a deterministic logspace
computable weight function in [TV12] that can be used to isolate a directed path
between any two vertices in a directed planar graph.

We refer to [TM97, Chapter 1, Section 1-3] for a nice introduction to Boolean
logic and its normal forms such as the disjunctive normal form (DNF) and the
conjunctive normal form (CNF) of propositional formulae. It is a standard result
in Boolean logic on the satisfiability of Boolean formulae that a Boolean formula
¢ is equivalent to a Boolean formula ¢ in the CNF such that ¢ is satisfiable if
and only if ¢’ is satisfiable. We recall the definition of 3-CNF from [CLR"22,
Chapter 34, Section 34.4, pp.1076]. Also any Boolean formula ¢’ which is in CNF,
is equivalent to a Boolean formula ¢” which is in the 3-CNF [CLR 22, Chapter
34, Theorem 34.10] such that ¢’ is satisfiable if and only if ¢ is satisfiable. It is
well known and fundamental result of computational complexity that the problem
(denoted by 3SAT), of determining if a Boolean formula which is in 3-CNF has
a satisfying assignment of its Boolean variables is NP-complete under polynomial
time many-one reductions. Similar to 3-CNF and 3SAT, it is easy to define 2-CNF
and 2SAT. In analogy with the NP-completeness of 3SAT we are able to show
in Theorem 2.25 that 2SAT is logspace many-one complete for NL which is an
interesting observation. Note that unlike Propositions 2.16 and 2.17, we are unable
to immediately conclude from Theorem 2.25 that #2SAT is logspace many-one
complete for L. and we leave this question as a conjecture.

Computer programs which solve decision problems or compute functions es-
sentially map inputs to outputs. Descriptive Complexity is a branch of Theoret-
ical Computer Science developed by N. Immerman [Imm99], which uses first-
and second-order mathematical logic to describe computer programs. In descrip-
tive complexity, using first-order languages it is demonstrated that all measures of
complexity can be mirrored in logic and most important complexity classes have
very elegant and clean descriptive characterizations. In fact, N. Imnmerman gives a
descriptive complexity proof of the Immerman—Szelepcsenyi Theorem (Theorem
2.28) in [Imm99].



CHAPTER 3

Modulo-based Logarithmic space bounded counting
classes

In this chapter we introduce modulo-based logarithmic space bounded count-
ing classes and prove many interesting properties about these complexity classes.

DEFINITION 3.1. Let ¥ be the input alphabet. Also let k € Z™ and let k > 2.
We say that L C ¥* is a language in the complexity class ModyL if there exists
a function f € fL such that for any input z € ¥* we have x € L if and only if

f(x) # 0(mod k).

PROPOSITION 3.2. Let Y. be the input alphabet. Also letk € 7" and let k > 2.
For every j € Z, there exists a function g € L such that on any input x € ¥*, we
have x € L if and only if g(x) # j(mod k).

PROOF. Let L € ModL such that on any input x € ¥*, we have z € L if
and only if f(x) # 0(mod k), where f € fL. Without loss of generality, assume
that 0 < j < k. Since fL is closed under addition (Proposition 2.33), it follows
that g(z) = (f(x) +j) € #L. As a result, if M, is the NL-Turing machine
corresponding to g then = € L if and only if f(x) # O(mod k) if and only if
g(x) # j(mod k). O

LEMMA 3.3. Let 3 be the input alphabet. Also let p € N such that p > 2 and
p is a prime.

(1) There exists a function g € L such that on any input x € 3%, we have
e ifx € L then g(x) = 1(mod p), and
o ifx & Lthen g(x) = 0(mod p).

(2) There exists a function g € tL such that on any input x € 3%, we have
o ifx € L then g(x) = i(mod p), and
o ifx & L then g(x) = j(mod p).

PROOF. (1) Let L € Mod,L such that on any input x € X*, we have
x € L if and only if f(z) # O(mod p), where f € fL. Now we define
g(z) = (f(x))P~, where z € ¥*. It follows from Proposition 2.33 that
g € fL. Using the Fermat’s Little Theorem, it follows that if x € L then
{f(x) £ 0(mod p) if and only if g(x) = 1(mod p)}. On the other hand
if x ¢ L then {f(z) = 0(mod p) if and only if g(z) = 0(mod p)}.

(2) Let L € Mod,,L such that on any input x € ¥*, there exists f € §L such
thatif 2 € L then f(z) = 1(mod p) and if z ¢ L then f(z) = 0(mod p).
Now we define g(z) = ((i — j) f()) + j, where z € ¥*. It follows from

61



62 3. MODULO-BASED LOGARITHMIC SPACE BOUNDED COUNTING CLASSES

Proposition 2.33 that ¢ € fL.. Also if z € L then {f(z) = 1(mod p)
if and only if g(z) = i(mod p)}. On the other hand if ¢ L then
{f(z) = 0(mod p) if and only if g(z) = j(mod p)}.

U

THEOREM 3.4. Let 3 be the input alphabet. Also let p € N such that p > 2
and p is a prime. Then,

(1) Mod,,L is closed under intersection,
(2) Mod,,L is closed under complement, and
(3) Mod,L is closed under union.

PROOF. (1) Let Ly, Lo € Mod,L and let fi, f € fL such that given any
input z € ¥*, wehave z € L; if and only if f;(z) # 0(mod p), where i =
1,2. Let us define f = f; fo. It follows from Proposition 2.33 that f €
fL. Since p is a prime, on any input x € ¥*, we have f(z) #Z 0(mod p)
if and only if fi(xz) # O(mod p) and fa(z) # O(mod p). Therefore
L1 N Ly € Mod, L.

(2) Let L € Mod,L using f € fL. For any j € N, define L; = {z|f(x) #
j(mod k)}. Then, L = Ni<j<,L;. However L; € Mod,L due to Propo-
sition 3.2 and Mod, L is closed under intersection from (1). Therefore
L € Mod, L.

(3) Follows from (1) and (2).

O

DEFINITION 3.5. Let X be the input alphabet such that {0,1} C 3 and let
L1, Ly C X*. We define the join of Ly and Lo to be Ly V Ly = {zl|x € L1} U
{y0ly € Lo}

PROPOSITION 3.6. Let ¥ be the input alphabet. Also let k € 7 such that
k > 2. ModL is closed under join.

PROOF. Let L; € ModyL and assume that we decide if an input string x € >*
is in L; using functions f; € fL, where i = 1,2. We assume without loss of
generality that the size of any input string x is at least 1. Let x = x1z9 - Tp41
and lety = z1 - - - x,, where n € Z*. Also let

f(2) :{ fily) ifxp =1

fa(y) otherwise if z,,41 = 0.

It is easy to note that f € #L.. Now f(x) # O(mod k) for any input x = yx,11
if and only if exactly one of the following is true: (z,4+1 = 1l and y € L;) or
(xpn41 = 0 and y € Lo). Clearly this shows that L1 V Ly € ModgL which
completes the proof. O

THEOREM 3.7. Let X be the input alphabet, p € N and p > 2 such that p is a
prime. Mod, L _ Mod, L.

PROOF. Our proof of this result is similar to the proof of Theorem 2.19. Let
L € LMOdL | Then there exists a O(logn)-space bounded deterministic Turing
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machine M#, that has access to a language A € Mod,L as an oracle such that
given any input = € ¥*, M4 decides if € L correctly. Since M requires at most
O(logn) space on any input of size n, we infer that the number of queries that M/
submits to the oracle A is a polynomial in the size of the input. Also it follows
from Lemma 3.3(1) that, for the oracle A there exists a NL-Turing machine M 4
corresponding to which we have g € gL such that on any input x € %*, we have
if x € Athen g(x) = 1(mod p), and if x ¢ A then g(z) = 0(mod p). Since
we know from Theorem 3.4(2) that Mod,,L is closed under complement, let M-+
be the NL-Turing machine corresponding to which we have h € tL such that on
any input x € X*, we have if 2 € A then h(z) = 1(mod p), and if z ¢ A then
h(z) = 0(mod p). Let us now consider the following algorithm implemented by a
NL-Turing machine /N given input z € ¥*.

Algorithm 9 Closure-Logspace-Turing-for-Mod,, L

Input: © € ¥*.

Output: accept or reject. The NL-Turing machine that implements this algorithm
obeys the property of Mod, L in Lemma 3.3(1).

Complexity: Mod,L.

1: while /V has not reached any of its halting configurations do
2 N simulates M on input x until a query y is generated.

3 N non-deterministically guesses if y € A.

4: if N guesses that y € A then

5: N simulates M 4 on input y.

6 if M 4 rejects y then

7 N also rejects = and stops.

8

9

end if
: else
10: N simulates M~ on y
11: if M~ rejects y then
12: N also rejects = and stops.
13: end if
14: end if
15: N continues to simulate M on x.

16: end while

Let f € fL denote the number of accepting computation paths of V. Since NV
rejects the input x in step 4 of the above stated algorithm whenever its simuation of
M 4 or M rejects their input y, it follows that N accepts the input x at the end of
any computation path if and only if it guesses the oracle reply correctly which is the
same as in the end of the computation path of M4 or M. As aresult, on any given
input z € ¥*, if x € L and if NV has made correct guesses for each of the query
strings generated then f(z) = 1(mod p), since f is a polynomial length product
of g and h. However if x € L and N has made at least one incorrect guess for
the query string y that is generated then f(z) remains unaffected since N rejects
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at the end of such computation paths. Conversely, if ¢ L and if N has made the
correct guesses for each of the query strings generated then f(z) = 0(mod p), once
again since f is a polynomial length product of g and h. Similar to the previous
case, if x ¢ L and N has made at least one incorrect guess for the query string
y that is generated then f(z) remains unaffected since N rejects at the end of
such computation paths. This shows that there exists f € L such that for any
input x € ¥*, we have if z € L then f(x) = 1(modp) and if = ¢ L then
f(z) = 0(mod p) which proves that L € Mod,L. O

THEOREM 3.8. Let p € Nand p > 2 such that p is a prime. ModpLMOdPL =
Mod, L.

PROOF. Let L € ModpLMOdPL. Then there exists a NL-Turing machine
M4, that has access to a language A € Mod,L as an oracle such that given any
input x € ¥*, M4 decides if 2 € L correctly. Since M is a non-deterministic
Turing machine, we assume that M follows the Ruzzo-Simon-Tompa oracle access
mechanism stated in Section 1.1.6 to access the oracle A. Also since it requires at
most O(log n) space on any input of size n, we infer that the number of queries that
M submits to the oracle A is a polynomial in the size of the input. Now remaining
part of our proof of this theorem is is based on Theorem 3.7 and it is similar to
Theorem 2.22. U

PROPOSITION 3.9. If j,k € Z* such that j,k > 2 and j|k then Mod;L C
Mod,L.

PROOF. Let k = ¢j. If L € Mod;L using a NL-Turing machine N such that
f € 4L is the number of accepting computation paths of /N on any input, then
we can define g = cf which is in L due to Proposition 2.33. Clearly, given an
input z € ¥*, we have x € L if and only if f(xz) # O(mod j) if and only if
g(x) # 0(mod k) which proves the result. O

THEOREM 3.10. (Kummer) Let p be a prime, and let n = a + b. Then,
n
= 0(mod p°
<a> (mod p°)

if and only if the number of carries when adding a to b in base-p is at least c.

COROLLARY 3.11. Let p be a prime. Then,
n
= 0(mod p)
(pk>
if and only if the coefficient of p* in the base-p expansion of n is zero.

PROOF. Suppose that the coefficient of p* in the base-p expansion of n is not
zero. Using base-p arithmetic, we have

= dpp™ + - dp + dpoapt T dop”
pP=04+p"+0+---+0,

n—p"=dup™+ -+ (dr — 1)p* + djp_1p" "
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so p can be added to n — p¥ in base-pwithout carrying. On the other hand, if the
coefficient of p* in the base-p expansion of n is zero then the coefficient of p* in
the base-p expansion of n — p* must be p — 1; therefore, there must be a carry
when adding 1 to p — 1 in the p*’s position. The corollary, follows from Kummer’s
theorem with ¢ = 1. 0

LEMMA 3.12. Let p,e € N and p > 2 such that p is a prime. Mod,L =
Mod, L.

PROOF. It follows from Proposition 3.9 that Mod,L. € Mod,<L. To prove the
converse, we use induction on e. Assume that the converse result is true for some
e > 1. Let L € Mod,e+1L using a NL-Turing machine N. Let g € {L denote the
number of accepting computation paths. A number g is divisible by p¢*! if and
only if

(1). g is divisible by p°©, and

(2). the coefficient of p° in the base-p expansion of g is 0.

Also using Corollary 3.11, we get that condition (2) is equivalent to ( pge) =
0(mod p). Therefore, on a given input z € %*, we have g(x) # 0(mod p°*!)
if and only if {g(x) # 0(mod p) or (g(:”)) # 0(mod p)}. Now let L1 = {x €

Y*|g(z) # 0(mod p®)} and Ly = {x € E*]( ) # 0(mod p)}. By the induction
hypothesis L1 € Mod,L. Also it follows from Theorem 2.57 that Ly € Mod,L.
Asaresult L1 U Ly € ModpL which proves our result. O

LEMMA 3.13. Let j and k be relatively prime. Then L € Mod;,L if and only
if there exists L; € Mod;L and L, € ModyL such that L = L; U Ly,.

PROOF. Let L € Mod;L using a NL-Turing machine M such that f(x) € §L
denotes the number of accepting computation paths of M (x), where z € ¥* and
Y. is the input alphabet. Also let L; = {z|f(x) # 0(mod 7)} for i = j, k. Clearly
L= Lj U L.

Conversely, let L; € Mod;L using NL-Turing machine M; such that f;(z)
denotes the number of accepting computation paths of M (x), where z € ¥* and
i = j,k. It follows from Proposition 2.33 that #L is closed under addition and
multiplication and so f(z) = (kfj(x) + jfr(x)) € 4L. Clearly, z € L; U Ly, if
and only if f(x) # 0(mod jk) which proves the result. O

e1, €2

THEOREM 3.14. Let k = pi'py’ - - - pir be the prime factorization of k € N
and k > 2. L € ModyL if and only if there are languages L; € Mod ezL such
that L = U L;, where 1 < i < m. Especially the complexity class ModkL =
Mody, ;- p,,, L

PROOF. By Lemma 3.12, Mod,cL. = Mod,L. Our theorem follows from
Lemma 3.13 using induction on m. U

COROLLARY 3.15. Mod.L is closed under union, where k € N and k > 2.

PROOF. It follows from Theorem 3.4(3) that Mod, L is closed under union if
p € Nis a prime. Now using Lemma 3.12 and applying Theorem 3.14 we obtain
our result. O
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3.1. ModL: an extension of modulo

From now onwards, and the rest of this chapter, when we consider func-
tions in GapL, we do not necessarily assume that the computation tree of
a function in GapL is a complete binary tree.

For the purpose of the complexity class ModL which we study here, we first
recollect Theorems 1.29 and 1.31 and basics of logarithmic space bounded com-
putation from Section 1.2.1.

DEFINITION 3.16. Let X be the input alphabet. A language L C ¥* is in the
complexity class ModL if there is a function f € GapL and a function g € FL
such that on any input z € >*,

e g(x) = 17 for some prime p and a positive integer e, and
o v € L& f(x)# 0(mod p°).

DEFINITION 3.17. Let X be an input alphabet and let I' be an output alphabet.

We define FLG?PL (0 be the complexity class of all functions f : ¥* — I'*, which
are logspace Turing reducible to the complexity class of functions in GapL.

DEFINITION 3.18. Let X be an input alphabet and let I" be an output alphabet.

We define FLMOAL (6 be the complexity class of all functions f : ¥* — I'*, which
are logspace Turing reducible to the complexity class of languages in ModL.

The prime distribution function w(n) specifies the number of primes that are
less than or equal to n.

THEOREM 3.19. (Prime Number Theorem)
lim m(n)

n—oon/Inn

The approximation n/Inn gives reasonably accurate estimates of 7(n) even
for small n.

THEOREM 3.20. (Chinese Remainder Theorem) Let n = ninsg - - - ng, where
the n; are relatively prime. Consider the correspondence

a < (ay,...,ax), (3.1)
where a € Zy, a; € Zy,;, and
a; = a(mod n;)

foriv=1,2,...k. Then, mapping (3.1) is a one-to-one correspondence (bijection)
between Zy, and the Cartesian product Ly, X ZLp, X - -+ X Ly, . Operations per-
formed on the elements of Z,, can be equivalently performed on the corresponding
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k-tuples by performing the operations independently in each coordinate position
in the appropriate system. That is, if

a < (a,...,a),
b < (bla"'abk)a
then

(a+b)(modn) < ((a1 +b1)(modny),..., (ar + bg)(mod ng)),
(a —b)(modn) < ((ag —b1)(modny),..., (ar — bg)(mod ng)),
(ab)(mod n) <« ((a1b1)(mod ny),..., (arbk)(mod ng)).

LEmMa 3.21. FLModL _ g GapL,

PROOF. For the forward inclusion it suffices to show that ModL C 1.GaPL

GapL
since LL P — £.GapL from Proposition 2.54. Suppose L € ModL is witnessed

by a function f € GapL and a function g € FL that computes prime powers in
unary. Now, a logarithmic space bounded deterministic Turing machine can re-
trieve the value of f(z) for any input = to the GapL oracle as stated in Section
1.1.5. It is also easy to see that checking if f(x) # 0(mod |g(x)]|) is also com-
putable in logarithmic space. As a result it follows that L € LGaPL | Therefore

For the reverse inclusion, let L € be computed by a logarithmic space
bounded deterministic Turing machine with access to a function f € GapL as an
oracle. (It follows from Theorem 2.55 that LFL = LG3PL §o we can assume that
the function f € L and that it is non-negative on all inputs). For z € X", we have
size(f(x)) < p(n), for some polynomial p(n). By the Prime Number Theorem, the
number of primes between 2 and p?(n) is O(p?(n)/logn) > p(n), for sufficiently
large n. Also the first p(n) primes are of size O(log n). Furthermore, the product
of the first p(n) primes is greater than f(z). Also it is easy to see using Corollary
1.30, that checking if a O(log n)-bit integer is a prime can be done in logarithmic
space. Furthermore, in logarithmic space, we can also compute the i*" prime for
1 < i < p(n). Let p; denote the ith prime. We define the function g € FL as
follows: g(x, 0P(#D) §) = 0P if i < p(|z|), and it is 02 otherwise.

We define the following language in ModL.

L' = {{a, 000D i k) | f(x) = k(mod g(w, 070D, 0)),i < p*(|]), k < p?(Ja])}.

In order to show that . € LMOAL e need to simulate the LGaPL Turing machine

for L with a LModL computation. Clearly, it suffices to show that each GapL
query f(x) made by the base logarithmic space bounded deterministic Turing ma-

1. GapL

chine can be simulated in LMOdL. For each 1 < i < p(n), we can query L’ for
(z, 002D i k) for different values of k < p?(|z|) to find f(x)(mod p;).

Now, by the Chinese Remainder Theorem, f(x) is uniquely determined by
f(x)(mod p;), for 1 < i < p(n). Moreover, given these residues f(x)(mod p;),
for 1 < i < p(n), it follows from Theorem 1.29, that it is possible to compute
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f(z) in logarithmic space (in fact, given the residues of f(z)(mod p;), for 1 <
i < p(n), it is possible to compute f(z) in DLOGTIME-uniform TC? which is a
very restricted form of uniformity of the uniform TC® complexity class). Hence a
logarithmic space bounded deterministic oracle Turing machine with access to the
ModL oracle L’ can recover f(x) for each query x. As a result it follows easily

that L is in LModL 0

3.1.1. Characterization of ModL. In this section we study the complexity
class ModL and obtain a characterization of ModL that shows that a #L. function
f and a FL function ¢ that outputs a prime number in unary representation are
sufficient to decide if a given input z is in a language L € ModL, however under the
assumption that NL. = UL. More precisely we are able to show a characterization
of ModL in Theorem 3.23 that if we assume NL = UL and we have a language
L C ¥* with L € ModL then we can decide whether an input x € ¥* is in L
using f € #L and g € FL where g(x) is a prime number p that is output by g in the
unary representation such that if x € L then f(x) = 1(mod p) and if z ¢ L then
f(x) = 0(mod p). As an immediate consequence of Theorem 3.23, we show that
ModL is closed under complement assuming NL = UL in Corollary 3.24.

LEMMA 3.22. Let L € ModL. There exists a function f € 8L and a function
g € FL such that on any input string z,
e g(x) = 0P for some prime p and a positive integer e, and

e = € Lifand only if f(z) #Z 0(mod p°).

PROOF. Let L € ModL be witnessed by functions f € GapL and g € FL as
in Definition 3.16. Now given f’ € GapL there exists f1, fo € fL such that on any
input string = we have f'(z) = fi(z) — fo(z). Consider f(z) = fi(x) + (p© —
1) fa(x). Since #L is closed under multiplication by a FL function that outputs a
positive integer, and also under addition, we have f(z) € fL. Moreover on a given
input x, we have f/(z) # 0(mod p°) if and only if f'(z) = fi(x) — fa(z) #
0(mod p°) if and only if f(z) = fi(z) + (p¢ — 1) fa(x) # 0(mod p€). As a result
we can replace the GapL function f’ by the L function f to decide if any given
input string x is in L. U

THEOREM 3.23. Assume that NL. = UL and let L € ModL. There exists a
function f € L and a function g € FL such that on any input string .,
e g(x) = OP for some prime p > 0, and,
o ifx € Lthen f(x) = 1(mod p),
o ifx & L then f(x) = 0(mod p).

PROOF. Let L € ModL. It follows from Lemma 3.22 that there exists f/ €
#L and ¢’ € FL such that on any input string  we have ¢’(x) = 0”° for some
prime p and a positive integer e, and x € L if and only if f'(x) #Z 0(mod p°).
Let g be a FL function that outputs the prime p in unary when given the input x.
Now assume that there exists a f” € fL such that f/'(z) #Z 0(mod p) if and only
if f”(x) £ 0(mod p). Then x € L if and only if f”(x) # 0(mod p). Define
f(z) = (f"(x))?=Y. Using Fermat’s Little Theorem we have, if z € L then
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f(z) = 1(mod p). Otherwise if ¢ L then f(z) = 0(mod p). We therefore prove
the theorem statement if we define the function f” such that f/(z) Z 0(mod p©) if
and only if f”(z) # 0(mod p).

It is easy to see that we can compute the largest power of p that divides p® =
|¢' ()| in FL (for this, we simply iteratively compute L‘gll(%)‘j until this value is 0,
which is in Up-NC! as stated in Theorem 1.31).

If e = 1 then we define f” = f’ where f’ is the L function in Lemma 3.22.
It is clear that on an input string = we have g(z) = ¢'(x) = 0P for some prime p
and z € L if and only if f'(z) # 0(mod p®) which is true if and only if f”(z) #
0(mod p).

Otherwise e > 2. Here we have ¢'(z) = 07" and g(x) = 0P. Now we use
induction on (e — 1) to define f”. Inductively assume that for 1 < i < (e — 1)
we have functions f; € #L such that f’(z) # O(mod p’) if and only if f;(z) #
0(mod p). For the case when (¢ — 1) = 1 we can have f._1 = f’. Then it is clear
that given an input string x, we have f’(z) is divisible by p€ if and only if

(1) f'(x) is divisible by p°~!, and
(2) the coefficient of p°~! in the base-p expansion of f/(x) is zero.

Here, using Corollary 3.11 we get that, condition (2) is equivalent to (j; ;(_xl) ) =
0(mod p). Therefore f'(z) # 0(mod p°) if and only if {f’(z) # 0(mod p°~1!)
or ({)e(ipl)) # 0(mod p)} which is true if and only if {f._1(z) # 0(mod p) or

(1) # O(mod p)}. Let f1(x) = (four (@) (5D + ((femr (@) +

’ -1 ’ —1
p=1) (5" + (fera @) (EED) + 0 -1)).
Now define f.(z) = (f.(x))P~!. Using Theorem 2.81 and closure properties
of fL it follows that f. € fL.. Moreover on an input z, if f’(x) = 0(mod p®) then
fe(x) = 0(mod p). On the other hand if f/(z) # 0(mod p°) then we consider the
following two cases.
case 1: f/(x) = O(mod p®~'): Then f._i(z) = O(modp) and we also have
(j; ;(_xl)) # 0(mod p). As a result from the definition of f.(z) we get fo(z) =
1(mod p).
case 2: f'(x) # O(mod p®~'): Then f._1(x) # 0(mod p) and we can have either
(i () ) # 0(mod p) or (2 ;(ivl) = 0(mod p). However in both of these cases we get
fe(z) = 1(mod p). As a result defining f” = f. we complete the proof. O

COROLLARY 3.24. Assume that NL = UL. ModL is closed under comple-
ment.

PROOF. Let L € ModL. Then by Theorem 3.23 there exists f € L and
g € FL such that on any input z, we have g(x) = 0 for some prime p andif x € L
then f(z) = 1(mod p). Otherwise if = ¢ L then f(x) = 0(mod p).

Let h(z) = (f(x) + (p — 1))P~Y. Using closure properties of fL it follows
that h(x) € $L. Using Fermat’s Little Theorem we have, if x € L then h(z) =
0(mod p) and if x & L then h(x) = 1(mod p). Clearly this shows L € ModL or
that ModL is closed under complement. U
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3.2. Closure properties of ModL

As a consequence of the characterization of ModL that we have shown in The-
orem 3.23, it is shown in Corollary 3.24 that ModL is closed under complement
under the assumption that NL. = UL. We continue to study the complexity class
ModL and obtain its closure properties which follow due to the above stated char-
acterization of ModL.

3.2.1. An unconditional closure property of ModL. We recall the definition
of the V (join) operation from Definition 3.5.

THEOREM 3.25. If{0,1} C ¥ and L, € ModL then L; V Ly € ModL.

PROOF. Let L; € ModL and assume that we decide if an input string « € >*
is in L; using functions f; € GapL and g; € FL where 1 < i < 2 respectively.
We assume without loss of generality that the size of any input string x is at least
1. Letx = 2129 -+ 2,41 and let y = 1 - - - 2, where n € ZT. Also let

fz) = { fily) ifang =1

fa(y) otherwise if 2,11 = 0,

and W it .
91\y) WU Tpy1 =
g(x) = { 92(y) otherwise if z,41 = 0.
It is easy to note that f € GapL and g € FL. Since |g1(x)| or |g2(x)]| is always
a prime power on any input string z € X* it follows that |g(z)| is also a prime
power. Now f(x) # 0(mod |g(z)|) for any input x = yx,,+1 if and only if exactly
one of the following is true: (41 = landy € Ly) or (41 = O and y € Lo).
Clearly this shows that L VV Ly € ModL and that we can decide if any input string
x € X*isin L1V Ly using f € GapL and g € FL which completes the proof. [

In Theorem 3.31(1) we show that ModL is closed under logspace many-one re-
ductions (S%) and similarly in Theorem 3.31(2) we show that ModL is closed un-
der unambiguous logspace many-one reductions (SEL). Using Theorem 3.23 and
Corollary 3.24 we show in Theorem 3.32(1) that ModL is closed under logspace
truth-table reductions that make one query to the ModL oracle (g%—tt) assuming
NL = UL. We also show that if NL. = UL then ModL is closed under unam-
biguous logspace many-one reductions that make one query to the oracle (SP_L&)
in Theorem 3.32(2). The following table lists the closure properties of ModL that
are known.

As a consequence of these results we show in Corollary 3.33 that ULllvfct’tdL =
ModL assuming NL. = UL.

3.2.2. Reducibilities of ModL. We recall the Definitions 1.39, 1.40 and 2.21
stated in Section 2.2 of Chapter 2.

DEFINITION 3.26. Let X be the input alphabet and let L1, Lo C ¥*. We say
that L; is logspace 1-truth-table reducible to Lo and denoted by L, S%—tt Loy if
there exists a O(log n) space bounded Turing machine M %2 that has access to Ly
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H Closure property \ Assumptions \ Reference

V (join) unconditional | Theorem 3.25

complement NL = UL | Corollary 3.24
gl;l unconditional | Theorem 3.31(1)
SHL unconditional | Theorem 3.31(2)
<L NL = UL | Theorem 3.32(1)
S}I—]ft NL = UL | Theorem 3.32(2)
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TABLE 3.1. Closure properties of ModL

as an oracle such that M2 decides if any given input € ¥* is in L; by making
exactly one query to the oracle Ly, where n = |x|.

DEFINITION 3.27. Let X be the input alphabet and let L, Ly C ¥*. We say
that L, SUL Lo if there exists a FNL Turing machine M such that on any input
x € ¥* the number of accepting computation paths of M (x) is at most 1. Also if
x € L then there exists an accepting computation path of M on input x such that
if we obtain y € >* as the output at the end of the accepting computation path then
y € Lo. If x € Ly then either M does not have any accepting computation path
on input z or if there exists an accepting computation path of M on input = and
y € X* is the output at the end of this computation path then y & Lo.

DEFINITION 3.28. Let X be the input alphabet and let L1, Lo C »*. We say
that L; < 1 tt Lo if there exists a NL-Turing machine M L2 with access to the
oracle Lo such that on any input x € X* the number of accepting computation
paths of M?%2(z) is at most 1. Also M %2 submits exactly one query ¢, € ¥* to
the Ly oracle on any input x € ¥* to decide if z € L;. We assume that the query
is submitted by the NL-Turing machine M *? in a deterministic manner to the Lo
oracle according to the Ruzzo-Simon-Tompa oracle access mechanism. Here if
x € L then there exists exactly one accepting computation path of M %2 on input
x. Otherwise if ¢ L, then M’? rejects the input 2 on all of its computation
paths.

We recall the definiton of ModL stated in Definition 3.16.

DEFINITION 3.29. Let 3 be the input alphabet andlet L1, Lo € ¥*. We define
the complexity class ULll\/I(t’tdL ={L|L; < 1 tt Lo, where Ly € ModL}.

LEMMA 3.30. Let X be the input alphabet and let g € FL such that on any
input © € ¥*, we have g(x) to be a positive integer p in the unary notation that
depends on the input x. There exists a NL-Turing machine M such that the lexico-
graphically least |g(x)| computation paths are exactly the only accepting compu-
tation paths in the computation tree of M.

PROOF. Let us consider the following algorithm of a non-deterministic Turing
machine given an input z € ¥*.
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Algorithm 10 Lex-Least-accept-FL,

Input: © € ¥*.

Output: accept or reject. The NL-Turing machine M that implements this algo-
rithm is such that the lexicographically least |g(x)| computation paths are the only
accepting computation paths of M (x) and so accys(z) = |g(x)|.

Complexity: NL.

1: Compute p = |g(x)|.
2: Compute k such that 2871 < p < 2k,
3: Non-deterministically choose & bits from {0, 1} that describes a computation
path of length %k in the computation tree of depth k. Let m be the number
describing the computation path that is chosen.
if m < p then
accept and stop.
else
reject and stop.
end if

e A A

Since g(z) = OP for some positive integer p and k& € Z* such that 2F=1 <
p < 2F, itis easy to see that k,p € O(logn) As a result it is easy to note that the
above algorithm can be implemented by a non-deterministic Turing machine that
uses at most O(logn) space where n = |x| and = € ¥* is the input. Let M be the
NL-Turing machine that simulates the above stated algorithm on input x. Clearly,
the NL-Turing machine M non-deterministically makes k choices and accepts in
a computation path if the non-deterministic choices form a binary string less than
or equal to p. M rejects at the end of all other computation paths which proves our
result. O

THEOREM 3.31. Let X be the input alphabet and let L1, Lo C X*. Also let
Lo € ModL. Now

) if Ly S%Lg then L1 € ModL, and
@) if L1 <YL L, then L € ModL.

PROOF. (1) Let Lo € ModL and let fo € GapL and g2 € FL be func-
tions using which we decide if an input x € X* is in Ly. Also let
L4 SIT,; Lo using f € FL. If x € ¥* is the input then x € L, if and
only if f(x) € Lo. However Ly € ModL and therefore f(x) € Lo if
and only if fo(f(x)) # 0(mod p¢) where p¢ = |g2(f(z))| € Z+ where
p,e € Z* with p being a prime and e > 1. Now it follows from Lemma
2.56 that (fyo f) € GapL and (go0 f) € FL. Clearly go(f(x)) is a prime
power in the unary representation for any x € ¥*. As aresultif z € ¥*
then z € L; if and only if fo(f(z)) # 0(mod p®) where p® = |g2(f(x))]
which shows L; € ModL.
(2) We recall the definition SHL from Definition 3.27. The proof of this
assertion is similar to Theorem 3.31(1). We use Lemma 3.22 for Ly €
ModL and assume that there exists f € fL. and g € FL such that on
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any input € ¥* we have g(z) = 17 where p,e € Z*, p is a prime,
e > land ¢ € Ly if and only if f(x) # 0(mod p¢). Let us denote the
SEL reduction by h. Clearly, h has at most one accepting computation
path. Let us now consider the following algorithm implemented by a
non-deterministic Turing machine given an input x € X*.

Algorithm 11 UL-many-one-ModL

Input: © € ¥*.

Output: accept or reject. The NL-Turing machine that implements this algorithm
obeys the property of ModL in Lemma 3.22.

Complexity: ModL.

1:

A O

Simulate the NL-Turing machine M}, corresponding to the FUL function £ on
the input z.
if the computation path of M}, (x) ends in an accepting configuration then

Lety = Mp(z).

else

Lex-Least-accept-FL4(x) and stop.

end if
Simulate M (y) and stop.

It is easy to see that this algorithm can be implemented by a non-
deterministic Turing machine that uses O(log n) space, where n = |z|. In
the above algorithm, upon simulating M}, on input z, if the computation
path that we obtain is an accepting computation path and y € X* is the
output at the end of the accepting computation path, then simulating the
NL-Turing machine for Ly € ModL with y as the input shows that the
congruence relation based on the fLL function f and the FL function g
that is used to decide if any input x € X* is in Ly can also be used
for deciding if x € L;. Otherwise if the computation path of the SEL
reduction that we obtain is a rejecting computation path then using the
non-deterministic algorithm stated in Lemma 3.30, it follows that our NL-
Turing machine can make sufficiently many non-deterministic choices so
that the number of accepting computation paths that we obtain at the end
of each of these rejecting computation paths is divisible by |g(z)|. This
shows L1 € ModL.

0

THEOREM 3.32. Let % be the input alphabet and let L1, Lo C X*. Also let

Lo € ModL and assume that NL = UL.

(1) If Ly <&\ Ly then Ly € ModL, and
) If Ly <9% Lo then Ly € ModL.

PROOF. (1) We recall the definition of Sllitt from Definition 3.26. Let

Ly S%—tt Ly using f € FL that makes exactly one query to the oracle
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Lo. In other words, f correctly decides if an input x € X* is in L by
making exactly one query to the oracle Ly. Also let ¢, € ¥* be the query
string that is generated by f for the input z € X*. Clearly f decides if
x € L based on x and the reply of the oracle Ly when the oracle L is
given the query ¢, as input. Therefore let f/ € FL be the function that
generates and outputs the query ¢, generated by f when it is given the
input z. Also let ¢’ € FL be such that ¢'(z, x1,,(¢z)) = f(z) where xr,
is the characteristic function of L. It is clear that ¢’ correctly decides
whether any input z € L if the reply of the oracle Ly is also given to it.
Since Ly € ModL and we have assumed that NL = UL, it follows from
Theorem 3.23 that there exists fo € gl.and g2 € FL such that on any input
x € ¥* we have if x € Ly then fo(x) = 1(mod p) and if x ¢ Lo then
fo(x) = 0(mod p), where go(z) = 17, p € Z™" and p is a prime. Let us
consider the function (gz0f’). Given an input x € X*, go(f(z)) = 17, for
some prime p € Z* which depends on the query f’(z) generated from the
input . It is clear that (g2 o ') € FL. Consider the function (¢’ o f30 f”)
and let M denote the NL-Turing machine corresponding to this function.
The NL-Turing machine M considers the output of a computation path of
the NL-Turing machine corresponding to (f2 o f')(z) as x1,(qz). Since
g’ € FL it follows that the output of M is the same at the end of all the
accepting computation paths of the NL-Turing machine corresponding to
(f2 o f'). In other words, either M accepts at the end of all the accepting
computation paths of the NL-Turing machine corresponding to (f2 o f”)
or M rejects at the end of all the accepting computation paths of the NL-
Turing machine corresponding to (f2 o f). Similarly either M accepts at
the end of all the rejecting computation paths of the NL-Turing machine
corresponding to (f2 o f’) or M rejects at the end of all the rejecting
computation paths of the NL-Turing machine corresponding to (f2 o f').
Let us now consider the following algorithm.

Algorithm 12 L-1-truth-table-ModL

Input: © € ¥*.

Output: accept or reject. The NL-Turing machine M’ that implements this algo-
rithm obeys the property of ModL in Theorem 3.23.

Complexity: ModL.

1: Compute p = |g2(f'(x))].
2: counter = 0.

3: lex_least_ flag = True.
4: while counter < p —1do

R A

Simulate the NL-Turing machine M on input = as follows.
if M (x) rejects at the end of its computation path then
reject and stop.
else if M (x) accepts and (f2 o f')(z) rejects then
if the computation path of M () is not the lexicographically least then
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Algorithm 12 L-1-truth-table-ModL (continued)

10:
11:
12:
13:
14:
15:
16:
17:

18:

lex_least_ flag = False.
end if

end if
counter = counter + 1.
end while
if lex_least_ flag = True then
Lex-Least-accept-FLg, (f'(z)).
M’ non-deterministically branches sufficiently many times on its compu-
tation path as in Corollary 3.24.
end if

(@)

Let z € X* be the input and let go(f/(z)) = 1P. In the above al-
gorithm, if the output of M at the end of any of its computation paths is
the same as the output of the computation path of the NL-Turing machine
corresponding to (f2 o f’) on the input x then M’ makes (p — 1) times
the simulation of M on input z and stops. In this case, for a given input
x € X* if [y Slf—tt Lo then at the end of every computation path the
reduction is similar to a logspace many-one reduction from L; to Ls. In
this case using Fermat’s Little Theorem, it follows from our observations
that if x € L then accyy(z) = 1(mod p). However if z ¢ L; then
accpp () = 0(mod p). This shows L; € ModL. On the other hand if
we have the output of M along any of its computation paths is the com-
plement of the output of the computation path of the NL-Turing machine
corresponding to (fy o f’) on a given input x € ¥* then also M’ makes
(p — 1) simulations of M on input . However in these (p — 1) sim-
ulations of M by M’, along any of the computation paths of M’ that is
not the lexicographically least computation path we assume that M’ stops
with the output of M on input z. Along the lexicographically least com-
putation path that we obtain in these (p — 1) simulations of M by M’
we assume that M’ makes sufficiently many non-deterministic choices
at the end of this computation path as in Lemma 3.30 so that we ob-
tain accyy () = accp(z)P~1 + (p — 1). In this case using Fermat’s
Little Theorem, it follows from our observations that if x € L; then
accpp () = 0(mod p) and if x ¢ Ly then accyy(x) # 0(mod p) which
implies L1 € ModL. We now use our assumption that NL. = UL and so
it follows from Corollary 3.24 that L; € ModL and this completes the
proof.

We recall the definition of SH[& from Definition 3.28. We follow the
Ruzzo-Simon-Tompa oracle access mechanism stated in Section 1.1.6
and generate the query string ¢, € X* given the input z € ¥* in a de-
terministic manner using O(logn) space. Our proof follows from our
assumption that N = UL and a case analysis similar to the proof of

Theorem 3.32(1) depending on whether the SP_I& reduction is similar to
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a SEL reduction or if the output of the computation paths of the NL-
Turing machine that is used in the reduction is the complement of the
output of the computation paths of the NL-Turing machine for the oracle
L5 on the query string ¢,.

O

COROLLARY 3.33. Assume that NL = UL. ULMOAL — pogr.

PROOF. Since we know that NL is closed under complement from Theorem
2.18, our assumption that NL. = UL implies UL = co-UL. Proof of our result now
follows from Theorem 3.32(2). O

3.3. Relations among Modulo-based

DEFINITION 3.34. Let X be the input alphabet and let L1, Lo C »*. We say
that L, is logspace conjunctive truth-table reducible to Lo, denoted by L g{;tt Lo,
if there exists f € FL such that given an input € ¥* of length n we have f € FL
such that f(x) = {y1...,Ypn)} and x € Ly if and only if y; € Lo for every
1 < i < p(n) where p(n) is a polynomial in n.

DEFINITION 3.35. Let X be the input alphabet and let L, Ly C ¥*. We say
that L is logspace k-conjunctive truth-table reducible to Lo, denoted by L gll; ctt
Lo, if there exists f € FL such that given an input x € ¥* of length n f(z) =

{y1...,yx}andz € Ly if and only if y; € Lo forevery 1 <i < k.

DEFINITION 3.36. Let X be the input alphabet and let L, Ly C ¥*. We say
that L, is logspace disjunctive truth-table reducible to Lo, denoted by L Sﬁtt Lo,

if there exists f € FL such that given an input x € ¥* of length n we have f(z) =
{y1,- -+, Yp(n)} and x € Ly if and only if y; € Lo for at least one 1 < 7 < p(n)
where p(n) is a polynomial in n.

DEFINITION 3.37. Let X be the input alphabet and let L1, Lo C »*. We say
that L is logspace k-disjunctive truth-table reducible to Ly for some k € ZT,
k > 1, denoted by L; gll;_ dit Lo, if there exists f € FL such that given an input
x € ¥* of length n we have f(z) = {y1,...,yr} andz € Ly ifand only if y; € Lo
for atleastone 1 <17 < k.

It follows from the definition of ModL that if p € Z™ is a prime then Mod, L C
ModL. However if k € Z* such that k > 6 is a composite number that has more
than one distinct prime divisor then it is not known if Mod; L. C ModL. We show

that if ModL is closed under SZL; dit reductions for some | € ZT such that [ > 2

then Mod,L € ModL for all £ € Z* such that k > 6 is a composite number that
has at most [ distinct prime divisors.

THEOREM 3.38. [f ModL is closed under S}: dit reductions where | € Z+

and | > 2 then Mod;L C ModL for all k € Z" such that k > 6 is a composite
number that has at least 2 and at most | distinct prime divisors.
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PROOF. Let us assume that ModL is closed under S%_ dit reductions for some

I € Z7 such that [ > 2. Let X be the input alphabet and let f & 3. Also let L € *
and assume that L € ModyL, where k = p{' - - p&m is a composite number such
that p; is a prime, e; € Z" with ¢; > 1 and p; #pjforalll <i<j<m<IL.
Using Lemma 3.22, it follows from the definition of ModL, GapL, L and
Proposition 2.16 that determining if the number of st-paths in an instance (G, s, t)
of SLDAG is # 0(mod k) is logspace many-one complete for Mod;L. Let us
denote this problem by ModjstPath. Also it is easy to infer that for any function
f € tL, we have f(z) # 0(mod k) if and only if f(z) # 0(mod p;) for at least
one of the primes p;|k, where 1 < ¢ < m. Based on these observations let us
define Ly = {(zf1P%)|f(x) # O(mod |g({zf1P?))|) V p;|k where ¢ € FL and
g((xf1Pi)) = 1Pi}. As aresult, it follows from Definition 3.16 that L;, € ModL.
Therefore if x € ¥* is the input then € L if and only if (z#1P") € Ly, for
at least one prime p; where 1 < ¢ < m. However it is easy to note that given
x as input, a O(log |z|) space bounded Turing machine M can obtain the prime
factorization of & and also output (xf17%) for all primes p;|k where 1 < i < m. If
m < [ then we assume that M outputs the last query (xf177) that it generates with
repetition sufficiently many times to output [ strings where 1 < j < m < [. Now
x € L if and only if (z#1P7) € Ly, for at least one 1 < j < [. However we have

assumed that ModL is closed under S{“_ dit reductions which implies L € ModL.

This shows that ModiLL. € ModL whenever £ > 6 is a composite number such
that the number of distinct prime divisors of k is at least 2 and at most /. O

THEOREM 3.39. If ModL is closed under S(%tt reductions then co-C_L C
ModL.

PROOF. Let us assume that ModL is closed under gﬁtt reductions. Recall-
ing the definition of ModystPath from the proof of Theorem 3.38, we know that
Mody,stPath is a canonical complete language for ModL under logspace many-
one reductions. Also given x € X* as an input, the problem of determining if
f(x) # 0 is complete for co-C_L under logspace many-one reductions, where f
is a logspace many-one complete function for fL.. Using the Chinese Remainder
Theorem we know that the det(A) is uniquely determined by its residues modulo
all the primes from 2 and n*. Therefore f(x) # 0 if and only if f(z) % 0(mod p)
for some prime 2 < p < nt.

Similar to the proof of Lemma 3.38 it is easy to note that there exists a O (log n)
space bounded Turing machine M that when given the input string = as input
computes all the primes from 2 to n* and also outputs the pairs (xf17¢) for all
of the primes from 2 to n*. Clearly f(z) # 0 if and only if (z£1”!) € ModystPath
for at least one of the primes p € {2,... ,n4}. However we have assumed that
ModL is closed under §L reductions from which it follows that we can determine

if f(z) # 0 in ModL and this implies co-C_L C ModL. O

COROLLARY 3.40. Assume that NL = UL. If ModL is closed under <
reductions then C_L C ModL.

L
dtt
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PROOF. Proof follows from Theorem 3.39 and 3.24. O
LEMMA 3.41. Assume that NL. = UL. If ModL is closed under §lli dit reduc-

tions where | € 77 and | > 2 then ModL is closed under SlLict

PROOF. Let X be the input alphabet and let f & . Also let L1, Lo C ¥* and
let Ly € ModL be such that S%—ctt Lo using a function f € FL. Therefore if
x € ¥* is the input then we have f(x) = (y1f- - - fy;) such that € L, if and only
ify; € Loforall 1 <i <|.

However this is equivalent to x ¢ L1 if and only if 3y; € Lo for at least one 1 <

i < | where Lo denotes the complement of L. Eowever since we have assumed
NL = UL it follows from Corollary 3.24 that L, € ModL. These observations

show that Ly glL_ git L2 and since we have assumed ModL is closed under <1L— dit

t reductions.

we have L; € ModL. Once again from our assumption that NI = UL using the
result that ModL is closed under complement shown in Corollary 3.24 it follows
that L; € ModL. O

THEOREM 3.42. Assume that NL. = UL. If ModL is closed under Sﬁtt reduc-

tions then ModL is closed under g{;tt reductions.

PROOF. Proof of this result is similar to the proof of Lemma 3.41. We need to
observe that the number of instances of Lo that can be output by a S%tt reduction
is at most a polynomial in the size of the input. Since we have assumed NL = UL
it follows from Corollary 3.24 that ModL is closed under complement and by using

this property of ModL we obtain this result. O
Exercises
(1) Show that NL is closed under Slc-‘tt reductions without using Theorems
2.19 and 2.18 .
(2) Show that NL is closed under SI&H reductions without using Theorems
2.19 and 2.18.
(3) Let X be the input alphabet and let A C >*. Define the complexity class
ModL4.

(4) Define the complexity class ModLYL.
(5) Show that ModLUL = ModL assuming UL = co-UL.

Open problems

(1) Does there exist any containment relation between @L and NL? Is (BGLA
NL) non-empty?

(2) Is ModiLL € ModL if k£ > 0 is a composite number?

(3) Is ModiLH = ModyL, where k£ € N and k is a composite?



NOTES 79

Notes

Modulo-based logarithmic space bounded counting classes Mod L, where k €
Z and k > 2, were by defined Gerhard Buntrock, Carsten Damm, Ulrich Hertrampf
and Christoph Meinel in [BDH92]. All the results in this chapter prior to Section
3.1 have been shown in the polynomial-time setting by Richard Beigel and John
Gill in [BG92] for complexity classes Mod,P and Mod,,P, where k,p € N, k,p >
2 and p is a prime. Theorems 3.7 and 3.8 are due to Ulrich Hertrampf, Steffan Reith
and Heribert Vollmer [HRV00]. The remaining results starting from Proposition
3.9 to Corollary 3.15 are from [BDH92].

The modulo-based logarithmic space bounded counting class ModL was de-
fined by V. Arvind and T. C. Vijayaraghavan in [AV10, Vij08] to tightly classify
the complexity of the problem called LCON which is to solve a system of linear
equations modulo a composite number k, where k is given in terms of its prime
factorization such that every distinct prime power divisor that occurs in the prime
factorization of k is given in the unary representation. In [AV10], it is shown that

LCONe L ModL /poly and in BPNC?. Along with LCON, some more problems
on linear congruences modulo a composite number k& which is given as a part of the
input in terms of its prime factorization, where every prime power is given in unary
representation, and a host of problems on Abelian permutation groups have been
shown to be in LModL /poly and in BPNC2. The complexity class ModL gener-
alizes ModyL, for any £ € Z and k > 2 since the moduli varies with the input.
A very useful observation on ModL which uses the Chinese Remainder Theorem
is Lemma 3.21 and it is from [AV10, Lemma 3.3]. Given a number 7 as residues
modulo polynomially many primes, the result that it is possible to compute or find
out n from its residues in logspace-uniform NC! is due to Andrew Chiu, George
Davida and Bruce Litow [CDLO01]. This result was improved by W. Hesse, David
A. Mix Barrington and Eric Allender in [HABO02] wherein it is shown that the same
operation of computing the number n from its residues modulo polynomially many
primes is in DLOGTIME-TC?.

Results on ModL in Section 3.1.1 are from [Vij22]. An important conse-
quence of the characterization of ModL shown in Theorem 3.23 is that, assuming
NL = UL, we are able to show that ModL is the logspace analogue of the poly-
nomial time counting complexity class ModP defined by J. Kobler and Seinosuke
Toda in [KT96]. Closure properties of ModL shown in Section 3.2 and results on
reducibilities of ModL shown in Section 3.2.2 is from [Vij10].



CHAPTER 4

Probabilistic Logarithmic space bounded counting class:
PL

From now onwards for the rest of this chapter, when we consider func-
tions in GapL, we do not necessarily assume that the computation tree of
a function in GapL is a complete binary tree.

4.1. Closure properties of PL
We recall the definition of PL from Definition 2.31.

PROPOSITION 4.1. Let X be the input alphabet. The class PL consists of those
languages L C ¥* such that for some GapL function f and all x € ¥*
e ifx € Lthen f(x) >0
o ifx ¢ Lthen f(x) <O.

PROOF. For a GapL function f, the GapL function 2f(x) — 1 has the same
sign as f(x) for positive and negative values of f(z) and takes value —1 for f(z) =
0. O

COROLLARY 4.2. PL is closed under complement.

LEMMA 4.3. Define

P,(x) = (z — 127 Il (z— 22)3.
Anl@) = Pu(—)) £1— (Pafo)) B 1.
By(x) = Po(—2))2 " + (Py(2))2 !

Then, forn > 1,

() If1 <2 <2"then 0 < 4P,(x) < —P,(—x).

Q) If1 <z <2"then1 < S, < 3.

() If —2" < a < —1then —32 < Sp(z) < -1

PROOF. (1) Since x > 1, we have that P,,(z) > 0. Clearly, x—1 < z+1,

and (z — 29)? < (-2 —2)2fori = 1,...,n. Also, if 2871 < 2 < 2F
then 4(z — 2¥)2 < 4.22k=2 = 22k < (—z — 2F)2, Together these imply
that 4P, (z) < —P,(—x).

80
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(2) If P,(x) = 0 then S,,(z) = 1. If P,(x) # 0, then we can write
2
Sn(fl?) =1+ ((—Pn(—z)> B 1) .
P (x)
Simple algebra and part (1) yield the desired result.

(3) This follows from (2) and the fact that S, (x) is an odd function, i.e.,
Sp(—z) = —=Sp(z).

O

THEOREM 4.4. PL is closed under union.

PROOF. Fix two languages D and E in PL. We will show that D U E is also
in PL.

Let fp and fg be the functions given by Proposition 4.1 for D and F, respec-
tively. By Lemma 2.44, let n = n(|z|) be a polynomial such that 2" bounds the
maximum absolute value of fp(z) and fg(x). Define Ap(z) = A, (fp(z)). Sim-
ilarly, define Bp(x), Sp(z), Ap(z), Bg(z), and Sg(x). Note that Ap(z), Bp(x),
Ag(z), and Bg(z) are GapL functions.

Let H(z) = Sp(x) + Sp(x) + 1. By Lemma 4.3, we have

(1) Ifx € Dand x € FE then H(x) > 3.
(2) Ifz € Dand z ¢ E then H(z) > 1.
(3) Ifz ¢ Dand z € E then H(z) > 3.
4) Ifx ¢ Dandx ¢ FE then H(x) < —1.

Thus we have that z € D U E if and only if H(x) > 0.
We would be finished if H were a GapL function. However unfortunately it
may even take nonintegral values. We do have

Ap(z)  Ap(@)  _ Ap(@)Be(x) + Ap(z)Bp(x) + Bp(x)Be(z)
Bp(z)  Bg(z) Bp(z)Bg(z) )
Note that for nonzero integers p and ¢ we have p/q > 0 if and only if pg > 0. Then
we define

H'(z) = (Ap(z)Bg(z) + Ap(x)Bp(z) + Bp(x)Bg(z))(Bp () Be(x))-
We have that
(1) H'(x) is GapL function.

(2) Forall z € ¥*, H(z) > 0 if and only if H'(z) > 0.
(3) x € DU Eif and only if H'(z) > 0.

Finally applying Proposition 4.1 to H’, we have D U E € PL. 0

H(z) =

COROLLARY 4.5. PL is closed under intersection.

4.2. PL is closed under PL-Turing reductions

Similar to Definition 2.21, we define the complexity class PLPL as follows.
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DEFINITION 4.6. Let ¥ be the input alphabet. We define PLPL o be the
complexity class of all languages L C ¥* for which there exists a O(logn) space
bounded non-deterministic Turing machine M that has oracle access to a language
A € PL such that for any x € X%, the number of accepting computation paths
of M(z) > 2vr(m-1 and 2°(")
is the number of accepting computation paths of M on any input of size n for
some polynomial p(n). Here we assume that M submits queries to the oracle A
according to the Ruzzo-Simon-Tompa oracle access mechanism.

In Theorem 4.11 of this section, we show that PL is closed under PL-Turing
reductions. In other words, we show that PLPL = PL.

DEFINITION 4.7. (Low-Degree Polynomials to Approximate the Sign Func-
tion) Let m and r be positive integers. Define:

Pu(z) = (z-1) J] (z-2"% (4.1)
1<i<m
Qum(z) = —Pu(z) — Pu(—2). (4.2)
Anr(z) = (Qm(2)™. (4.3)
Bing(2) = (Qm(2)” + (2Pn(2))”". 4.4)
_ m (%)
o) = (G5) )
Spr(2) = (14 Rpr(2)"h (4.6)

Ry, r(2) and S, r(z) are two auxiliary functions that will help us understand the
properties of A, .(z) and By, »(2).
Am T(Z)

Bmr(2)
(2) For every positive integers m and r, both Ay, (z) and By, ,(2) are poly-

nomials in z of degree O(rm).

(3) Forall integers m,r > 1 and every integer z,
(@) if1 <z<2" thenl —27" <85, ,(2) <1, and
(b) if 2™ <z < —1,then0 < Sp, ,(2) <277,

PROOF. The proofs of (1) and (2) are by routine calculation. We leave them
to the reader. To prove (3), let m and r be positive integers. First consider the case
when 1 < z < 2™, In this case P,,(z) > 0 and P, (—z) < 0. We prove the
following claim.

CLAIM4.9. If1 < 2 < 2™ then 0 < P (z) < _w.

Proof of Claim. The claim clearly holds for z = 1. So suppose that 1 < z < 2™.
There is a unique 7, 1 < ¢ < m, such that 2" < z < 2i+1 Let ¢ be that i. Then @)
2! < z and (ii) z/2 < 2!. By combining (i) and (ii) we get 0 < (2 — 2!) < 5. and
from (ii) we get 5 < | — z — 2'|/3. By combining the two inequalities, we have
(z — 20?2 < ﬁ. Note that 2 — 1 < z + 1 and |z — 2¢| < 2 + 2¢ for every 1,
1 < i < m. Thus, in light of the definition of P, Py, (z) < —Z2=2),

LEMMA 4.8. (1) For all positive integers m and r, Sp, ,(z) =
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Now by the above claim 0 < P, (z) < —W. Combining this with
Pp(—2) < 0 yields Qn(2) > —2Fm(2) 5 0. Thus

_ 2r -
0< Bov(2) < (WW> _ (1)2 -

—5P(—2) 1

Since R, »(2) > 0 and since for ever 6 > 0, (1 4+ J) > 0 and (1 + 9)(16) =
1 — 62 < 1, we have
1 Z Sm,’l‘(z) = :H_R:LM >1— Rmﬂ‘(z> >1— 27T,
Hence (3a) holds.
Next consider the case when —2™ < z < —1. For this range of values of z, in
light of Claim 4.9 we have 0 < P,,,(—z) < —P’”T(z). This implies 0 < Q. r(2) <

—P,,(2). Thus
2r

Hence (3b) holds. U

LEMMA 4.10. For each L € PL and each polynomial r, there exists GapL
Sfunctions g : X — Nand h : ¥* — N such that, for all x € ¥*,

(1) if xp.(x) = b, then 1 — 2-r(lzl) < % <1, and
(2) if xp.(x) # b, then 0 < % < 9-(lzl),

PROOF. Let L € PL and f be a GapL function witnessing, in the sense of
Proposition 4.1, the membership of L in PL. Then, for every x € ¥*, the absolute
value of f(z) is at least one. Let m be a polynomial such that, for every z € ¥*,
the absolute value of f(x) is at most 22D Let r be an arbitrary polynomial.
Define:

h(z) = Bpa))r(e) (f(2)),
9z, 1)) = An(a))r(a) (f(2)), and
9((2,0)) = Bu(alr(e) ([ (@) = Am(a ez (f (2))-
Then, for every z € ¥*, g((z,0)) + g({(z, 1}) h(z). For every z € ¥*, by
n(f(

Part 1 of Lemma 4.8, we have S, (j2)),r () (f(2)) = (”375 and since g((x,0)) +

g((x, 1>) = h(l’), 1-— Sm(|x|)yr(‘x|)(f(.%‘)) = g(}if )> So, by Lemma 4.8, it follows

that 1 — 2-(leh < W < 1if f(z) > 0, and 277D > % > 0 if

f(z) < 0. Since 7(2( )>) =1- 7(29&1))), we have 1 — 27 7(2l) < 79%2()») <1

if f(z) <0, and 27"(2) > % > 0if f(x) > 0. Now it remains to prove
that both g and h are in GapL, which is easy because of the closure properties of
GapL under addition and multiplication of up to polynomial length. We leave that
verification as an exercise for the reader. U

TuEOREM 4.11. PLPL — pL,
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PrROOF. Let L € PLPL such that NV is a non-deterministic O(log n)-space
bounded oracle Turing machine which obeys the Ruzzo-Simon-Tompa oracle ac-
cess mechanism as described in Section 1.1.6 in Chapter 1 and which makes oracle
queries to a language A € PL to correctly decide if an input string x € X* is in L
or not, where X is the input alphabet. We use Fﬁ (z) to denote the answer sequence
that the oracle A provides to N on input . Let p be a polynomial bounding the
running time of V. Let ¢ be a polynomial such that, for every z € 3%,

o accya(z) < 2907D and

o 2 € L& accya(x) > 290zD-1,
Let m be a polynomially bounded function, as defined above, that maps each in-
teger n to the number of queries that N makes on each input of length n. Then
m(n) < p(n) for all n. For each x € ¥* and w, |w| = m(|z]), let a(z,w) de-
note the number of accepting computation paths that M on input « would have if
for every i, 1 < i < m(|z|), the oracle answer to the i'* query of N on input =
is taken to be yes if the i bit of w is a 1, and it is no if the 7*" bit of w is a 0.
Then, for every = € ¥*, a(z, T4 (2)) = accya(x), and for every w € X(2]),
alz,w) < 24(I1) We now define a GapL function d such that on any given input
string x € ¥*, we have z € L if and only if d(z) > 0.

By Lemma 4.10, there exists non-negative function ¢ € GapL and a strictly
positive function h € GapL such that, for all z € ¥* and b € {0, 1},

| grlal) < 9({z,b))

< 1i =
he) < 1if xa(z) =0, and
0< M < 277D otherwise.
h(z)

Define, for each z € X*,
s@@y= > alzw) ] 9(esw)
|w|=m(|z|) 1<i<m(|=|)

and

t(:L‘) = H h(yoc,z)
1<i<m(|z])
We claim that for every x € %,

s(x) 1
N a(lz]) 1_,‘
rel & t( ) 2

To prove the claim let = € >*. First suppose that x € L. For w = Fﬁ, the fraction

ngigm(\xp 9((Yair wi))
t(x)

1_ m(|x’)2_min{r(|yz,1|)7'“7r(|yz,m(|z|) D}

k(z,w) =

is at least
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Because m is bounded by p, because r is a natural polynomial, and because the
machine N is a length-increasing query generator, the above amount is at least

1 — p(|z|)2~PleD=alzD=1 - 1 _ 9=alleh—1,

Note that in the summation expression of s(x), there exists a computation path
which corresponds to some w such that the bits of w are consistent with the se-
quence of oracle replies F]“\‘,(x). For other every other w, we always add non-
negative numbers to s(z) irrespective of whether w = I'4(z) or not. Moreover, w
is a non-deterministically chosen string of polynomial length, and so we get that

s(z) € GapL. Thus the fraction % is at least
2d(lz)=1(1 — g=allzh=1) — ga(lzh-1 _

1
T
Next suppose that x ¢ L. For w = I'Y, (2, w) < 1 and oz, w) = accya(r) <
24(l#1) — 1. For other w of length m(|z|), a(z,w) < 290#D) and
Kz, w) < 9=man{r (Ya,1) 57 (|Yz,m (|2 )}

Because m is bounded by p, because r is a natural polynomial, and because the
machine N is a length-increasing query generator, the above number is at most
2-Peh=allz)=1 " Since the number of w, [w| = m(|z|), such that w # T4 (z) is
om(lzl) — 1 < op(lel) % is less than

9d(lz))=1 _ 1 4 op(lzl)g—p(lz))—a(lz))=1 — 94(lz)—-1 _ 1 4 9—a(lz)~1 < ga(jz)~1 _ 1

- 2
Thus the claim holds.
Now define
d(z) = 4s(x) — (2907+1 — 1)e(2).

Then, for every z € ¥*, z € L if and only if d(z) > 0. Clearly d € GapL which
proves our theorem. Il

4.2.1. An alternate proof of NL C PL.
THEOREM 4.12. C_L C PL.

PROOF. Let L C »* and let . € C_L. Let f € GapL be such that for any
input z € ¥* we have « € L if and only if f(x) = 0. Let L1 = {z € ¥*|f(z) >
0} and let Ly = {z € ¥*|f(x) < 0}. Itis easy to note that x € L if and only if
both of the following two conditions are false:

1.is f(x) > 0, equivalently = € Ly,

2.1s f(z) < 0, equivalently = € Lo.

Clearly L; € PL. Determining if f(x) > 0 is therefore possible using a
logarithmic space bounded deterministic Turing machine that has access to L as
an oracle. Next to determine if f(x) < 0 let us consider the function h(z) =
—(2f(x) 4+ 1). Using Theorem 4.11 it follows that A € GapL. We now observe
that if z € Ly then f(x) < 0 and so h(z) > 0. Conversely, if ¢ Lo then
f(z) > 0and so h(x) < 0. As aresult we get Ly € co-PL. Using Corollary 4.2 it
follows that Ly € PL. Consider L' = L; U Loy. Then it follows from Theorem 4.4
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that ' € PL. Now a logarithmic space bounded deterministic Turing machine that
has access to L' as an oracle can therefore determine if the input € X* is such

that f(x) = 0. This shows that C_L C LPL. However LPL ¢ pLPL = pL by
Theorem 4.11 from which we get C_L C PL. O

Notes

The complexity class PL was defined by John Gill in [Gil77]. The definition of
PL which we have stated in Definition 2.31 is drastically different from the defini-
tion given by John Gill in [Gil77]. We state a definition of PL from [AQ96] as fol-
lows: PL is defined to be a complexity class of languages A for which there exists
a probabilistic Turing machine (in the sense of [Gil77]; that is, a Turing machine
with access to a source of unbiased random bits), such that on input = the machine
never uses more than log |x| space, and = € A if and only if the probability that the
machine reaches an accepting configuration is greater than one half. As mentioned
in [AO96], the source of the difficulty in analyzing PL is because probabilistic
logspace machines can perform useful work after exponentially many computation
steps. However H. Jung in [Jun85] has shown that at least in the unbounded er-
ror model (which defined the class PL), the polynomial time restriction causes no
loss of power. In other words, H. Jung has shown that the probabilistic Turing ma-
chine associated with any language A € PL can be assumed to be running in time
which is polynomial in the size of the input. Eric Allender and Mitsunori Ogihara
in [AO96] have given a simpler proof of this Jung’s Theorem in [AO96, Theorem
6]. Also our definition of PL stated in Definition 2.31 is shown to be equivalent to
the conventional definition of PL using Jung’s Theorem by Eric Allender and Mit-
sunori Ogihara in [AO96, Proposition 3]. As a result we use their proposition to
define the complexity class PL. [AO96] also show some more interesting closure
properties of PL such as the closure of PL under logspace conjunctive truth-table
reductions and logspace disjunctive truth-table reductions which use low degree
polynomials defined by [BRS95].

Results shown in Section 4.1 that PL is closed under complement, union and
intersection are derived from the results shown in the polynomial time setting for
the complexity class PP in [For97, Section 4.4] by Lance Fortnow. The framework
of low-degree polynomials to approximate the sign of a GapL function used by
Mitsunori Ogihara in [Qgi98] which leads us to prove in Theorem 4.11 that the
complexity class PL is closed under PL-Turing reductions is obtained from the
polynomial time counting classes setting and it is due to Richard Beigel, Nick
Reingold and Daniel Spielman in [BRS95].



CHAPTER 5

Complete problems and Hierarchies

In this chapter we list the set of problems that are logspace many-one com-
plete for various logarithmic space bounded counting classes we have studied in
Chapters 1 to 4.

5.1. Problems logspace many-one complete for NL

2SAT (Satisfiability of 2-CNF Boolean formulae)

INSTANCE: Boolean formula ¢ in the 2-CNF.

QUESTION: Is there an assignment of Boolean values for the variables of ¢ that
is a satisfying assignment for ¢?

REFERENCE: Theorem 2.25.

DSTCON (Directed st-connectivity)

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s,t € V.

QUESTION: Is there a directed path from s to ¢ in G?

REFERENCE: Theorem 2.7.

SLDAGSTCON (Simple Layered Directed Acyclic Graph st-connectivity)
INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s,t € V where the vertices in G are arranged as a square matrix such that
there are n rows and every row has n vertices. Any edge in this graph is from a
vertex in the i’ row to a vertex in the (i + 1)*' row, where 1 < i < (n — 1) and
n > 2. Also s is a vertex in the first row and ¢ is a vertex in the last row of G.
QUESTION: Is there a directed path from s to ¢ in G?

REFERENCE: Theorem 2.10.

5.2. Problems logspace many-one complete for C_L

ExactDSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s1, %1, s2,ty € V, where at least three vertices in {s1, s2, t1, t2} should be
necessarily distinct.

QUESTION: Is the number of directed paths from s; to ¢; equal to the number of
directed paths from ss to to in G?

REFERENCE: Follows from Definition 2.32 and the definition of GapDSTCON

87
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given below.

ExactSLDAGSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, sy, %1, s2,to € V, where the vertices in GG are arranged as a square matrix
such that there are n rows and every row has n vertices. Any edge in this graph is
from a vertex in the i’? row to a vertex in the (i + 1)** row, where 1 < i < (n — 1)
and n > 2. Also sy, so are vertices in the first row and ¢, to are vertices in the last
row of G such that at least three vertices in {s1, $2,t1,t2} should be necessarily
distinct.

QUESTION: Is the number of directed paths from s; to ¢; equal to the number of
directed paths from ss to to in G?

REFERENCE: Follows from Definition 2.32 and the definition of GapSLDAGST-
CON given below.

5.3. Problems logspace many-one complete for {L

fDSTCON (sharp Directed st-connectivity)

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s,t € V.

QUESTION: Count the number of directed paths from s to ¢ in G?
REFERENCE: Proposition 2.15.

#SLDAGSTCON (sharp Simple Layered Directed Acyclic Graph st-connectivity)
INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s,t € V, where the vertices in GG are arranged as a square matrix such that
there are n rows and every row has n vertices. Any edge in this graph is from a
vertex in the i’ row to a vertex in the (i + 1)** row, where 1 < i < (n — 1) and

n > 2. Also s is a vertex in the first row and ¢ is a vertex in the last row of G.
QUESTION: Count the number of directed paths from s to ¢ in G?

REFERENCE: Proposition 2.16.

5.4. Problems logspace many-one complete for GapL

GapDSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s1, %1, s2,ty € V, where at least three vertices in {s1, s2, t1, t2} should be
necessarily distinct.

QUESTION: Find the number of directed paths from s; to £; minus the number of
directed paths from ss to to in G?

REFERENCE: Follows from fDSTCON defined above and Lemma 2.49.

GapSLDAGSTCON
INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, si,t1, s2,to € V, where the vertices in G are arranged as a square matrix
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such that there are n rows and every row has n vertices. Any edge in this graph is
from a vertex in the 7' row to a vertex in the (i + 1)*! row, where 1 < i < (n —1)
and n > 2. Also sy, so are vertices in the first row and ¢, to are vertices in the last
row of G such that at least three vertices in {s1, $2,¢1, 2} should be necessarily
distinct.

QUESTION: Find the number of directed paths from s; to ¢; minus the number of
directed paths from ss to to in G?

REFERENCE: Follows from §SLDAGSTCON defined above and Lemma 2.49.

5.5. Problems logspace many-one complete for Mod ;L

Mod;, stGapDSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, $1,t1, s2,to € V, where at least three vertices in {s1, s2, t1, t2} should be
necessarily distinct.

QUESTION: Is the (number of directed paths from s; to ¢; minus the number of
directed paths from ss to t9 in (=) not divisible by k, where k € N and k£ > 2?
REFERENCE: Follows from Definition 3.1, fDSTCON, Proposition 2.33 and us-
ing elementary modulo arithmetic as in Lemma 3.22.

Modj, stGapSLDAGSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, si,t1, So,to € V, where the vertices in G are arranged as a square matrix
such that there are n rows and every row has n vertices. Any edge in this graph is
from a vertex in the 7! row to a vertex in the (i + 1)* row, where 1 < i < (n —1)
and n > 2. Also sy, so are vertices in the first row and ¢1, to are vertices in the last
row of G such that at least three vertices in {s1, S2,¢1, %2} should be necessarily
distinct

QUESTION: Is the (number of directed paths from s; to ¢; minus the number of
directed paths from ss to to in (G) not divisible by k, where k € N and k > 2?
REFERENCE: Follows from Definition 3.1, {SLDAGSTCON, Proposition 2.33
and using elementary modulo arithmetic as in Lemma 3.22.

Mod;. stPath

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s,t € V.

QUESTION: Is the number of directed paths from s to ¢ in GG not divisible by £,
where k£ € N and k > 2?

REFERENCE: Follows from Definition 3.1, fDSTCON and the proof of Theorem
3.38.

Mod; stSLDAGSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s,t € V, where the vertices in GG are arranged as a square matrix such that
there are n rows and every row has n vertices. Any edge in this graph is from a



90 5. COMPLETE PROBLEMS AND HIERARCHIES

vertex in the i’ row to a vertex in the (i + 1)*' row, where 1 < i < (n — 1) and

n > 2. Also s is a vertex in the first row and ¢ is a vertex in the last row of G.
QUESTION: Is the number of directed paths from s to ¢ in G not divisible by k,
where &k € N and k > 2?

REFERENCE: Follows from Definition 3.1, fSLDAGSTCON. Similar to the logspace
many-one completeness of ModystPath for Mod,L.

5.6. Problems logspace many-one complete for ModL

ModDSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s,t € V.

QUESTION: Is the number of directed paths from s to ¢ in G not divisible by £,
where k = |g(x)| for some g € FL and = = (G, s,t)?

REFERENCE: Follows from Definition 3.16, fDSTCON and Lemma 3.22.

ModGapDSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, si,t1, s2,t2 € V, where at least three vertices in {s1, s2, t1,t2} should be
necessarily distinct.

QUESTION: Is the (number of directed paths from s; to ¢; minus the number of
directed paths from s to t3 in ) not divisible by k, where k = |g(z)| for some
g€ FLand z = (G, s,t)?

REFERENCE: Follows from Definition 3.16 and {DSTCON.

ModGapSLDAGSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, si,t1, s2,ts € V, where the vertices in G are arranged as a square matrix
such that there are n rows and every row has n vertices. Any edge in this graph is
from a vertex in the 7' row to a vertex in the (i + 1)*! row, where 1 < i < (n —1)
and n > 2. Also sy, so are vertices in the first row and ¢1, to are vertices in the last
row of G such that at least three vertices in {s1, $2,¢1, %2} should be necessarily
distinct.

QUESTION: Is the (number of directed paths from s; to £; minus the number of
directed paths from s; to t2 in ) not divisible by k, where k = |g(z)| for some
g € FLand x = (G, s,t)?

REFERENCE: Follows from Definition 3.16 and iDSTCON.

ModSLDAGSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, s,t € V, where the vertices in GG are arranged as a square matrix such that
there are n rows and every row has n vertices. Any edge in this graph is from a
vertex in the i row to a vertex in the (i + 1)** row, where 1 < i < (n — 1) and
n > 2. Also s is a vertex in the first row and ¢ is a vertex in the last row of G.
QUESTION: Is the number of directed paths from s to ¢ in G not divisible by &,
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where k = |g(x)| for some g € FL and z = (G, s,t)?
REFERENCE: Follows from Definition 3.16, fSSLDAGSTCON and Lemma 3.22.

5.7. Problems logspace many-one complete for PL

ProbDSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, $1,t1, s2,to € V, where at least three vertices in {s1, s2, t1, t2} should be
necessarily distinct.

QUESTION: Is the number of directed paths from s; to ¢; minus the number of
directed paths from s9 to t5 in G greater than 0?

REFERENCE: Follows from Definition 2.31.

ProbSLDAGSTCON

INSTANCE: Directed graph G = (V, E') which is given in terms of its adjacency
matrix, sy, %1, s2,ts € V, where the vertices in GG are arranged as a square matrix
such that there are n rows and every row has n vertices. Any edge in this graph is
from a vertex in the i’" row to a vertex in the (i + 1)** row, where 1 < i < (n — 1)
and n > 2. Also sy, so are vertices in the first row and ¢1, to are vertices in the last
row of G such that at least three vertices in {s1, $2,t1,t2} should be necessarily
distinct.

QUESTION: Is the number of directed paths from s; to ¢; minus the number of
directed paths from ss to to in GG greater than 0?

REFERENCE: Follows from Definition 2.31.

5.8. Closure properties of logarithmic space bounded counting classes

We summarize the most important closure properties of language based loga-
rithmic space bounded counting classes shown in Chapters 2 to 4 as Table 5.1.

5.9. Logarithmic space bounded counting class hierarchies

In exploring the power and limitations of logarithmic space bounded counting
classes, it is a practice to define logarithmic space bounded counting class hierar-
chies for every logarithmic space bounded counting class.

DEFINITION 5.1. Let X be the input alphabet and let NLH; = NL. For¢ > 2,
we define NLH; as the class of all languages L C X* such that there exists a
O(logn) space bounded non-deterministic oracle Turing machine M that has
access to a language A € NLH;_; as an oracle and we have = € L if and only
if accpya(x) > 0, where n denotes the size of the input. Here we assume that
M submits queries to the oracle A according to the Ruzzo-Simon-Tompa oracle
access mechanism. The non-deterministic logspace hierarchy, denoted by NLH, is
defined as

NLH = U;>1NLH;
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Complexity Closure property
class of logspace C-
languages union | complement | intersection | Turing Turing
C U L N reduction | reduction
NL v v v v v
C_L v unknown unknown | unknown | unknown
Mod, L,
p € Nisa v v v v v
prime.
MOdkL,
k€ Nisa v unknown unknown | unknown | unknown
composite.
v
ModL unknown | assuming unknown | unknown | unknown
NL = UL
PL v v v v v

TABLE 5.1. Fundamental closure properties of logarithmic space
bounded counting classes. Here, v' denotes that we have shown
that property for the corresponding complexity class in Chapters 1
to 4.

DEFINITION 5.2. Let ¥ be the input alphabet and let Mod,LH, = Mod,L,
where p € N and p is a prime. For i > 2, we define Mod,LH, as the class
of all languages L C X* such that there exists a O(logn) space bounded non-
deterministic oracle Turing machine M/ that has access to a language A € Mod, L
as an oracle with A € Mod,LH, , and we have € L if and only if acca(x) #
0(mod p), where p € N, p is a prime and n denotes the size of the input. Here we
assume that A/“ submits queries to the oracle A according to the Ruzzo-Simon-

Tompa oracle access mechanism. The modulo-prime logspace hierarchy, denoted
by Mod,LH is defined as,

MOdpLH = UileOdpLHi,
where p € N and p is a prime.

DEFINITION 5.3. Let X be the input alphabet and let PLH; = PL. For¢ > 2,
we define PLH; as the class of all languages L. C X* such that there exists a
O(logn) space bounded non-deterministic oracle Turing machine M that has
access to a language A € PL as an oracle with A € PLH;_; and we have x € L if
and only if accsa(z) > 0, where n denotes the size of the input. Here we assume
that M4 submits queries to the oracle A according to the Ruzzo-Simon-Tompa
oracle access mechanism. The probabilistic logspace hierarchy, denoted by PLH is
defined as,

PLH = U;>1PLH;
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DEFINITION 5.4. Let 3 be the input alphabet and let Modi,LH; = ModL,
where kK € N and k£ > 2. For ¢ > 2, we define Mod;LLH; as the class of all lan-
guages L C 3* such that there exists a O(logn) space bounded non-deterministic
oracle Turing machine M4 that has access to a language A € Mod;LH;_; and we
have accya(xz) # 0(mod k), where k € N, k& > 2 and n denotes the size of the
input. Here we assume that A/“ submits queries to the oracle A according to the
Ruzzo-Simon-Tompa oracle access mechanism. The modulo-k logspace hierarchy,
denoted by ModyLH is defined as,

Mod,LH = Uz'ZlMOdkLH@';
where £ € Nand k > 2.

THEOREM 5.5. Let C be any of the following logarithmic space bounded
counting classes: NL or Mod, L, where p € N and p is a prime, or PL.

CH = UiZICHi =C.

PROOF. Let C be NL or C_L or Mod, L, where p € N and p is a prime, or PL.
We know from the results shown in Chapters 1 to 3 which is summarized in Table
5.1 that each of these complexity classes denoted by C is closed under C-Turing
reductions. It is trivial from the definition of CH that CH;=C. We now use induction
on ¢ > 1 and assume that CH; = C and consider CH;; ;. The remaining part of
this proof easily follows from the definition of CH using the result that C is closed
under C-Turing reductions and from our inductive assumption that CH;=C. U

Since it is not known whether ModL is closed under the Mod;L-Turing re-
ductions, where £ € N and £ > 2 is a composite number, we cannot show that
Mod;LH = ModL in Theorem 5.5.

5.10. Hierarchies and Boolean circuits with oracle gates

We recall the definition of standard unbounded fan-in basis from Definition
1.21, admissible encoding scheme from Definition 1.23, and family of L-uniform
circuits from Definition 1.24.

DEFINITION 5.6. We define B1(C) = {—, (A\")nen, (V")nen, C} as the stan-
dard unbounded fan-in basis with oracle gates for C, a complexity class of lan-
guages.

DEFINITION 5.7. Let B;(C) be a standard unbounded fan-in basis with oracle
gates for the complexity class of languages C, and let s,d : N — N. We define
the complexity class, SIZE-DEPTHg, (¢)(s, d) as the class of all sets A C {0,1}"
for which there is a circuit family (C),)nen over the basis B1(C) of size O(s) and
depth O(d) that accepts A.

We recall the definition of Up,-AC? from Definition 1.25.

DEFINITION 5.8. Let C be any of the following logarithmic space bounded
counting classes: NL or Mod,L, where p € N and p is a prime, or PL. We de-
fine L-uniform ACY(C, ), denoted by Up-AC(C, ), as the class of all languages
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computable by circuits, L-uniform SIZE-DEPTHp, (¢y(q(n), O(1)) over the basis
B1(C) such that there are no more than ¢ oracle gates for C in any directed path

from an input gate to an output gate in any circuit, where ¢(n) is a polynomial in
n and n is the size of the input. We define Up-AC®(C) = U;>oUL-AC?(C, ).

It is easy to note that Up-AC” C Up-AC°(C,0) C Up-AC%(C) and C C Ug-
ACY(C, 1) C UL-ACY(C) follow from Definitions 1.25 and 5.8.

THEOREM 5.9. Let C be any of the following logarithmic space bounded
counting classes: NL or Mod,L, where p € N and p is a prime, or PL. Ug-
AC(C) = CH. In particular, for i > 1 we have Ur,-AC°(C, i) = CH,.

PROOF. We know from Theorem 5.5 that CH = C. Also, it follows from
Definition 5.8 that C C Up,-AC%(C) which proves that CH C Up,-ACY(C).

Conversely, we know that UL-ACY C C. Now, consider the class Up,-ACY (C,1).
We want to show that Up-AC°(C, 1) C CHj.

Let L € Ur-ACY(C, 1) and let (Cy,),en be a L-uniform circuit family accept-
ing L. Therefore the admissible encoding scheme C,, of C,, is computable in space
O(logn) when 1™ is given as an input. Clearly it follows from the Definition 5.8
that there is at most 1 oracle gate C on any directed path from an input gate to an
output gate in C,,, where n > 1.

It is easy to note that given an admissible encoding scheme C,, of C,, we can
assume without loss of generality that any two sub-circuits of C, with the C oracle
gate as the root do not have any gate in common. This is easy to observe since
C', is a constant depth circuit and a O(log n) space bounded deterministic Turing
machine can obtain C,, when given 1" as input and also make sufficiently many
copies of Boolean gates and assign predecessors from the successive levels using
C,, such that this property is preserved for all sub-circuits with the C oracle gate as
the root. Using this assumption it follows that a O(log n) space bounded determin-
istic Turing machine can also compute inputs to the oracle gate and it writes the
input on the oracle tape of a C oracle. We assume that the deterministic O(logn)
Turing machine similarly submits all the queries to the C oracle that are possible
and it also gets the membership replies from C oracle. Once again based on the
L-uniform circuit description, and using oracle replies it is possible for a O(log n)
space bounded deterministic Turing machine to compute the output of C), on the
given input. Since the entire computation of evaluating a Ur,-AC°(C, 1) circuit that
decides if an input string of length n is in L is in L¢ and C is closed under logspace
Turing reductions (Table 5.1), it follows that Up,-AC%(C, 1) C C.

We now use induction on i and assume for i > 1 that Up,-AC%(C, i) C CH; and
consider the class Up,-AC%(C,4 + 1). We want to show that Up,-AC%(C,i + 1) C
CH;41. The proof for this step is similar to the base case. It uses the inductive
assumption and the property of C that CH; = C which follows from the collapse of
CH to C shown in Theorem 5.5, which in turn is implied by the property of C that
it is closed under C-Turing reductions (Table 5.1). Thus we get the proof. U
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COROLLARY 5.10. Let C be any of the following logarithmic space bounded
counting classes: NL or Mod,L, where p € N and p is a prime, or PL. Up-

ACY(C) =C.
Exercises

(1) Define the ModL hierarchy, denoted by ModLH.
(2) Define the L hierarchy, denoted by fLLH and show that ModLH = #LH.

Notes

LjiL _ LGupL _ LModL

- PL

FIGURE 5.1. The landscape of complexity classes contained in
NC2. In this figure, thick line between two complexity classes Cy
and Co denotes that C; C Co. Dashed line above a complexity
class C denotes that C =co-C (in fact C is closed under C-Turing
reductions). Here p1,pa > 2 are primes and k > 6 is a composite
number that has more than one distinct prime divisor and pa|k. We
assume that the circuit complexity classes are L-uniform circuit
complexity classes.
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In exploring the power and limitations of logarithmic space bounded count-
ing classes, it is a routine exercise to define logarithmic space bounded counting
class hierarchies for every logarithmic space bounded counting class that has been
defined. These hierarchies are similar to the well known Polynomial Hierarchy
(PH) which is defined based on the complexity class NP. Our definitions and
collapse results on hierarchies for C_L, PL and Mod,L in Section 5.9 is from
[AO96, Ogi98, ABO99, HRV00]. Theorem 5.9 was shown for C = PL and
C = C_L in [AO96]. We note that using [Vol99, Theorems 2.18 and 2.32] it
is possible to show that we can evaluate Uy, -NC! circuits in L.

Pause to ponder. Now what happens if instead, we define the fL. hierarchy or
a complexity class of logspace uniform constant depth Boolean circuits that also
contains oracle gates for #LL functions? This has also been well studied by Eric
Allender and Mitsunori Ogihara in [AQ96]. Let us now define fLH which is based
on functions in L [AO96]:

Let X be the input alphabet and let fLH; = fL. For ¢ > 2, we define §LH;
to be the class of all functions f : ¥* — Z™ such that there exists a O(logn)-
space bounded non-deterministic oracle Turing machine MY that has access to a
function g : ¥* — Z* as an oracle with g € §LH,_; and f(x) = accpss (), where
n denotes the size of the input. Here we assume that MY submits queries to the
oracle function g according to the Ruzzo-Simon-Tompa oracle access mechanism.
The counting logspace hierarchy, denoted by fLLH is defined as,

fLH = Ui>1 IjLHZ

An interesting question is, does the §LLH collapse? Few points with regard to
this question are as follows:

(1) In [Co085], Stephen A. Cook proves that the following four linear alge-
braic problems of computing the determinant of an integer matrix, com-
puting the entries of the powers of an integer matrix, computing the en-
tries of the iterated product of a set of integer matrices, and computing the
entries of the inverse of an integer matrix are all L-uniform NC!-Turing
equivalent (refer to [Co085] for the definition of L-uniform NCl-Turing
reduction).

(2) Eric Allender and Mitsunori Ogihara have shown that L-uniform ACO
(L) = £LH in [AO96].

(3) Let us now assume that L-uniform NC! (L) = L-uniform AC°(fL).

(4) As we will see in Corollary 6.48 in Chapter 6 of this monograph, it is well
known that computing the determinant of integer matrices is logspace
many-one complete for GapL.

(5) So shall we expect all the four problems introduced by S. A. Cook in
[Co0085] to be logspace many-one equivalent which will imply that these
four problems are also logspace many-one complete for GapL? If so,
then as a consequence of results shown by Eric Allender, it implies that
L-uniform NC!(§L) = GapL which will mean that §LH collapses to
GapL.



CHAPTER 6

The complexity of computing the determinant

6.1. Permutations

Let Q@ = {1,...,n}. A permutation on € is a one-to-one and onto mapping
from (2 to itself. The set of all permutations of € is denoted by .S,,, and it is easy
to see that |S,,| = nl.

PROPOSITION 6.1. S, forms a group under the operation of composition of
mappings, which we call as multiplication of permutations, and we say that S, is
the symmetric group of degree n on €.

Given § € S, and s € Q, let s denote an element s € €2 such that §(s) = s’
Similarly, let s6* denote the element s” € Q such that §*(s) = s”, where ¢ > 1.

PROPOSITION 6.2. If 0 € S, and s € Q, then there is the smallest positive
integer t depending on 0 and s such that s0' = s.

DEFINITION 6.3. Given # and s €  such that s6' = s, let x; = s6, where
1 <i <t Theset{z,...,x} is called the orbit of s under 6.

PROPOSITION 6.4. If 6 € S,,, s,s" € Q and A is the orbit of s under 6 and A’
is the orbit of s’ under 0, then either A = A’ or AN A" = (.

PROOF. s’ € A if and only if s € A’. Therefore, we have either A = A’ or
ANA =0. O

DEFINITION 6.5. Given 6 and s € € such that s8 = s, let us consider the
orbit A = {1, 29,..., 24} of s under 6, where z; = s0°. Let {y1,v2,...,%:} be
elements of A arranged in the increasing order. We define the orbicycle containing
s under the permutation 6 to be (y16 y20 - - - y0).

LEMMA 6.6. Every permutation 6 € S,, can be uniquely expressed as a prod-
uct of its orbicycles.

PROOF. Since orbicycles are formed from orbits, it is clear from Proposition
6.4 that given two orbicycles, either they are equal or there does not exist any z € {2
which is in two different orbicycles.

If we consider an orbit A = {x1,72,...,2;} of s under §, where x; = s,
1 <4 < t, and its orbicycle (y10 y26 - - - y0) as a permutation in S, then it
permutes elements of A and point-wise fixes every element of €2 which is not in A.
As a result, considering orbicycles of 6 as individual permutations, if we multiply
all orbicycles of 6 we get 0. By re-ordering orbicycles of 6 based on the least

97
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element in each orbicycle we get that every permutation § € S,, can be uniquely

expressed as a product of its orbicycles. O
EXAMPLE 6.7. (Even permutation) Let 2 = {1,...,9}. Consider the permu-
tation,

g_ (1234567809
54876 1329)

Orbit of 1 under §# = {5,6, 1}, orbit of 2 under § = {4,7,3,8,2} and orbit of 9
under § = {9}. Orbicycle containing 1 under § = (5 6 1), orbicycle containing 2
under = (4 8 7 3 2) and orbicycle containing 9 under § = (9). It is easy to see
that 0 = (56 1)(48 73 2)(9).

EXAMPLE 6.8. (Odd permutation) Let 2 = {1,...,9}. Consider the permu-

tation,
0 — 1 2 3 45 6 78 9
“\1 8 7 46 25 39/

Orbit of 1 under § = {1}, orbit of 2 under 6 = {8,3,7,5,6, 2}, orbit of 4 under
0 = {4} and orbit of 9 under # = {9}. Orbicycle containing 1 under § = (1),
orbicycle containing 2 under # = (8 7 6 2 5 3), orbicycle containing 4 under
6 = (4) and orbicycle containing 9 under § = (9). It is easy to see that 8/ =
(1)(876253)(4)(9).

DEFINITION 6.9. We say that an orbicycle is a 2-orbicycle if s0 # s, 6% = s
for some s € Q, and s'0 = &', for all ' € Q such that s # s" and s # s'.

THEOREM 6.10. Every orbicycle can be uniquely expressed as a product of
2-orbicycles. Every permutation can be uniquely expressed as a product of 2-
orbicycles.

PROOF. Consider an orbit A = {21, 7,...,2;} of s under §, where z; = s',
1 < i < t, and its orbicycle (y10 y20 - - - y0). Then, 6 is the product of
2-orbicycles (y10 y1) (y160% 1) - - - (y10'~! 1) in this order.

Since orbits of any two elements in €2 is either the same or both are disjoint,
using Lemma 6.6, it is easy to see that every permutation can be uniquely expressed
as a product of 2-orbicycles, maintaining their order. 0

COROLLARY 6.11. Every orbicycle can be uniquely expressed as a product
of (I — 1) 2-orbicycles, where 1 is the number of elements of ) in the orbit of
the orbicycle. Every permutation 0 can be uniquely expressed as a product of
ot (li — 1) 2-orbicycles, where l; denotes the number of elements in the orbit of
the it orbicycle, and m denotes the number of orbicycles of 0.

DEFINITION 6.12. A permutation is said to be an even permutation if it is a
product of an even number of 2-orbicycles.

DEFINITION 6.13. A permutation is an odd permutation if it is not an even
permutation.
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LEMMA 6.14. A permutation can be expressed as the product of an even num-
ber of 2-orbicycles if and only if it cannot be expressed as the product of an odd
number of 2-orbicycles.

PROOF. Consider the polynomial in n variables
p(x1, ... xn) = H(xz — xj).
i<j

If 6 € S, let @ act on the polynomial p(z1,...,z,) by

0:p(xy,... ,xn) = H(wz - ﬂUj) — H(xe(i) - 959(]'))-

i<j i<j
It is clear that 0 : p(z1,...,z,) — £p(x1,...,2,). For instance, in Ss, if =
(341)(52), then 6 takes
p(z1,...,x5) = (x1—z2)(21 — x3)(x1 — 24)(T1 — T5)

X (xe — x3)(x2 — x4) (T2 — T5)

X (x3 — xq)(x3 — 5)

X (4 — x5)
into

(w3 — x5) (w3 — w4) (w3 — 1) (w3 — 22) (w5 — 24)(w5 — 21) (w5 — @2) (¥4 — 71)
X(.’L‘4 — .’L‘Q)(xl - xg),
which can be easily verified to be —p(x1,...,x,).

In particular, if 6 is a 2-orbicycle, then 0 : p(z1,...,2,) = —p(X1,...,2n).
Extending this observation, since a permutation which is a 2-orbicycle is an odd
permutation, if 6 is an odd permutation, then 6 : p(z1,...,z,) — —p(z1,...,xy).

Thus, if a permutation 6 can be written as a product of an even number of 2-
orbicycles, then § must leave p(z1,...,z,) fixed. So any other way of writing ¢
as a product of 2-orbicycles must be such that it leaves p(x1, .. ., x,) fixed; which
implies that 6 is always a product of an even number of 2-orbicycles. U

Based on Lemma 6.14 we obtain the following.

LEMMA 6.15. (1) The product of two even permutations is an even per-
mutation.
(2) The product of an even permutation and an odd permutation is an odd
permutation.

(3) The product of two odd permutations is an even permutation.

EXAMPLE 6.16. Let Q = {1,...,9} and let # be the permutation in Example
6.7. It is easy to see that the orbicycle containing 1 under § = (56 1) = (51)(6 1)
and therefore this orbicycle is an even permutation. Similarly, the orbicycle con-
taining 2 under § = (48 73 2) = (4 2)(7 2)(3 2)(8 2) and therefore this or-
bicycle is also an even permutation. The orbicycle containing 9 under 6 has zero
2-orbicycles and therefore this orbicycle is also an even permutation. It is easy to
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see that 6 = (5 1)(6 1)(4 2)(7 2)(3 2)(8 2). Since 6 is a product of only even
permutations it follows that € is also an even permutation.

EXAMPLE 6.17. Let Q@ = {1,...,9} and let # be the permutation in Ex-
ample 6.8. It is easy to see that the orbicycle containing 1 under 6 has zero 2-
orbicycles and so this orbicycle is an even permutation. Similarly the orbicycle
containing 4 is an even permutation and the orbicycle containing 9 is also an even
permutation. However the orbicycle containing 2 under ' = (8 76 25 3) =
(82)(32)(72)(52)(6 2) which means that this orbicycle is an odd permutation. It
is easy to see that 6 = (8 2)(3 2)(72)(5 2)(6 2). Since in writing 6’ as a product
of its orbicycles, we have odd number of odd permutations it follows that, 6’ is an
odd permutation.

THEOREM 6.18. Let A, denote the set of all even permutations in S,,. A, is
a normal subgroup of S,, of index 2 under multiplication of permutations, and it is
called as the alternating group of degree n.

PROOF. A,, is a group since the product of two even permutations is an even
permutation.

Let W be the group of real numbers —1 and 1 under multiplication. Define
Y : S, — Wby () = 1if 6 is an even permutation, ¢)(6) = —1 if § is an odd
permutation. Using Lemma 6.15 it is easy to see that ¢ is a homomorphism onto

W. The kernel of 1 is precisely A,,. Therefore A,, is a normal subgroup of S,,. As

a consequence, (i—’;) ~ W which implies, o(W) =2 = o (i—z) = g((j:)) This

completes the proof. O

DEFINITION 6.19. Given a permutation 6 € S, let p denote the number of
2-orbicycles in . We define the sign of #, denoted by sgn(#), as (—1)P.

PROPOSITION 6.20. Let 0 be an even permutation. sgn(0) = 1. Let o be an
odd permutation. sgn(o) = —1.

DEFINITION 6.21. Given an orbicycle (y16 y20 - - - y0) of a permutation
6 on Q = {1,...,n}, we say that a pair (y;0,y,0) is an inversion if y;,6 > ;0
whenever y; < y;. The number of inversions in 6 is equal to the sum of the
number of inversions in its orbicycles.

THEOREM 6.22. (1) Given a permutation 0 € Sy, let i denote the num-
ber of inversions in 0. sgn(6) = (—1)".
(2) Given a permutation 0 € S, sgn() is equal to the determinant of the
permutation matrix of 6.

PROOF. (1) Consider the proof of Lemma 6.14 and p(z1,...,z,) defined
therein. Clearly, if a permutation 6 is an even permutation, since it is a product
of an even number of 2-orbicycles it leaves p(x1, ..., z,) fixed. Otherwise if 6 is
an odd permutation, then 0 : p(z1,...,z,) — —p(21,...,Ty,). In other words,
if # is an even permutation, then # contains even number of inversions among el-
ements of {2 when it is written as a product of its orbicycles due to which ¢ maps
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p(z1,...,xy,) toitself. On the other hand, if 6 is an odd permutation, then 6 con-
tains odd number of inversions among elements of {2 when it is written as a product
of its orbicycles due to which it maps p(z1, . . ., ) to —p(x1, . .., 2, ). This shows
that sgn(0) = (—1)*™d2) = (—1)’, where i is the number of inversions in 6.

(2) Follows from the definition of the determinant of a matrix in equation (6.1)
given below, and since the matrix is only a permutation matrix whose entries are
only 0 and 1. O

EXAMPLE 6.23. In continuation with Example 6.16, sgn(f) = 1. Also the
number of inversions in § = (2 4 8) = 10, which is an even number. It is easy to
see that sgn(6) = (—1)'° = 1. If we consider the permutation matrix of 6, it is

b

I
SO OO OO oo
O OO OO O OO
OO OO OO OO
OO OO OO OO
OO OO OO OO
OO OO OO OO
DO DD OO, OO O
OO OO OO+ OO
OO OO OO o oo

Clearly, det(A) = 1.

EXAMPLE 6.24. In continuation with Example 6.17, sgn(0') = —1. Also the
number of inversions in #’ = 13, which is an odd number. It is easy to see that
sgn(0') = (—1)' = —1. If we consider the permutation matrix of ¢, it is

A/

I
OO OO OO OO
SO O OO OoOOoOoO
OH O OO OO oo
SO OO OOO
SO OO OO oo
OO OO OO OO
SO OO OO+ OO
DO OO OO OO
— OO oo oo oo

Clearly, det(A’) = —1.

6.2. Mahajan-Vinay’s Theorems on the Determinant

We recall the definition of the determinant of a matrix. Let A € R™*". We

define the determinant of A as:
n

det(A) = Z sgn(a)Haw(i). (6.1)

oESy i=1
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In this chapter, given a matrix A € R"*", we view A as a directed graph
such that the weight of the directed edge (i, j) is equal to the entry A(i, j),
where 1 < i,j < n. If A(i,j) = 0, then the directed edge (i, j) does not
exist in the directed graph.

PROPOSITION 6.25. Let A € R™" and let

0 —-A
ol

Then, det(A) = det(B).

Note that if B € R2"*2" in Proposition 6.25 is viewed as a directed graph,
then there does not exist self-loop on any vertex in the directed graph represented
by B. We need this important property to prove our results.

DEFINITION 6.26. Let G be a directed graph on n vertices. A cycle is a se-
quence of k distinct vertices C' = (v1,v2, ..., vk) such that (v;,vit1), (g, v1) €
E(G),wherel1 <i<k—1landk <n.

DEFINITION 6.27. Let G be a directed graph on n vertices. Given a cycle
C = (v1,v2,...,vk) in G, we define the length of C' as k and it is denoted by
1(C).

DEFINITION 6.28. Let G be a weighted directed graph on n vertices such that
w : E(G) — R is a weight function on the edges of G. Given a cycle C' =
(v1,v2,...,v,) in G, we define the weight of the cycle as w(C) = Hf‘:l w(e;),
where e¢; = (v;, vi11), for1 <i <k —1and e, = (vg,v1).

DEFINITION 6.29. Let GG be a directed graph on n vertices. Given a cycle
C = (v1,v9,...,v) in G such that vy < v; forall 1 < i < k, we say that v is the
head of the cycle C' and it is denoted by h(C).

DEFINITION 6.30. Let G = (V, E) be a directed graph on n vertices. A
walk W = (vy,va,...,v;) in G is a clow (abbreviation for “closed-walk™) starting
from the least numbered vertex v; and ending at the same vertex such that there
is exactly one incoming edge (v;,v1) € E(G) for v; in the clow and exactly one
outgoing edge (v1,v2) € E(G) for vy in the clow, and (v;, viy1) € E(G), where
1<i<k-—1.

DEFINITION 6.31. Let G = (V, E) be a directed graph on n vertices and let
W = (v1,va,...,v;) be aclow in G. We define the length of the clow TV as the
number of edges in the clow, and it is denoted by (V).

DEFINITION 6.32. Let GG be a weighted directed graph on n vertices such that
w : E(G) — R is a weight function on the edges of G. Given a clow W =
(v1,v2,...,v;) in G, we define the weight of the clow as w(W) = Hle w(e;),
where e¢; = (v;, vi41), for 1 <i <k —1and ex = (vg,v1).
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DEFINITION 6.33. Let G = (V, E) be a directed graph on n vertices and let
W = (v1,v2,...,v;) be aclow in G such that the vertex vy is the least numbered
vertex in . We define v; as the head of the clow W and it is denoted by h(W).

In a directed graph, it is easy to see that every cycle is a clow.

PROPOSITION 6.34. Let G = (V, E) be a directed graph on n vertices and let
W = (v1,v2,...,v;) be a clow in G. Then vy occurs exactly once in the clow.

DEFINITION 6.35. Let G = (V, F) be a directed graph. A clow sequence W
of G is a sequence of clows W = (C1, ..., C}) such that the sequence is ordered
based on heads of clows, that is head(C}) < head(C3) < --- < head(C%), and
every vertex of G is in at least one Cj;, where 1 <1 < k.

A directed graph can have infinitely many clow sequences; for example, see
Figure 6.1.

DEFINITION 6.36. Let G = (V, E) be a directed graph and let W = (C1, ...
, Ck) be a clow sequence of G. We define the length of the clow sequence W as
the sum of the lengths of the clows in )V and it is denoted by [(WV).

DEFINITION 6.37. Let G = (V, E) be a weighted directed graph such that
w : ' — Ris a weight function on the edges of G. The weight of a clow sequence
W = (Ch,...,Cp) is defined as w(W) = [[1~; w(C;).

DEFINITION 6.38. Let G = (V, E) be a directed graph. A clow sequence
W = (Ch,...,Cy) is acycle cover of G if every Cj is a cycle and there does not
exist any vertex which is common to C; and C;, where 1 < 4,5 < kand ¢ # j.

DEFINITION 6.39. Let GG be a directed graph on n vertices. Let x, y1, ..., 9 €
{1,...,n} and o € S, such that (y10 y20 - - - y,0) is the orbicycle of = under
o. We say that the orbicycle of x under o satisfies the graph G if (y;, y;0) € E(G)
forall1 <7 <t.

DEFINITION 6.40. Let (G be a directed graph on n vertices. A permutation o
in S, is called an orbicycle cover of G if every orbicycle of o satisfies G.

LEMMA 6.41. Let G be a directed graph on n vertices. If a clow sequence
W = (C1,...,C%) is a cycle cover of G then we can obtain o € S, from VW
which is an orbicycle cover of G. Conversely, if o € Sy, is an orbicycle cover of G
then we can obtain a clow sequence YV from o which is also a cycle cover of G.

There exists a one-to-one and onto mapping between cycle covers of G and
permutations in Sy, which are orbicycle covers of G.

PROOF. Let W = (C4,...,C}) be a clow sequence which is also a cycle
cover of G. W is a collection of cycles such that head(C1) < head(Cs) < --- <
head(C,). Let i; denote [(C;). Zle iy=mnand 1 <i; <n,where 1l <i <k.

Let C; = (i1, .., ), where u; 1 = head(Cy), uj; € V, 1 < wyj < n,
1<i<kand1<j<i<n1<I<Fk

Define 0 : V. — V such that for 1 < i < k, o(u;j) = w1 if 1 < 5 < g
and o(u;;) = u;1. Since W is a cycle cover, individual clows of W are cycles



104 6. THE COMPLEXITY OF COMPUTING THE DETERMINANT

and each vertex of G is in exactly one cycle in WW. Therefore, o is a permutation
of V(G). It is easy to see from the definition of o that if we write o as a product
of orbicycles then every orbicycle satisfies (G. This implies that 0 € S, is an
orbicycle cover of G which we have obtained from W.

Conversely if ¢ is an orbicycle cover of G, then it follows from the definition
of an orbicycle cover (Definition 6.40) that every orbicycle of o satisfies G. We
therefore obtain cycles in G corresponding to each orbicycle. By arranging vertices
in each cycle with the head of the cycle as the least numbered vertex, and ordering
the collection of cycles based on their heads, we in turn obtain a clow sequence
which is also a cycle cover of G.

It is easy to see that this mapping between cycle covers of G and permutations
in S,, which are orbicycle covers of G is in fact a one-to-one and onto mapping. [

DEFINITION 6.42. Let GG be a directed graph on n vertices.

(1) Let W = (C4,...,C%) be a cycle cover in G and let 0 € S, be the
permutation of V' (G) which we obtain from W such that o is an orbicycle
cover of G. We define the sign of the cycle cover W as sgn(o).

(2) We define the sign of a clow sequence W = (C1, ..., C}) which is not
a cycle cover, called the clowsign of W and denoted by clowsgn (W), as
(—=1)"™ where 0 < m < k is the number of components of ¥V which does
not include fixed point cycles that are clows in VV. We say that VWV is a
clow sequence that has positive sign if m is even; otherwise m is odd and
W is called as a clow sequence that has negative sign.

If W is a cycle cover then WV is also a clow sequence. Therefore, without loss
of generality we denote the sign of a cycle cover W also as clowsgn(W).

THEOREM 6.43. Let A € R™*"™ be the adjacency matrix of a weighted directed
graph G. Then,

det(4) = Z clowsgn(C)w(C). (6.2)

C:a cycle cover

PROOF. It follows from the definition of determinant of A given in equation
6.1, the definition of the weight of a cycle cover (Definition 6.32) and the definition
of the clowsign of a cycle cover as the sign of the permutation of the vertices of G
obtained from the cycle cover (Definition 6.42). U

THEOREM 6.44. (Mahajan-Vinay, Theorem A) Let A € R™*" be the ad-
Jacency matrix of a weighted directed graph G such that A(i,i) = 0 for all
1 <7 < n. Now,

det(A) = Z clowsgn(W)w(W). (6.3)

W:a clow sequence
PROOF. Given the matrix A € R™*™  our assumption in the statement of this
theorem that A(i,7) = 0, for all 1 < i < n, is very important for its proof which

follows below. We prove this theorem by showing that the contribution of clow
sequences that are not cycle covers is zero on the right-hand side of the above
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FIGURE 6.1. This figure is a directed graph G; =
(Vi, En). The following are clow sequences of Gi:
G = ((1,2,3,4),(2,3,4,5)), C2 = (1,2,3,4,5,2,3,4),
Cs = ((1),(2,3,4,5)). Note that Cs is a cycle cover of Gj.
It is easy to note the following facts about clows of these
clow sequences in Gp: [((1,2,3,4)) = 1((2,3,4,5)) = 4,
1((1,2,3,4,5,2,3,4)) = 9 and [((1)) = 1. Here
w(C1) = w(C2) = 19200 and w(C3) = —120. Since C3 is
a cycle cover we can obtain from Cs, the following orbicycle
cover permutation denoted by o, of the vertices of (G; based on the
traversal of vertices of the individual cycles of C3: (1)(3 4 5 2).
It is easy to note that if o is written as a product of 2-orbicycles
then o = (3 2)(4 2)(5 2). Since there are an odd number of
2-orbicycles it follows that sgn(C3) = —1. Clearly there are 3
inversions in o (3 > 2,4 > 2,5 > 2). So we once again infer that
sgn(o) = —1. Also we note the permutation matrix correspond-
ing to o has determinant is —1. We get clowsgn(C;) = 1 while
clowsgn(C2) = —1 and clowsgn(C3) = —1. The determinant
of the adjacency matrix of G1=120. Note that G; has infinitely
many clow sequences, each of which can be obtained by starting
from the vertex 1 and iteratively including edges from the cycle
(2, 3,4, 5) without ending a clow using the edge (4, 1).

equation. Consequently, only cycle covers contribute to the summation yielding
exactly the determinant of A using Theorem 6.43.

We define a mapping called an involution (denoted by ¢) on the set of clow
sequences of G. An involution ¢ on a set is a bijection with the property that ¢?
is the identity map on the set. The involution that we define has the domain to be
the set of all clow sequences. Also (? is the identity mapping on the set of all clow
sequences, ¢ maps a cycle cover to itself and otherwise maps a clow sequence W
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FIGURE 6.2. This figure is a directed graph Go = (Va, E3).
The following are clow sequences, which are cycle covers of Ga:
Cr = ((1),(2),(3)), C2 = ((1),(2,3)), C3 = ((1,3,2)), and
Cs = ((1,3),(2)). Examples of clow sequences which are not
cycle covers of Go: C5 = (1,3,2,3,2) and Cs = (1,3,2)(2,3).
Here l(Cl) = Z(Cz) = l(Cg) = Z(C4) = 3 and Z(C5) = Z(CG) = 5.
Also w(Cy) = —4, w(C2) = 3, w(C3) = 18, w(Cy) = —3, and
w(Cs) = w(C¢) = 54. Permutations that we obtain from Ci,
Ca, Cs, and Cy are (1)(2)(3), (1)(32), (312), and (32 1) re-
spectively. Therefore, clowsgn(Ci) = 1, clowsgn(Cs) = —1,
clowsgn(Cs) = 1 and clowsgn(C4) = —1. Also, clowsgn(Cs) =
—1 and clowsgn(Cs) = 1. The determinant of the adjacency ma-
trix of (3 is 14 and it satisfies the equation 6.2 in Theorem 6.43.
Also note that equation 6.3 in Theorem 6.44 is also satisfied.

to another clow sequence ¢(W) such that VW and ¢(WV) have the same weight but
opposite clowsigns as follows.
Let W = (C1,...,C),) be a clow sequence. Now, choose the smallest 1 <

i < m such that in W, we have (C;y1,...,C)y,) is a set of vertex disjoint cycles
in G. If ¢ = 0 then any such clow sequence )V is a cycle cover and the involution
o maps W to itself. Otherwise, if such an 1 < ¢ < m exists, then we traverse the
clow Cj starting from the head until at least one of the following two possibilities
occur:

(1) we visit a vertex that touches one of the cycles in (Cjt1,...,Chn),

(2) we visit a vertex that is a part of a cycle within Cj.

Without loss of generality, we consider the first such vertex and let it be v. It is
not difficult to note that some vertex v might satisfy both of these above stated
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possibilities simultaneously. If the clow C; has such a vertex v we employ case
1 that follows when considering any such vertex v. We now consider these two
possibilities:

Case 1: (merging of clows) Suppose v touches C;. We map W to a clow
sequence

W = (Ch,...,Ci_1,C},Cis1r...,Ci—1,Cs1, ..., Crm).

The modified clow sequence C! is obtained by merging C; and C; as follows:
insert the cycle C; into Cj at the first occurrence (from the head) of v. For ex-
ample, let C; = (8,11,10,14) and C; = (9,10,12). Then the new clow is
(8,11,10,12,9,10, 14). Figure 6.3 illustrates the mapping.

head head

! -
[\

N

| ) N\ | 2
o 7§ = t\{?x
N\ _y/f\:
-,

Case 1 Case 2

FIGURE 6.3. Pairing clow sequences of opposite signs

The head of C/ is clearly the head of C;. The new sequence has the same
multiset of edges and hence the same weight as the original sequence. It also has
one component less than the original sequence WV .

Case 2: (splitting of clows) Suppose v completes a cycle C in C;.

We now modify the sequence W by deleting C' from C; and introducing C' as a
new clow in an appropriate position, depending on the minimum labeled vertex in
C, which we make the head of C. For example, let C; = (8,11,10,12,9, 10, 14).
Then C; changes to (8,11, 10, 14) and the new cycle (9, 10, 12) is inserted in the
clow sequence.

To show that the modified sequence continues to be a clow sequence, note that
the head of C is greater than the head of C}; hence C' occurs after C;. Also the
head of C' is distinct from the heads of C; (i < j < m) since v does not touch
any of the clows C; (i < j < m) for otherwise we would have merged clows as
mentioned in case 1. In fact, C is disjoint from all cycles Cj ( < j < m) . Further
the new sequence has the same multiset of edges and hence the same weight as
the original sequence. It also has exactly one component more than the original
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sequence. Figure 6.3 illustrates the mapping. In the new clow sequence, vertex v
in cycle C7 would have been chosen by our traversal, and it satisfies case 1.

In both of the above cases, the new clow sequence constructed maps back to the
original clow sequence. Therefore the mapping is a weight preserving involution.
Furthermore, the number of clows in the original sequence and in the new sequence
in both these cases differ by one and there are no length 1 cycles in G. So they have
opposite clowsigns. As a result the contribution of the weight of clow sequences
which are not cycle covers on the right hand side in the statement of this theorem
get canceled. This completes the proof. U

6.2.1. Constructing a special weighted layered directed acyclic graph H.
Given a n X n matrix A, we define a weighted layered directed acyclic graph H
with three special vertices s, ¢4 and ¢_ that will satisfy the following property:

det(4) = > wlp)— > w(n). (6.4)
pis~ty n:s~~t_

Here the weight of a walk is simply the product of the weights of the edges appear-
ing in it. The idea is that there exists a one-to-one mapping from the set of all cycle
covers of positive sign of the directed graph G represented by the matrix A to the
set of all walks s ~» 74 in H. Similarly there exists a one-to-one mapping from
the set of all cycle covers of negative sign of the directed graph G represented by
the matrix A to the set of all walks s ~» t_ in H. To prove the above statement,
given the matrix A € R™*", we first obtain the matrix B € R?"*?" using Propo-
sition 6.25 such that B(i,i) = 0, where 1 < i < 2n. Therefore, without loss of
generality for the rest of this section, we assume that the input matrix A € R™*"
and A(i,1) = 0, for all 1 < ¢ < n. In other words, if G denotes the directed graph
represented by A then there are no self-loops on vertices in G.

We can view the directed graph H in 3-dimensions as follows: there exists a
vertex s above and in between the two 3-dimensional cubes of dimension n X n xn
each, and two other vertices £_ and ¢ below the two cubes. The cube above the
vertex ¢4 is called as the O-cube and the cube above the vertex ¢_ is called as the
1-cube. Every vertex in the two 3-dimensional cubes of this graph H is represented
by a 4-tuple: (p, i, h,u). The 15¢ component p of the 4-tuple (p, i, h,u) of a vertex
denotes if a path which starts from s is in the O-cube or the 1-cube. The 2"¢
component ¢ of the 4-tuple (p, i, h,u) of a vertex denotes the layer in which the
path that is traversed starting from s is present. The 3"¢ component h of the 4-
tuple (p, i, h,u) of a vertex denotes the head of the clow that is traversed in G.
The 4" component u of the 4-tuple (p, i, h,u) of a vertex denotes the vertex of
the clow in GG with head h that is traversed. The set of vertices of H is therefore
{s,t4,t_} U{[p,i, h,ul|lp € {0,1}, h,u,i € {1,...,n}}.

We will traverse walks that are clow sequences in the directed graph G rep-
resented by A. This is mapped to directed paths in H starting from s. If a clow
sequence in G has a clow with head h and the clow we are traversing is in vertex
u then it is mapped to a vertex (p, i, h, u) in H. The first n edges of any such clow
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sequence is mapped to paths from s in H and these paths have either {_ or ¢, as
the destination vertex.
The edge set of H consists of the following edges:
(1) (s,[0,1,h,h]) for h € {1,...,n}; this edge has weight 1,
2) ([p,i,h,ul,[p,i + 1,h,v]) if i < n and v > h; this edge has weight
Alu,v),
3) ([p, i, h,ul,[p,i + 1,h',h']) if i < n and ' > h; this edge has weight
A(u, h),
4) ([1,n, h,u],t_). Here, if u > h and the directed edge (u, h) exists in the
directed graph G represented by A then this edge exists and it has weight
A(u, h), and
(5) ([0,n, h,u],ts). Here, if u > h and the directed edge (u, h) exists in the
directed graph G represented by A then this edge exists and it has weight
A(u, h).
In this definition of H, if we have not created a directed edge from a vertex a to a
vertex b or that we have not mentioned the weight of the directed edge (a, b) then
the weight of the directed edge (a,b) in H is assumed to be 0. Given the original
matrix A € R™ ", after reducing A to B as in Proposition 6.25 and obtaining H,
we have the number of vertices in H is 2(2n) + 3 = 16n® + 3 and the number
of edges in H is at most 4n*. Without loss of generality, in this weighted layered
directed acyclic graph H, we say that there are (n + 2) layers, vertex s is in the
layer 0, vertices ¢ and ¢_ are in the layer n + 1, and the vertex [p, i, h, u] is in the
layer ¢, where 1 < ¢ < n. Since H is a weighted layered directed acyclic graph, it
follows that any walk from s to ¢4 in H is actually a directed path. Similarly any
walk from s to £_ in H is actually a directed path.

6.2.2. Facts about directed paths from s in the special directed graph H.

(1) Any directed path from s always starts from a vertex (represented by the
4-tuple [0, 1, h, h]) in layer 1 of the O-cube. In the starting vertex of the
cubes, (h, h) denotes that we are starting to traverse a walk in G which is
in fact a clow sequence and that h is the head of the clow and we are at
present in h.

(2) The second component of a vertex [p, i, h, u] also denotes the layer of the
cube we are at present in. It also denotes (1+the number of edges that we
have traversed in the clow sequence of G).

(3) If we are traversing a clow sequence of G, then it is first mapped to a
directed path in H starting from s. Also we traverse the edges of the
directed graph H for only the first n edges of the clow sequence of G.
This is important since every cycle cover of G has exactly n edges and
such a mapping of the first n edges of clow sequences to directed paths
from s suffices for us to prove Theorem 6.45.

(4) In the mapping from traversing a clow sequence in G to a directed path
from s in H, we trace a directed path in H connecting vertices along edges
which alternate between the vertices of the O-cube and the 1-cube of H.
This is due to premise (2) in the definition of H in Section 6.2.1.
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(5) If aclow of a clow sequence ends then we start the next clow of the clow
sequence in the next layer of the same cube of the directed graph H as
defined in the premise (3) in the definition of H in Section 6.2.1.

(6) Premises {(4) and (5)} deal with the layer n of the cubes and state those
edges that have non-zero weight which connect from the n'” layer of the
cubes to vertices ¢4 and £_.

6.2.3. Determinant, the special directed graph H and GapL.

THEOREM 6.45. (Mahajan-Vinay, Theorem B) Ler A € R™*" and let H be
the weighted layered directed acyclic graph described above. Then,

det(4d) = Y w(p)— > win). (6.5)

pis~ty i8>t

PROOF. To prove this theorem, as mentioned in Section 6.2.1, given the matrix
A € R™™, we first obtain the matrix B € R?"*2" using Proposition 6.25 such
that B(i,7) = 0, where 1 < i < 2n. Therefore, without loss of generality for the
rest of this proof, we assume that the input matrix A € R™*" and A(¢,7) = 0, for
all 1 < ¢ < n. In other words, if G denotes the directed graph represented by A
then there are no self-loops on vertices in G.

Case 1: We first show that there exists a one-to-one mapping from the set of
all cycle covers of positive clowsign in the directed graph G represented by the
matrix A into the set of all paths s ~» ¢, in H. Similarly there exists a one-to-one
mapping from the set of all cycle covers of negative clowsign in the directed graph
G represented by the matrix A into the set of all paths s ~» ¢_ in H.

Let W = (C4,...,C%) be a cycle cover of G. Clearly, C; are a collection of
vertex disjoint cycles such that h(Cy) < h(C3) < --- < h(Cj). Using Lemma
6.41, it follows that cycle covers of G whose weight is non-zero yield permuta-
tions of vertices of G whose weight is non-zero and the same weight respectively.
Clearly the clowsign of a cycle cover is the sgn of the permutation which we obtain
from the cycle cover. It follows from the definition of H that from s we move to
the vertex [0, 1, hy, h1] and the weight of this edge is 1. In the sequence of vertices
visited along this path, the first component denotes the cube we are at present in.
The second component is the layer of the cube we are present in. It also denotes
1+the number of edges that we have traversed in the clow sequence of (G and it is
monotonically increasing. Also the third component is the head of the clow that is
traversed in GG and this component is also monotonically non-decreasing and takes,
say k distinct values hy, ..., h;. Consider the maximal segment of the directed
path in this clow with the third component ;. The fourth component on this max-
imal segment is a vertex of the clow with the head h; in G. When this clow is
completely traversed, a new clow with a larger head must be started. Depending
on whether we have the clowsign of the cycle cover is positive or negative, we end
the directed path which started from s in ¢4 or in ¢_ respectively. This is precisely
modeled by the edges of H. Clearly, the weight of the path from s to ¢4 or to t_
is equal to the weight of the cycle cover which is the product of the weights of the
edges in the cycle cover. Also no two distinct cycle covers of the same clowsign
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will yield the same directed path from s to vertices t_ or ¢. Since it is not possible
to either merge clows (which are in fact pair of individual disjoint cycles) in cycle
covers or to split clows (individual cycles) in cycle covers, we get this mapping to
be a one-to-one mapping.

Case 2: We consider the case of a clow sequence VW = (C1, ..., C)) which is
not a cycle cover. Such clow sequences are not fully traversed by the directed path
that starts from s since any directed path in H is of length only n + 1 and its first
edge from s to a vertex in layer 1 of the O-cube is not a part of the clow sequence.
As a result only the first n edges of the clow sequence are traversed using edges
of, say a s ~» ¢4 path in H. We observe here also using the same argument as
in the case of cycle covers that no two partial clow sequences, which are different
and form only the first n edges of the actual clow sequences of GG, will result in the
same directed path from s to ¢4 or from s to ¢_.

We note that if a clow of a clow sequence which has length > n does not end
a clow at the n'" edge, then the weight of the clow sequence is 0. This property is
preserved due to the definition of H and its edges from the layer n to vertices ¢ or
t_. Based on if £ is even or odd, and hence the sign of V is positive or negative
respectively, we will demonstrate that there exists a directed path from s to ¢ or
from s to ¢t_, respectively in H.

Now, without loss of generality, let us consider a clow sequence VV of negative
clowsign which is not a cycle cover and the partial clow sequence Y/’ obtained
using the first n edges of this clow sequence W such that the n‘" edge of W ends
a clow in W. Using the merge operation on a pair of clows or the split operation
on a clow of W, we can therefore obtain another partial clow sequence YW such
that w(W') = w(W") and clowsgn(W') and clowsgn(W'") are opposite to each
other.

Claim: We claim that the number of negative partial clow sequences that we
can obtain starting from any such partial clow sequence W' containing exactly
n edges of a clow sequence )V is equal to the number of positive partial clow
sequences that we can obtain starting from the same partial clow sequence W' of
the clow sequence W.

Assuming that the above claim is true, it is easy to see that all these partial clow
sequences, irrespective of their sign, have the same weight. As a result an equal
number of positive partial clow sequences and negative partial clow sequences will
cancel each other in the right-hand side of the equation in the theorem statement
as in the proof of Theorem 6.44, yielding the fact that any non-zero contribution
to the equation is always because of the sign and weight of cycle covers only. Our
theorem therefore follows from Theorem 6.43.

Proof of claim: To prove our statement regarding partial clow sequences that
contains exactly n edges, we first define a relation ~ on such partial clow sequences
such that any two partial clow sequences WV, and W are related if and only if we
can obtain W, from W) using a merge operation on a pair of clows of W or a
split operation on a clow of W;. It is clear that ~ is symmetric. Also W; and W,
have the same number of edges n and the same weight. However their signs are
opposite to each other.
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We now define a bipartite graph G’ whose set of vertices is the set of all such
partial clow sequences that are related by the relation ~ such that partial clow
sequences of positive clowsign are in one partition U and partial clow sequences
of negative clowsign are in the other partition V. Also we put a directed edge from
avertex u € U to a vertex v € V or vice-versa if the two partial clow sequences
represented by these two vertices u and v are related according to ~. It is clear that
since there are no self-loops in the directed graph represented by the input matrix
A, we do not obtain a partial clow sequence of the same clowsign following a merge
operation of a pair of clows of a partial clow sequence or a split operation of a clow
of a partial clow sequence. As a result any directed edge in G’ is always from a
vertex in one partition to a vertex in the other partition. So our graph G is bipartite.
Note that ~ is symmetric and so whenever there exists a directed edge between two
vertices in G’, there exists a back edge also. Therefore we can treat this bipartite
graph G’ as an undirected bipartite graph. Also this undirected bipartite graph G’ is
connected since any partial clow sequence represented by a vertex is always related
to any other partial clow sequence by a sequence of merge or split operations and
so there exists an undirected path connecting any two vertices in G'.

Now, for any vertex v € U, let m denote the number of pairs of clows in the
clow sequence represented by u that can be merged. Similarly let s denote the
number of clows in the clow sequence represented by w that can be split. Then
degree of u is m + s. Let p = m + s. It is easy to observe that if v € V is a
neighbour of u in G’ then the degree of v is also p. In fact the undirected bipartite
graph G’ is (p, p)-regular. Using a simple counting argument on the number of
edges in G’ along its partitions U and V, we can show that any such (p, p)-regular
undirected bipartite graph G’ has the same number of vertices in both the partitions
U and V. This shows that the number of partial clow sequences of positive sign and
the number of partial clow sequences of negative sign that can be obtained from
any such partial clow sequence W' are equal from which the claim follows. U

THEOREM 6.46. Let A € Z™*". Computing det(A) is in GapL.

PROOF. It is easy to see that given matrix A as input, we can obtain the adja-
cency matrix of the weighted layered directed acyclic graph H defined in Section
6.2.1 in using space which is logarithmic in the size of A. As a result it follows that
the proof of Theorem 6.45 actually shows that the problem of computing det(A) is
logspace many-one reducible to the problem GapDSTCON which is shown to be
complete for GapL in Chapter 4. This completes the proof. O

THEOREM 6.47. Let A € Z"*". Computing det(A) is logspace many-one
hard for GapL.

PROOF. In Chapter 4, we have shown that the problem GapSLDAGSTCON is
logspace many-one complete for GapL. Let (G, s,t4,t_) be an input instance of
GapSLDAGSTCON. Let n denote the number of layers in G. We assume without
loss of generality that GG is not an empty graph. We have to compute the quantity D,
which is number of directed paths from s to £ minus the number of directed paths
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from s to t_ in G. We show that it is possible to obtain a matrix A in O(log N)
space such that det(A) = D, where N is the size of the input instance.

For this, first we obtain a new graph G’ from G as follows. We first replace
each directed edge in G which exists between vertices of adjacent layers in G by
a directed path of length 2 such that both these edges have weight 1. We then
add a vertex x and the following edges of weight 1: {(¢4,s), (t—,x), (x, s)}, and
self-loops having weight 1 on all vertices of G’ except s. Clearly G’ contains
(2n — 1) layers, where the (2n — 1) layer contains (n + 1) vertices including .
G’ contains (n? + |E(G)| + 1) vertices. Also G’ contains (2| E(G)| + 3) ordinary
edges, (n? + |E(Q)|) self-loops. Therefore G’ contains (n? + 3| E(G)| + 3) edges.
Since the graph G’ is still a weighted layered directed graph, we assume that the
vertices in G’ are labeled by a pair of indices (i, j) such that the vertex (,j) is
the j" vertex in layer i, where 1 < i < 2(n — 1) and 1 < j < n. The vertex
s is in the first layer of G’, and vertices ¢, and ¢_ are in the last layer of G’. We
also assume an ordering of the vertices first based on the layers and then from the
left-most vertex to the right-most vertex in each layer.

It follows from the definition of G’ that each s ~» ¢ path in G corresponds
to a cycle of odd length in G’ which contains s and ¢,.. Due to self-loops on all
vertices of G’ except s, using self-loop on any vertex which is not in this directed
cycle, we therefore get a cycle cover in G’. Using Lemma 6.41 it follows that
every such cycle cover in turn yields an even permutation of vertices of G'. As
a result the sign of every such permutation is positive. Similarly, each s ~» t_
path in G corresponds to a cycle cover of even length in G’ which in turn yields a
permutation of the vertices of G’ of negative sign in G’. Conversely, we note that
any cycle cover in G’ should have a cycle containing s and since there is no self-
loop on s, any cycle which contains s should contain the vertex ¢ and the directed
edge (¢4, s), or the cycle should contain both vertices = and ¢_ and directed edges
(t—,z) and (z, s). We have therefore shown that there exists a directed path from
s to t4 in G if and only if there exists a cycle cover in G’ containing s and ¢..
Similarly, there exists a directed path from s to ¢_ in G if and only if there exists a
cycle cover in G’ containing s and vertices x and £ _.

Let A denote adj(G’), the adjacency matrix of G'. It is also easy to note that
the weight of the cycle cover in G’ is equal to the product of edge weights which
is the product of entries of A. Since any newly added edge to GG used to obtain
G’ has weight 1, it follows from the definition of the determinant (equation 6.1),
Theorem 6.43 and Theorem 6.45 that det(A) equals D. Since we can obtain the
matrix A from the input instance of GapSLDAGSTCON using at most O(logn)
space, where n is the size of the input instance, we have proved our theorem. [

COROLLARY 6.48. Let A € Z™*"™. Computing det(A) is logspace many-one
complete for GapL.

COROLLARY 6.49. Let A € Z™*"™. Computing det(A) is logspace many-one
hard for §L.

PROOF. The proof of this result is similar to Theorem 6.47. In Chapter 4, we
have shown that the problem §SLDAGSTCON is logspace many-one complete for
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.. We show that this problem is logspace many-one reducible to the problem of
computing the determinant of an integer matrix.

Let (G, s,t) be an input instance of $SLDAGSTCON. We show that it is pos-
sible to obtain a matrix A in O(logn) space such that det(A) = N, where n is the
size of the input instance and N is the number of directed paths from s to ¢ in G.
We first replace each directed edge in G which exists between vertices of adjacent
layers in G by a directed path of length 2 such that both these edges have weight 1.
We then add the following edges of weight 1: (¢, s) and self-loops having weight
1 on all vertices except s. Let the resulting directed graph be G’. Now any s ~ ¢
path in F yields a cycle cover in this new graph which further yields a permutation
of the vertices of G’. As in Theorem 6.47, here we note that permutations which
are obtained from cycle covers have positive sign. Also there are no permutations
which we obtain that have negative sign. Therefore, as in Theorem 6.47, it follows
from the definition of the determinant (equation 6.1), Theorem 6.43 and Theorem
6.45 that the number of s ~ ¢ paths in G is equal to the det(adj(G")), where
adj(G") denotes the adjacency matrix of G’. Since we can obtain A from the input
instance of fSLDAGSTCON using at most O(logn) space, where n is the size of
the input instance, our theorem follows. O

6.3. Applications of computing the Determinant

In this section, we assume familiarity with basic notions of vector spaces over
a field such as linear independence and linear dependence of vectors. We get the
following results on linear algebraic problems.

THEOREM 6.50. (1) Let A € Z"*™. Determining if det(A) = 0 is
logspace many-one complete for C_L.
(2) Givenasetofvectors S = {V1,...,Vy} with integer entries over the field

of rationals Q, determining if a column in S' is in the lexicographically
least set of linearly independent vectors in S over Q is in LC=L.

(3) Let A € Z™*". Computing the rank(A) is in LC-L.

(4) Given (A,B), where A € 7" and b € 71 determining if there

exists & € QL such that AR = b is in LC=L and it is logspace many-
one hard for C_L.

PROOF. (1) It follows from Corollary 6.48 and Definition 2.32.

(2) We use the greedy method of iteratively picking columns from S in a lex-
icographically least manner such that the rank of the sub-matrix formed
continues to increase. We simultaneously determine if the column that
we want is in the lexicographically least subset of linearly independent
columns S. Clearly, using a O(logn)-space bounded deterministic Tur-
ing machine with access to a C_L oracle, we can therefore obtain the
lexicographically least subset of columns in .S.

(3) Since we know that the rank(A) is the cardinality of the lexicographi-
cally least subset of linearly independent columns of A € Z™*" over Q
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and finding the size of this subset of columns of A is a Slf reduction to
C_L.

(4) Since the system of linear equations AX = b has a solution if and only
if matrices A and [A;b] have the same rank, it follows from Theorem

6.50(3) that this problem is in LE=L,

It follows from Theorem 6.50(1) that given A € Z"*", the problem
of determining if det(A) = 0 is logspace many-one complete for C_L.
This is equivalent to determining if the system of linear equations AX =
0 does not have any solution X € Z"*™, where 0 denotes the n X n matrix
containing only zeros. As a result the problem of determining if a system
of linear equations does not have any solution is logspace many-one hard
for C_L.

We now show that the problem of determining if a system of linear
equations has a solution is logspace many-one reducible to its comple-
ment problem of determining if a system of linear equations does not
have a solution. We claim that the system AX = b is feasible if and only
if there exists a ¥ such that ATy = 0 and BTSf' = 1. Let W be the sub-
space spanned by the columns of A. The system is feasible if and only if
b € W. From elementary linear algebra we know that b can be uniquely
written as b = ¥4 w, where ¥ is perpendicular to W (i.e., v A = 0) and
w € W. If ¥ # 0, then since v/ w = 0, we have VTb = vI'v > 0, and
we may lety = ﬁ?. Thus if AX = b is infeasible, then there exists

y such that A7y = 0 and BTSI' = 1. Conversely, if such a ¥ exists then
AR = b is infeasible. This shows that the problem of determining if a
system of linear equations has a solution is logspace many-one hard for
C_L.

O

COROLLARY 6.51. Let p € N such that p is a prime.
(1) Let A € Z™*™. Determining is det(A) # 0(mod p) is logspace many-one

complete for Mod,, L.
(2) Let A € Z"*". Computing the rank(A) over Zy, is in Mod,,L.
(3) Given a set of vectors S = {V1,...,V} with integer entries over the

field Z.,,, determining if a column in S is in the lexicographically least set
of linearly independent vectors in S over Z,, is in Mod,,L.

(4) Given (A, B) where A € 7% and b € Zm*1, determining if there ex-
ists © € Q" ! such that AX = B(mod p) is logspace many-one complete
for Mod,L.

It is unknown if GapL is closed under division. However it is possible to
use Theorem 6.50(3) and show the following result concerning division of two
functions in GapL and on rank(A), where A € Z™*".

PROPOSITION 6.52. Let A € Z™*"™. Then there exists functions g, h € GapL

such that rank(A) = %.
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PROOF. It follows from Theorem 6.50(3) that determining if rank(A) = r is
in C_L. As aresult there exists a function f € GapL such that

rank(A) =r < f(A,r) =0.

Define functions
n

g(4) = Srfan),

r=0
h(A) = > f(Ar).
r=0

Then we have g, h € GapL and rank(A) = %. O

6.3.1. Matrix problems reducible to computing the determinant. Let us
consider the following problem.

POWERELEMENT
INPUT: A € R™*" and i, j,m € Nsuch that 1 <4, j,m < n.
OUTPUT: (A™), j, the (i, j)!" entry of A™.

PROPOSITION 6.53. POWERELEMENTS%Determinant.

PROOF. Given an input instance (A, 1, j, m) of POWERELEMENT, we can
without loss of generality assume that ¢+ = 1 and j = n since it is possible to
use elementary row and column transformations to obtain a n X n matrix M from
the matrix A such that the (i, )" element of A is the (1,n)"" element of M, and
MY, :Am Soleti =1and j =n.

‘We now construct a matrix B such that A", = det(B). We interpret A as rep-
resenting a directed bipartite graph on 2n nodes That is, the nodes of the bipartite
graph are arranged in two columns of n nodes each. In both columns, nodes are
numbered from 1 to n. If entry a; of A is not zero, then there is an edge labeled
ay,; from node k in the first column to node [ in the second column. Now, take m
copies of this graph, put them in a sequence and identify each second column of
nodes with the first column of the next graph in the sequence. Call the resulting
graph as G’. The directed graph G’ has m + 1 columns of nodes. The weight
of a path in G’ is the product of all labels on the edges of the path. The crucial
observation now is that the entry at position (1,7) in A™ is the sum of the weights
of all paths in G’ from node 1 in the first column to node 7 in the last column. Call
these two nodes as s and ¢ respectively.

The graph G’ is further modified: for each edge (k, I) with label ay, , introduce
anew node v and replace the edge by two edges (k, u) with label 1 and (u, () with
label aj ;. Now all paths from s to ¢ have even length, but still the same weight.
Add an edge labeled 1 from ¢ to s. Finally, add self-loops labeled 1 to all nodes,
except t. Call the resulting graph G.

Let B be the adjacency matrix of G. The determinant of B can be expressed
as the sum over all weighted cycle covers of G. However, every cycle cover of
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G consists of a directed path from s to ¢, (due to the extra edge from ¢ to s) and
self-loops for the remaining nodes. The single nontrivial cycle in each cover has
odd length, and thus corresponds to an even permutation. Therefore, det(B) is
precisely the sum over all weighted directed paths from s to ¢ in G'. We conclude
that det(B) = (A™)1,, as desired. O

Let us consider the following problem.

ITMATPROD
INPUT: a set of n matrices Ay, ..., A, of dimension n x n each, indexes 1 <
1,7 < n.
OUTPUT: the (4, 7)™ element of the product [, A;.
PROPOSITION 6.54. We have the following.
(1) POWERELEMENT<! ITMATPROD, and
(2) ITMATPROD<! POWERELEMENT.

In other words, POWERELEMENT and ITMATPROD are logspace many-one
equivalent, denoted by POWERELEMENT=L ITMATPROD.

PROOF. It is obvious that POWERELEMENTg%ITMATPROD. Conversely,
let A;..., A, be n x n matrices, and let B be the (n? + n) x (n? + n) matrix
consisting of n x n blocks which are all zero except for Ay,..., A, appearing
above the diagonal of zero blocks. Then B" has the product A; Ay - - - A, in the
upper right corner. O

Let us consider the following problem.

MATINV

INPUT: A € R™™and i,j € Nsuchthat 1 <i,j <n.

OUTPUT: the (i,5)!" element of A~! in the form (numerator, denominator)
which is ((—1)"*7 det(A(j]i)),det(A)), where (—1)**7 det(A(j|i)) denotes the
(i,7)"" entry in the co-factor matrix of A.

PROPOSITION 6.55. POWERELEMENTS%MATINV

PROOF. Let N be the n? x n? matrix consisting of n x n blocks which are all
zero except for n — 1 copies of A above the diagonal of zero blocks. Then N” = 0
and (I, —N)'=1,+N+N2+...N" ! =

I, A A% ... Ar!
0 I, A -.. A2
0 eI,
where [,, denotes the n X n identity matrix. U

PROPOSITION 6.56. MATINV<L Determinant
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PROOF. All the entries of the co-factor matrix of the input matrix A are deter-
minants of minors of A with appropriate sign. |

THEOREM 6.57. POWERELEMENT, ITMATPROD, MATINV € GapL.

THEOREM 6.58. POWERELEMENT, ITMATPROD, MATINYV are logspace
many-one hard for L.

6.4. Logarithmic space bounded counting classes and Boolean circuits

We recall Definitions 1.27 and 1.28 from Chapter 1. It can be shown using
Theorem 6.46 that computing the determinant of an integer matrix is in the circuit-
based complexity class Up-TC' as follows. Observing the proof of Theorem 6.46,
it follows that given a matrix A € Z"*", the graph H 4 can be output in Up,-AC.
To complete the proof of the above assertion, we show that POWERELEMENT e
Up-TC! first.

We need the following standard and basic functions involving integers:

ADD

INPUT: two n bitnumbers a = a,,_1---apand b = b,,_1 - - - bg.
OUTPUT: s = s,, - - - 89, Where s =g¢f a + b.

ITADD

INPUT: n numbers in binary with n bits each.

OUTPUT: the sum of the input numbers in binary.

MULT

INPUT: two n bitnumbers a = a,,_1---agand b = b,,_1 - - - bg.
OUTPUT: the product of the input numbers in binary.
ITMULT

INPUT: n numbers in binary with n bits each.

OUTPUT: the product of the input numbers in binary.

We can without loss of generality assume that the functions that we have de-
fined are length respecting, which means the following. Let f : {0, 1}* — {0,1}*.
We say that f is length-respecting if whenever |z| = |y| then also | f(z)| = | f(y)].
Also corresponding to any length-respecting function f : {0,1}* — {0,1}*, the
notion of computing the bits of the output of the function f on any given input in
{0, 1}* is defined as follows.

DEFINITION 6.59. Let f : {0,1}* — {0,1}*, f = (f")nen, be length-
respecting. Let for every n and |z| = n the length of f"(x) be r(n). Let f]* :
{0,1}™ — {0,1} be the Boolean function that computes the i‘" bit of 7, i.e., if
["(z) = aiag---ay,) then f'(r) = a;, where 1 < i < r(n). Then, bits(f)
denotes the class of all those functions, i.e., bits(f) =qer {f/*|,7 € N,i < r(n)}.

Let FSIZE-DEPTHg, Upits (g) (n©M 1) denote the complexity class of all length-
respecting functions f : {0,1}* — {0, 1}* such that computing bits(f) is in the
complexity class SIZE-DEPTHpg, it () (n®M), 1). We also need the definition of
constant-depth reductions.
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DEFINITION 6.60. Let f,g : {0,1}* — {0, 1}* be length-respecting. We say
that f is constant-depth reducible to g if f € FSIZE—DEPTHBlubitS(g)(no(l), 1)
and it is denoted by f <.q g. Here, a gate v for a function in bits(g) contributes to
the size of its circuit with &, where k is the fan-in of v. We say that f is constant-
depth equivalent to g and we write f =cq g if f <.q gand g <q f.

It is a standard result in circuit complexity theory that MAJ=.4 ITADD=_4
MULT=,q ITMULT. As a result MULT, ITADDe U;-TCP. Therefore it follows
that given U, v € Z"*", the inner product of u and v, denoted by (u, V) is com-
putable in Up,-TC®. As a result it is clear that it is possible to compute the (i, j)*"
entry in the product of an input pair of square integer matrices in Up,-TCY. As
a consequence if we are given a set of n square integer matrices as input where
every entry in each of these matrices is of size n then we can compute the entries
in product of these matrices by combining these TCV circuits in a pairwise manner
to obtain a Boolean circuit that contains — gates, unbounded fan-in V,A and MAJ
gates and whose size is a polynomial in n and depth O(logn). Clearly this shows
that the problem of computing the (i, j )th entry of the powers of an input matrix
that has entries in Z is in Up-TC! which implies POWERELEMENT € Up-TC!.
It is also a standard fact that Up,-AC? CUp-TC. As a result, combining the Uy -
AC? circuit that many-one reduces the problem of computing the determinant of
an integer matrix to computing the difference of the (i, j)! entries of powers of
the adjacency matrix of the layered directed acyclic graph H 4, it follows that we
can compute the det(A) in C UL-TC'. We therefore get the following theorem.

THEOREM 6.61. Let A € Z™™. Computing det(A) € Up-TCL,
This result also shows the following.

COROLLARY 6.62. GapL C Up,-TCL

COROLLARY 6.63. #LH C Up-TCL

PROOF. It follows from Corollary 6.62 that fL. C Up-TC*. We therefore get
fLH, = L. C Up-TC!. We can now prove our result by showing that for i > 2,
LH, C Up-TC! using induction on the number of levels of fLH. O

Exercises

(1) Show that computing the permanent of a square integer matrix modulo 2
is logspace many-one complete for SL.

(2) Show that determining if any two linear representations M; and Ms of
linearly representable matroids over Zo represent the same matroid is
logspace many-one complete for GL.

(3) Let A € Q™™ be the input rational matrix. Show that computing a
maximal set of linearly independent columns of A over Q is in FLC=L.

(4) Let A € Q™ ™ be the input rational matrix. Show that determining
whether a column of A is in the lexicographically least set of linearly

independent columns of A over Q is in LC=L
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(5) Define the GapL hierarchy, denoted by GapLH. Show that GapLH =
#LH. Also show that GapLH = Up-AC%(GapL).

(6) Let A € Q™*™ and b € Q™. Assume that the system of linear equations
Ax = b has a solution. Show that it is possible to compute a solution x
to Ax = b in GapLH;. More precisely, show that a logspace machine
with access to a function in GapLH, as an oracle can obtain a solution x
to Ax =b.

(7) Let f(z),g9(z) € Q[x] be monic polynomials given as input in terms of
a vector of its coefficients. Show that the deg(gcd(f(z), g(z))) can be
computed in PL.

(8) Let f(z),g(x),h(z) € Q[x] be monic polynomials given as input in
terms of a vector of its coefficients. Show that we can test if h(z) =
ged(f(x). g(x)) in LEL-

(9) Let f(x),g(x) € Q[x] be monic polynomials given as input in terms of a
vector of its coefficients. Show that the coefficients of the ged(f(z), g(x))
can be computed in GapLH;. More precisely, show that a logspace ma-
chine with access to a function in GapLH, as an oracle can compute the
coefficients of the ged(f(z), g(x)).

(10) Let A € Q™ ™ be the input rational matrix. Show that it is possible
to compute the coefficients of the minimal polynomial of A in GapLH.
What is the precise complexity level of GapLH to compute the coeffi-
cients of the minimal polynomial of A?

Notes

Basic facts about permutations included in Section 6.1 of this chapter is based
on [Her75, 2.10]. We refer to [DM96, HJ13, Str06] for supplementary material
on permutations and matrices.

The notation and terminology for all the definitions and results shown in Sec-
tion 6.2 are based on the exposition and results due to Meena Mahajan and V.
Vinay in [MV97]. The necessary background on Combinatorial Matrix Theory
needed to follow results in Section 6.2 can be found in [BR91, Chapter 9]. We
have brought about significant modifications to the definition of cycle cover, clow,
clow sequence, weight of a clow, weight of a clow sequence and the sign of a clow
sequence in [MV97]. Our proof of Theorem 6.44 is based on [MV97]. Theorem
6.43 has not been stated explicitly in [MV97] even though it is very useful to com-
plete the proof of Theorem 6.45. Theorem 6.45 is stated in [MV97]. Our proof of
Theorem 6.45 is substantially different from [MV97] in view of the use of Propo-
sition 6.25. The 4-tuple used to represent a vertex in the definition of the special
weighted layered directed acyclic graph H and the definition of H is slightly dif-
ferent from the vertex definition in [MV97]. Once again Theorems 6.46 and 6.47,
Corollaries 6.48 and 6.49 are not stated in [M'V97] explicitly even though the proof
of these results have been explained.

Results shown in Section 6.3 on applications of computing the determinant are
based on problems defined and studied in [ABO99, BDH 92, HT05, Co085].
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The results on linear algebraic problems shown in this monograph is not ex-
haustive. Many more results on classifying the complexity of computing the co-
efficients of the minimal polynomial of an integer matrix [HTO03], computing the
inertia of an integer matrix [HT05, HT10], computing the gcd of the coefficients
of any two uni-variate polynomials with integer coefficients [Vij08, HT10, AV11]
have been shown to be contained in logarithmic space bounded counting classes,
especially the fLH.

We show in Section 6.4 that essentially all the logarithmic space bounded
counting classes are contained in the Boolean circuit complexity class TC!. The
notion of length-respecting functions is from [Vol99, pp. 11]. The definition of
computing the bits of a function f : {0,1}* — {0,1}* is from [Vol99, pp. 18].
The standard and basic functions defined in this section involving integers such
as ADD, ITADD, MULT and ITMULT have been shown to be equivalent under
constant-depth reductions in [Vol99, Corollary 1.45]. Exercise problems 3, 4 and
6 to 10 of this chapter are used in [AV11] to tightly classify the complexity of a
linear algebraic problem called the orbit problem using logarithmic space bounded
counting classes.

Yet another very interesting problem in computational complexity is the prob-
lem of testing if two given undirected graphs are isomorphic. In other words,
this problem known as the Graph Isomorphism problem, is about determining if
there exists a bijection ¢ between the set of vertices of a pair of undirected graphs
(G1, G2) given as input such that given any two vertices vi,v2 € V(G1) we have
(v1,v2) € E(G)) if and only if (¢(v1), ¢(v2)) € E(G2). There are many results
known that classify the computational complexity of the Graph Isomorphism prob-
lem and its restricted variants using logarithmic space bounded counting classes.
To mention a few references that contain these results, see [JKM™03, Tor04,
AKV05, JKM 06, Wag07, Tor08].



APPENDIX A

Mathematical prerequisites

A.1. Number Theory

THEOREM A.l1. (Fundamental Theorem of Arithmetic) Every integern > 1
can be uniquely represented as a product of prime powers.

DEFINITION A.2. Given integers aj, as, . . ., a, all different from 0, the least
of the positive common multiples is called the least common multiple, and it is
denoted by [a1, a9, ..., ay].

DEFINITION A.3. Let o be any real number, and let k£ be a non-negative inte-
ger. Then the binomial coefficient (z‘) is given by the formula

(a) Cala—1)--(a—k+1)
k k! ’

Suppose that n and % are both integers. From the formula we see that if 0 <
k < n then (Z) = ﬁlk),, whereas if 0 < n < k, then (Z) = 0. Here we employ
the convention that 0! = 1.

THEOREM A.4. Let S be a set containing exactly n elements. For any non-
negative integer k, the number of subsets of S containing precisely k elements is

(;):
THEOREM A.5. Let f denote a polynomial with integral coefficients. If a =
b(mod m) then f(a) = f(b)(mod m)

THEOREM A.6. Let mq, ma, ..., m, be non-zero integers. © = y(mod m;)
fori=1,2,... rifand only if z = y(mod [mq, ..., m,]).

THEOREM A.7. Ifb = ¢(mod m) then ged(b, m) = ged (e, m)

THEOREM A.8. (Fermat’s Little Theorem) Let p denote a prime. If p does
not divide a then a?~' = 1(mod p). For every integer a, a’? = a(mod p).

THEOREM A.9. (Euler-Fermat Theorem) /f gcd(a, m) = 1, then
a®™ = 1(mod m),

where ¢p(m) denotes the number of positive integers less than or equal to m that
are relatively prime to m.

7 denotes the set of integers. Z* denotes the set of non-negative integers. N
denotes the set of natural numbers. Q denotes the set of rationals. R denotes the
set of real numbers. C denotes the set of complex numbers.
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A.2. Asymptotic notation

For any real number x, we denote the greatest integer less than or equal to x
by |z ] (read “the floor of 2”") and the least integer greater than or equal to x by [z ]
read “the ceiling of 27°). Let f,g : N — ZT.

©)
2
3)

©(g(n)) = {f(n) : there exists positive constants c1, c2 and ng such that
0 <c1g(n) < f(n) < cag(n) forall n > ng}.

O(g(n)) = {f(n) : there exists positive constants ¢ and ng such that
0 < f(n) <cg(n) forall n > ng}.

Q(g(n)) = {f(n) : there exists positive constants ¢ and ng such that
0 <ecg(n) < f(n) forall n > ny}.

A.3. Basics of Algebra & notation

Order of a group G is the cardinality of G, and it is denoted by o(G).
Let GG be a finite group and let H be a subgroup of GG. The index of H in
G, denoted by [G : H], is the number of distinct left (or right) cosets of
H in G. In particular, the index of H in G is,

o(G)

o(H)

G: H| =

Let ¢ be a homomorphism of G onto G with kernel K. Then, K is a
normal subgroup of G, and GG/ K and G are isomorphic and it is denoted
by (%) ~G.

If G is a finite group and NN is a normal subgroup of G, then [G : N]
denotes the order of the quotient group G/N.

Forn € Z and n > 1, (Zy,, +) denotes the finite additive abelian group
of integers modulo n.

Forn € Zand n > 1, (Z},.,) denotes the finite multiplicative abelian
group of integers modulo n. Elements of this group are elements of Z,,
that are relatively prime to n.

If r is a prime, then (Z,, +, .,) is a finite field under addition and multi-
plication of integers modulo 7.

@ is a field under addition and multiplication of rationals and R is a field
under addition and multiplication of reals.

Forn > 1, Q" denotes the set of all column vectors with n components,
each containing a rational. We can add two vectors in Q™ and multiply
a vector in Q" by a scalar from Q. In other words, we can take linear
combinations of vectors in Q" with coefficients from Q.

A set of columns of a vector space V' over a field F is linearly dependent
if there exists a linear combination of vectors with non-zero coefficients
in F which is equal to the zero vector. Otherwise the set of columns is
linearly independent.

A set of vectors B, in a vector space V over a field [F, spans V' if every
vector in V' can be expressed as a linear combination of vectors in B with
coefficients in IF.
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A basis for a vector space V' over a field FF is a set of vectors B such that
vectors in B are linearly independent, and B spans V.
Let A € R™*"™, We define the permanent of A as:

perm(A) = ZHai:U(i)‘ (A1)

c€eS, i=1
Let A € R™ ™. We define the determinant of A as:

n

det(A) = Z sgn(o) H i, o (i) (A.2)
gESy i=1

Let A € R™*™. The characteristic polynomial of A is defined as det(AI,,—

A), where ) is a variable and I, is the n x n identity matrix.

The Cayley-Hamilton Theorem states that every matrix A satisfies its own

characteristic equation. In other words, if x(x) denotes the characteristic

polynomial of A, then x(A) = 0.

Let A € R™* ™. Roots of the characteristic polynomial of A are called as

eigenvalues of A. Clearly, the roots of A can be real or complex numbers.

Let A € R™ "™, rank(A) is defined as the maximum number of linearly

independent columns of A over R.

Let A € R"*"™. The minimal polynomial of A is the unique monic poly-

nomial of the smallest degree satisfied by A.

Let A € R™ . The minimal polynomial of A is a factor of the charac-

teristic polynomial of A.

Let A € R™ ™, Inertia of A, denoted by i(A), is defined as the triple

i(A) = (i4+(A),i-(A),ip(A)), where i (A),i_(A) and iy(A) are the

number of eigenvalues of A, counting multiplicities, with positive, nega-

tive and zero real part.
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T. C. Vijayaraghavan

The Complexity of Logarithmic Space
Bounded Counting Classes

A logarithmic space bounded counting class is defined based on the number of accepting
and/or the number of rejecting computation paths of a NL-Turing machine. This monograph
gives a nice in-depth exposition of logarithmic space bounded counting classes and many
important results on them including their properties. A major portion of results shown by the
author have notappeared in any textbook on computational complexity.

This textbook is intended to be an introductory material on logarithmic space bounded
counting classes for advanced under-graduate students or graduate students and researchers
who have prior knowledge of basics concepts in the Design and Analysis of Algorithms, Theory
of Computation, Computational Complexity and Discrete Mathematics.
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