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CHAPTER 6 
 
PARTIAL DIFFERENTIAL EQUATIONS: SYMMETRY 
GENERATORS 
 

In this chapter, the partial differential equations will be treated. Similar to the 
case of ODEs, there are two basic steps in finding solutions for partial 
differential equations via symmetry methods: 1) Calculate the symmetry 
generators 2) Use the generators to construct solutions. The first part, namely 
calculating the symmetries of the ODEs will be outlined in this chapter and the 
next chapter is devoted to constructing solutions from the generators. The 
recursive relations for extended infinitesimal generators will be given. Several 
sample problems are treated.   

6.1. EXTENDED GROUPS AND INFINITESIMAL GENERATORS 

A general partial differential equation of arbitrary order with one dependent 
variable and n independent variables can be written as ܨ൫ݔ௜ ௜ݑ,ݑ, ௜௝ݑ, ௜௝௞ݑ, , … ൯ = 0 , ݅, ݆, ݇, . . = 1,2, …݊.    (6.1) 

where ݔ௜ are the n independent variables and u is the dependent variable. For 
one dependent and two independent variables of ݑ =  the variables may ,(ݕ,ݔ)ݑ
be  ݔଵ = ,ݔ ଶݔ = ଵݑ,ݕ = ଶݑ,௫ݑ = ௬ݑ ଵଵݑ, = ௫௫ݑ ଵଶݑ, = ௫௬ݑ ଶଶݑ, =  ௬௬ ,… (6.2)ݑ

To express (6.1) in a more compact form, define ݑ(௞) as all k’th order 
derivatives. Hence, for one dependent, two independent variables, ݑ(ଶ) will 
represent the total of ݑଵଵ,ݑଵଶ and ݑଶଶ. If Equation (6.1) is of k’th order, then  ܨ൫ݔ௜ ,(ଶ)ݑ,(ଵ)ݑ,ݑ, … ൯(௞)ݑ, = 0 .    (6.3) 

In writing the Lie group of transformations for the PDE, one needs to write the 
transformations for the derivatives also. A sample transformation with one 
dependent variable and n independent variables will look like ݔ௜∗ = ௝ݔ)∗௜ݔ ,ݑ, ߳),        (6.4) 
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∗ݑ = ௝ݔ)∗ݑ ,ݑ, ∗௜ݑ (6.5)        ,(߳ = ௝ݔ)∗௜ݑ ,(ଵ)ݑ,ݑ, ∗௜భ௜మݑ (6.6)       ,(߳ = ∗௜భ௜మݑ ௝ݔ) ,(ଶ)ݑ,(ଵ)ݑ,ݑ, ∗௜భ௜మ..௜ೖݑ          ⋮ (6.7)     ,(߳ = ∗௜భ௜మ..௜ೖݑ ௝ݔ) ,(ଶ)ݑ,(ଵ)ݑ,ݑ, … ,(௞)ݑ, ߳) ,  (6.8) 
where ݆, ݅, ݅ଵ݅ଶ. . ݅௞ = 1,2, …݊. The transformations of higher order variables 
cannot be arbitrary, but dictated with the derivatives of transformations (6.4) and 
(6.5).   

The infinitesimal transformations up to first order for the corresponding group 
can be written ݔ௜∗ = ௜ݔ + ௝ݔ)௜ߦ߳ ∗ݑ (6.9)         ,(ݑ, = ݑ + ௝ݔ)ߟ߳ ∗௜ݑ (6.10)        ,(ݑ, = ௜ݑ + ௝ݔ)௜(ଵ)ߟ߳ ∗௜భ௜మݑ (6.11)       ,((ଵ)ݑ,ݑ, = ௜భ௜మݑ + ௜భ௜మ(ଶ)ߟ߳ ∗௜భ௜మ..௜ೖݑ         ⋮ (6.12)     ,((ଶ)ݑ,(ଵ)ݑ,ݑ,௝ݔ) = ௜భ௜మ..௜ೖݑ + ௜భ௜మ..௜ೖ(௞)ߟ߳ ௝ݔ) ,(ଶ)ݑ,(ଵ)ݑ,ݑ,  (6.13)  . ((௞)ݑ…
 
Theorem 6.1. The infinitesimals for (6.9)-(6.13) are calculated from the 
recursive relations ߟ௜(ଵ) = ߟ௜ܦ − ௜భ௜మ..௜ೖ(௞)ߟ ௝ ,         (6.14)ݑ(௝ߦ௜ܦ) = ௜భ௜మ..௜ೖషభ(௞ିଵ)ߟ௜ೖܦ −  ௜భ௜మ..௜ೖషభ௝ ,     (6.15)ݑ(௝ߦ௜ೖܦ)

     
with the total derivative being  ܦ௜ = డడ௫೔ + ௜ݑ డడ௨ + ௜௝ݑ డడ௨ೕ + ⋯+ ௜௜భ௜మ..௜೙ݑ డడ௨೔భ೔మ..೔೙  .  (6.16) 

The extended infinitesimal generator corresponding to the group is therefore ܺ(௞) = ௜ߦ డడ௫೔ + ߟ డడ௨ + ௜(ଵ)ߟ డడ௨೔ + ⋯+ ௜భ௜మ..௜ೖ(௞)ߟ డడ௨೔భ೔మ..೔ೖ  .  (6.17) 

where ݅ = 1,2, …݊, ݅ℓ = 1,2, …݊,   ℓ = 1,2, …݇,    ݇ = 2,3, … and summation is 
taken over the repeated indexes � 
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The logic behind the derivation of the above recursive formulas is similar to the 
ones given for ODEs in Chapter 4 albeit with more algebra. See Bluman and 
Kumei (1989) for a proof of the above theorem.  

The recursive relations lead to excessive terms as the number of variables and 
the order of equation increases which necessitates usage of symbolic 
computation programs. For two independent and one dependent variables ݑ = ,ଵݔ)ݑ ଵ(ଵ)ߟ  ଶ), the extension formulas for the infinitesimals lead toݔ = డఎడ௫భ + ቀడఎడ௨ − డకభడ௫భቁ ଵݑ − డకమడ௫భ ଶݑ − డకభడ௨ ଵଶݑ − డకమడ௨ ଶ(ଵ)ߟ ଶ ,          (6.18)ݑଵݑ = డఎడ௫మ + ቀడఎడ௨ − డకమడ௫మቁ ଶݑ − డకభడ௫మ ଵݑ − డకమడ௨ ଶଶݑ − డకభడ௨  ଶ ,          (6.19)ݑଵݑ

ଵଵ(ଶ)ߟ = డమఎడ௫భమ + ቀ2 డమఎడ௫భడ௨ − డమకభడ௫భమ ቁ ଵݑ − డమకమడ௫భమ ଶݑ + ቀడఎడ௨ − 2 డకభడ௫భቁ   ଵଵݑ

 −2 డకమడ௫భ ଵଶݑ + ቀడమఎడ௨మ − 2 డమకభడ௫భడ௨ቁ ଵଶݑ − 2 డమకమడ௫భడ௨ ଶݑଵݑ − డమకభడ௨మ        ଵଷݑ

  −డమకమడ௨మ ଶݑଵଶݑ − 3 డకభడ௨ ଵଵݑଵݑ − డకమడ௨ ଵଵݑଶݑ − 2 డకమడ௨ ଵଶ(ଶ)ߟ ଵଶ,           (6.20)ݑଵݑ = డమఎడ௫భడ௫మ + ቀ డమఎడ௫భడ௨ − డమకమడ௫భడ௫మቁ ଶݑ + ቀ డమఎడ௫మడ௨ − డమకభడ௫భడ௫మቁ   ଵݑ

− డకమడ௫భ ଶଶݑ + ቀడఎడ௨ − డకభడ௫భ − డకమడ௫మቁ ଵଶݑ − డకభడ௫మ ଵଵݑ − డమకమడ௫భడ௨   ଶଶݑ

 + ቀడమఎడ௨మ − డమకభడ௫భడ௨ − డమకమడ௫మడ௨ቁ ଶݑଵݑ − డమకభడ௫మడ௨ ଵଶݑ − డమకమడ௨మ ଶଶݑଵݑ − డమకభడ௨మ        ଶݑଵଶݑ

  −2 డకమడ௨ ଵଶݑଶݑ − 2 డకభడ௨ ଵଶݑଵݑ − డకభడ௨ ଵଵݑଶݑ − డకమడ௨ ଶଶ(ଶ)ߟ ଶଶ ,          (6.21)ݑଵݑ = డమఎడ௫మమ + ቀ2 డమఎడ௫మడ௨ − డమకమడ௫మమ ቁ ଶݑ − డమకభడ௫మమ ଵݑ + ቀడఎడ௨ − 2 డకమడ௫మቁ   ଶଶݑ

 −2 డకభడ௫మ ଵଶݑ + ቀడమఎడ௨మ − 2 డమకమడ௫మడ௨ቁ ଶଶݑ − 2 డమకభడ௫మడ௨ ଶݑଵݑ − డమకమడ௨మ        ଶଷݑ

  −డమకభడ௨మ ଶଶݑଵݑ − 3 డకమడ௨ ଶଶݑଶݑ − డకభడ௨ ଶଶݑଵݑ − 2 డకభడ௨  ଵଶ .          (6.22)ݑଶݑ

Note that ߟଵଶ(ଵ) =  ଶଵ(ଵ) from the symmetry of the derivative operator and no needߟ
to be calculated.  
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In the case of systems of differential equations, the number of dependent 
variables increases as the number of coupled equations increases. Assume m 
dependent variables ݑఈ ߙ, = 1,2, …݉, with n independent variables, the 
recursive relations in Theorem (6.1) assumes the modified form (Bluman and 
Kumei, 1989) ߟ௜(ଵ)ఓ = ఓߟ௜ܦ − ௜భ௜మ..௜ೖ(௞)ఓߟ ௝ఓ ,       (6.23)ݑ(௝ߦ௜ܦ) = ௜భ௜మ..௜ೖషభ(௞ିଵ)ఓߟ௜ೖܦ − ௜భ௜మ..௜ೖషభ௝ఓݑ(௝ߦ௜ೖܦ)  ,     (6.24) 

௜ܦ      = డడ௫೔ + ௜ఓݑ డడ௨ഋ + ௜௝ఓݑ డడ௨ೕഋ + ⋯+ ௜௜భ௜మ..௜ೖఓݑ డడ௨೔భ೔మ..೔ೖഋ  ,  (6.25) 

ܺ(௞) = ௜ߦ డడ௫೔ + ఓߟ డడ௨ഋ + ௜(ଵ)ఓߟ డడ௨೔ഋ + ⋯+ ௜భ௜మ..௜ೖ(௞)ఓߟ డడ௨೔భ೔మ..೔ೖഋ  , (6.26) 

where ݅ = 1,2, …݊, ݅ℓ = 1,2, …݊,   ℓ = 1,2, …݇,    ݇ = 2,3, ߤ  … = 1,2, …݉ and 
summation is taken over all repeated indexes.  

Problem 6.1. Determine the second order extended infinitesimals and 
generators for the three parameter translational group with ݑ = ,ݔ)ݑ ∗ݔ (ݕ = ݔ + ∗ݕ (6.27)      , ܽ߳ = ݕ + ∗ݑ (6.28)      , ܾ߳ = ݑ + ߳ܿ .      (6.29) 

Solution 
Define ݔଵ = ଶݔ and ݔ = ଵߦ ,.Since the infinitesimals are all constants, i.e .ݕ ଶߦ ,ܽ= = ܾ and ߟ = ܿ, all derivatives vanish in Equations (6.18)-(6.22). Hence, ߟ௜(ଵ) = 0 and ߟ௜௝(ଶ) = 0.  The extended generator to second order is ܺ(ଶ) = ܽ డడ௫ +ܾ డడ௬ + ܿ డడ௨ . 

Problem 6.2. Determine the second order extended infinitesimals and 
generators for the three parameter scaling group with ݑ = ∗ݔ (ݕ,ݔ)ݑ = ݔ + ∗ݕ (6.30)      , ݔܽ߳ = ݕ + ∗ݑ (6.31)      , ݕܾ߳ = ݑ +  (6.32)      . ݑܿ߳
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Solution 

Define ݔଵ = ଶݔ and ݔ = ଵߦ The infinitesimals are .ݕ = ଶߦ  ,ݔܽ = ߟ and ݕܾ ଵ(ଵ)ߟ Inserting into (6.18)-(6.22) .ݑܿ= = (ܿ − ଶ(ଵ)ߟ  ,ଵݑ(ܽ = (ܿ − ଵଵ(ଵ)ߟ ଶ ,   (6.33)ݑ(ܾ = (ܿ − ଵଶ(ଵ)ߟ , ଵଵݑ(2ܽ = (ܿ − ܽ − ଶଶ(ଵ)ߟ , ଵଶݑ(ܾ = (ܿ −  ଶଶ . (6.34)ݑ(2ܾ

The second order extended generator is                ܺ(ଶ) = ݔܽ డడ௫ + ݕܾ డడ௬ + ݑܿ డడ௨ + (ܿ − ଵݑ(ܽ డడ௨భ + (ܿ − ଶݑ(ܾ డడ௨మ    

   +(ܿ − ଵଵݑ(2ܽ డడ௨భభ + (ܿ − ܽ − ଵଶݑ(ܾ డడ௨భమ + (ܿ − ଶଶݑ(2ܾ డడ௨మమ .      (6.35) 

6.2. INVARIANCE OF A PARTIAL DIFFERENTIAL EQUATION 

The invariance definition and theorem are much similar to the case of ODEs 
given in Chapter 4. The definition and invariance theorem is given for one 
dependent and n independent variables.  

Definition 6.1. The partial differential equation of k’th order ܨ൫ݔ௜ ,(ଶ)ݑ,(ଵ)ݑ,ݑ, … ൯(௞)ݑ, = 0  is invariant under the extended Lie group of 
transformations (6.9)-(6.13) if and only if  ܨ൫ݔ௜∗,ݑ,∗ݑ(ଵ)∗ ∗(ଶ)ݑ, , ∗(௞)ݑ … ൯ = 0  when ܨ൫ݔ௜ ,(ଶ)ݑ,(ଵ)ݑ,ݑ, … ൯(௞)ݑ, = 0    � 

 (6.36) 

The relevant theorem for calculating the symmetries immediately follow from 
the definition: 

Theorem 6.2. If the partial differential equation of k’th order ܨ൫ݔ௜ ,(ଶ)ݑ,(ଵ)ݑ,ݑ, … ൯(௞)ݑ, = 0 is invariant under the given Lie Group of 
transformations (6.9)-(6.13), then  ܺ(௞)ܨ ≡ 0 when ܨ = 0  ,   (6.37) 

where ܺ(௞) is the k’th order extended generator of the group admitted by the 
equation �  
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The proof has the essential steps of the proof of Theorem 3.1 given for 
invariance of algebraic equations and therefore skipped.  

6.3. FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS 

In the case of first order ordinary differential equations, it is shown in Chapter 4 
that the equations are not solvable in general since there are two unknowns with 
a single determining equation for the infinitesimals. In the case of partial 
differential equations, the determining equation for infinitesimals can indeed be 
separated increasing the possibility of obtaining a solution. However, as is 
outlined in the following example problem, one may still need some simplifying 
assumptions to determine the infinitesimals which make the Lie Algebra a 
subalgebra of the complete group. 

Problem 6.3. Consider the first order partial differential equation ݑ௧ =  ௫ .       (6.38)ݑݑ

Calculate the infinitesimals and the base generators admitting the equation.  

Solution 

Defining ݔଵ = ଶݔ ,ݐ = ଵݑ ,ݔ = ଶݑ ௧ andݑ = (ଶݑ,ଵݑ,ݑ)ܨ ௫, the equation isݑ = ଵݑ − ଶݑݑ = 0 .      (6.39) 

The infinitesimal generator extended to first order is ܺ(ଵ) = ଵߦ డడ௫భ + ଶߦ డడ௫మ + ߟ డడ௨ + ଵ(ଵ)ߟ డడ௨భ + ଶ(ଵ)ߟ డడ௨మ .  (6.40) 

The invariance condition ܺ(ଵ)ܨ ≡ 0 requires −ݑߟଶ + ଵ(ଵ)ߟ − ݑଶ(ଵ)ߟ = 0 .    (6.41) 

Substituting from (6.18) and (6.19) the extended infinitesimals and using ݑଵ =  ଵ appears, the determining block can be considered as aݑ ଶ whereverݑݑ
polynomial in terms of ݑଶ which separates into two equations when the 
coefficients of the polynomials with respect to higher order variables are 
equated to zero డఎడ௫భ − ݑ డఎడ௫మ = 0 ,     (6.42) 
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ߟ− − డకభడ௫భ ݑ − డకమడ௫భ + డకమడ௫మ ݑ + డకభడ௫మ ଶݑ = 0 .   (6.43) 

Solving ߟ ,ߟ = − డకమడ௫భ + ቀడకమడ௫మ − డకభడ௫భቁ ݑ + డకభడ௫మ  ଶ ,    (6.44)ݑ

and substituting into (6.42) yields −డమకమడ௫భమ + ቀ2 డమకమడ௫భడ௫మ − డమకభడ௫భమ ቁ +ݑ ቀ2 డమకభడ௫భడ௫మ − డమకమడ௫మమ ቁ ଶݑ − డమకభడ௫మమ ଷݑ = 0 . (6.45) 

Since ߦଵ and ߦଶ both depend on ݑ, the equation is inseparable with respect to u 
in general. The two unknowns with one equation cannot be solved. However, 
one may make the simplifying assumption that ߦଵ = ,ଵݔ)ଵߦ ଶߦ ଶ) andݔ ,ଵݔ)ଶߦ= ଶ) which leads to a separation with respect to u  డమకమడ௫భమݔ = 0 ,       (6.46) 

2 డమకమడ௫భడ௫మ − డమకభడ௫భమ = 0 ,      (6.47) 

2 డమకభడ௫భడ௫మ − డమకమడ௫మమ = 0 ,      (6.48) 

డమకభడ௫మమ = 0 .       (6.49) 

From (6.49) ߦଵ = ଶݔ(ଵݔ)ܽ +  (6.50)      . (ଵݔ)ܾ

From (6.46) ߦଶ = ଵݔ(ଶݔ)ܿ +  (6.51)      . (ଶݔ)݀

Substituting ߦଵ and ߦଶ into (6.47) and solving  ܿᇱ(ݔଶ) = ଵଶ ܽᇱᇱ(ݔଵ)ݔଶ + ଵଶ ܾᇱᇱ(ݔଵ) ,    (6.52) 

which is a contradiction since the left hand side depends solely on ݔଶ whereas 
the right hand side depends on both ݔଵ and ݔଶ. The contradiction is removed if 
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ܽᇱᇱ(ݔଵ) = 2ܽଵ and ܾᇱᇱ(ݔଵ) = 2ܾଵ for some constants ܽଵ and ܾଵ. Integrating 
them ܽ(ݔଵ) = ܽଵݔଵଶ + ܽଶݔଵ + ܽଷ ,    (6.53) ܾ(ݔଵ) = ܾଵݔଵଶ + ܾଶݔଵ + ܾଷ .    (6.54) 

Integrating (6.52) in view of (6.53) and (6.54) yields ܿ(ݔଶ) = ଵଶ ܽଵݔଶଶ + ܾଵݔଶ + ܿଵ.     (6.55) 

The last equation to be satisfied is (6.48). Substituting (6.50) and (6.51) with 
(6.53)-(6.55) and solving  ݀ᇱ′(ݔଶ) = 3ܽଵݔଵ + 2ܽଶ .    (6.56) 

Since the left hand side is a function of ݔଶ only, the contradiction in the above 
equation can be removed if 

 ܽଵ = 0.       (6.57) 

Hence ݀(ݔଶ) = ܽଶݔଶଶ + ݀ଶݔଶ + ݀ଷ .    (6.58) 

Substituting all into (6.50), (6.51) and (6.44), the infinitesimals are ߦଵ = (ܽଶݔଵ + ܽଷ)ݔଶ + ܾଵݔଵଶ + ܾଶݔଵ + ܾଷ ,      (6.59) ߦଶ = (ܾଵݔଶ + ܿଵ)ݔଵ + ܽଶݔଶଶ + ݀ଶݔଶ + ݀ଷ ,     (6.60) ߟ = −ܾଵݔଶ − ܿଵ + (ܽଶݔଶ − ܾଵݔଵ + ݀ଶ − ܾଶ)ݑ + (ܽଶݔଵ + ܽଷ)ݑଶ . (6.61) 

Defining ܽଶ = ܽ,ܽଷ = ܾ, ܾଵ = ܿ, ܾଶ = ݀, ܾଷ = ݁, ܿଵ = ݂, ݀ଶ = ݃,݀ଷ = ℎ and 
bearing in mind that ݔଵ = ଶݔ and ݐ = ଵߦ the infinitesimals are ,ݔ = ݐܽ) + ݔ(ܾ + ଶݐܿ + ݐ݀ + ଶߦ (6.62)     , ݁ = ݔܿ) + ݐ(݂ + ଶݔܽ + ݔ݃ + ℎ ,     (6.63) ߟ = ݔܿ− − ݂ + ݔܽ) − ݐܿ + ݃ − ݑ(݀ + ݐܽ) +  ଶ ,  (6.64)ݑ(ܾ

which constitutes a 8-parameter finite Lie group of transformations with the 
base generators 
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ଵܺ = ݐݔ డడ௧ + ଶݔ డడ௫ + ݑݔ) + (ଶݑݐ డడ௨ ,  ܺଶ = ݔ డడ௧ + ଶݑ డడ௨ ,   ܺଷ = ଶݐ డడ௧ + ݐݔ డడ௫ − ݔ) + (ݑݐ డడ௨ , ܺସ = ݐ డడ௧ − ݑ డడ௨ , ܺହ = డడ௧ , ܺ଺ = ݐ డడ௫ − డడ௨ , ܺ଻ = ݔ డడ௫ + ݑ డడ௨ ,  ଼ܺ = డడ௫ .           (6.65) 

Among the generators, ܺସ and ܺ଻ are scaling, ܺହ and ଼ܺ are translational 
symmetries. ܺ଺ and the first three generators correspond to more complex 
symmetries. Note that due to the simplifying assumption after equation (6.45), 
the above symmetries do not constitute all the symmetries of the equation.  

6.4. SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS 

In the case of second order partial differential equations, similar to the case of 
ODEs, the determining equations are in general solvable since the partial 
differential equation system is over-determined after separation into higher order 
variables. A sample problem from heat transfer is treated.   

Problem 6.4. Consider the non-dimensional fin equation with constant heat 
conduction coefficient and constant heat transfer coefficient (Pakdemirli and 
Şahin, 2004) ߠ௫௫ − ܰଶߠ =  ௧ ,       (6.66)ߠ

where ߠ is the dimensionless temperature, x and t are the spatial and time 
variables. Calculate the infinitesimals and the base generators admitting the 
equation.  

Solution 

Defining ݔଵ = ଶݔ ,ݔ = ݑ ,ݐ = ଵݑ ,ߠ = ଶݑ ,௫ߠ = ଵଵݑ ௧ andߠ =  ௫௫, the equationߠ
is ݑଶ = ଵଵݑ − ܰଶ(6.67)      . ݑ 

The infinitesimal generator extended to second order is ܺ(ଶ) = ଵߦ డడ௫భ + ଶߦ డడ௫మ + ߟ డడ௨ + ଵ(ଵ)ߟ డడ௨భ + ଶ(ଵ)ߟ డడ௨మ + ଵଵ(ଶ)ߟ డడ௨భభ .  (6.68) 

The invariance condition requires 
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ଶ(ଵ)ߟ = ଵଵ(ଶ)ߟ −ܰଶ(6.69)    . ߟ 

Substituting from (6.19) and (6.20) the extended infinitesimals and using ݑଵଵ = ଶݑ + ܰଶݑ  wherever ݑଵଵ appears, the determining block can be 
considered as a polynomial in terms of higher order variables which separates 
into the following equations when the coefficients of the polynomials are 
equated to zero డఎడ௫మ = డమఎడ௫భమ + ቀడఎడ௨ − 2 డకభడ௫భቁܰଶݑ − ܰଶ(6.70)    , ߟ 

డకమడ௫మ = డమకమడ௫భమ + 2 డకభడ௫భ + డకమడ௨ ܰଶ(6.71)     , ݑ 

− డకభడ௫మ = 2 డమఎడ௫భడ௨ − డమకభడ௫భమ − 3 డకభడ௨ ܰଶ(6.72)    , ݑ 

డకభడ௨ = − డమకమడ௫భడ௨ ,       (6.73) 

0 = డమఎడ௨మ − 2 డమకమడ௫భడ௨  ,      (6.74) 

0 = డమకభడ௨మ  ,        (6.75) 0 = డమకమడ௨మ  ,        (6.76) 0 = డకమడ௫భ ,        (6.77) 0 = డకమడ௨  .        (6.78) 

From (6.77) and (6.78) ߦଶ = ଵߦ From (6.73) then .(ଶݔ)ଶߦ = ,ଵݔ)ଵߦ  ଶ). Theݔ
remaining equations are డఎడ௫మ = డమఎడ௫భమ + ቀడఎడ௨ − 2 డకభడ௫భቁܰଶݑ − ܰଶ(6.79)    , ߟ 

ௗకమௗ௫మ = 2 డకభడ௫భ ,        (6.80) 

− డకభడ௫మ = 2 డమఎడ௫భడ௨ − డమకభడ௫భమ  ,      (6.81) 
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0 = డమఎడ௨మ .        (6.82) 

From (6.80) ߦଵ = ଵଶ ଵݔ(ଶݔ)ଶᇱߦ +  (6.83)     . (ଶݔ)ܽ

From (6.82) ߟ = ,ଵݔ)ܾ ݑ(ଶݔ + ,ଵݔ)݃  ଶ) .     (6.84)ݔ

Substituting ߦଵ and ߟ into (6.81)  −ଵଶ ଵݔ(ଶݔ)ଶᇱᇱߦ − ܽᇱ(ݔଶ) = 2 డ௕డ௫భ ,    (6.85) 

and solving for b ܾ = − ଵ଼ ଵଶݔ(ଶݔ)ଶᇱᇱߦ − ଵଶ ܽᇱ(ݔଶ)ݔଵ +  (6.86)    . (ଶݔ)݀

Substitute all into the last equation, namely (6.79) and separate with respect to u డ௚డ௫మ = డమ௚డ௫భమ − ܰଶ݃ ,      (6.87) 

డ௕డ௫మ = డమ௕డ௫భమ −  ଶ .      (6.88)ܰ(ଶݔ)ଶᇱߦ

Substituting b from (6.86) into (6.88) yields − ଵ଼ ଵଶݔ(ଶݔ)ଶᇱᇱᇱߦ − ଵଶ ܽᇱᇱ(ݔଶ)ݔଵ + ݀ᇱ(ݔଶ) = −ଵସ (ଶݔ)ଶᇱᇱߦ −  ଶ , (6.89)ܰ(ଶݔ)ଶᇱߦ

which separates further with respect to the variable ݔଵ − ଵ଼ (ଶݔ)ଶᇱᇱᇱߦ = 0 ,      (6.90) −ଵଶ ܽᇱᇱ(ݔଶ) = 0 ,      (6.91) ݀ᇱ(ݔଶ) = −ଵସ (ଶݔ)ଶᇱᇱߦ −  ଶ .   (6.92)ܰ(ଶݔ)ଶᇱߦ

Solving the above equations ߦଶ(ݔଶ) = ݇ଵݔଶଶ + ݇ଶݔଶ + ݇ଷ ,    (6.93) 
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(ଶݔ)ܽ = ܽଵݔଶ + ܽଶ ,     (6.94) ݀(ݔଶ) = −ଵଶ ݇ଵݔଶ − (݇ଵݔଶଶ + ݇ଶݔଶ)ܰଶ + ݇ସ .  (6.95) 

Substituting (6.93) and (6.94) into (6.83) ߦଵ = ݇ଵݔଵݔଶ + ଵଶ ݇ଶݔଵ + ܽଵݔଶ + ܽଶ .    (6.96) 

From (6.84), using (6.86), (6.93), (6.94) and (6.95) ߟ = ቀ− ଵସ ݇ଵݔଵଶ − ଵଶ ܽଵݔଵ − ଵଶ ݇ଵݔଶ − (݇ଵݔଶଶ + ݇ଶݔଶ)ܰଶ + ݇ସቁ ݑ + ,ଵݔ)݃ . (ଶݔ
     (6.97) 

Defining new parameters ܽ = ݇ଵ, ܾ = ݇ଶ, ܿ = ݇ଷ, ݀ = ܽଵ, ݁ = ܽଶ, ℎ = ݇ସ and 
bearing in mind that ݔ = ݐ ,ଵݔ = ߠ ଶ andݔ = ଵߦ the infinitesimals are ݑ = ݐݔܽ + ଵଶ ݔܾ + ݐ݀ + ଶߦ (6.98)      , ݁ = ଶݐܽ + ݐܾ + ߟ (6.99)       , ܿ = ቀ− ଵସ ଶݔܽ − ଵଶ ݔ݀ − ଵଶ ݐܽ − ଶݐܽ) + ଶܰ(ݐܾ + ℎቁߠ + ,ݔ)݃  (6.100)  , (ݐ

with ݃௧ = ݃௫௫ − ܰଶ݃ .     (6.101) 

There are 6 finite parameter Lie group of transformations (a,b,c,d,e,h) and one 
infinite parameter Lie group of transformation g(x,t). Note that g(x,t) is indeed a 
solution of the original equation. For linear equations, a function satisfying the 
original equation does always appear as an infinite parameter group.  

The base generators are 

ଵܺ = ݐݔ డడ௫ + ଶݐ డడ௧ − ቀଵସ ଶݔ + ଵଶ ݐ + ߠଶܰଶቁݐ డడఏ ,  ܺଶ = ଵଶ ݔ డడ௫ + ݐ డడ௧ −ܰଶߠݐ డడఏ ,  ܺଷ = డడ௧ ,  ܺସ = ݐ డడ௫ − ଵଶ ߠݔ డడఏ , ܺହ = డడ௫ , ܺ଺ = ߠ డడఏ , 

 ܺஶ = ,ݔ)݃ (ݐ డడఏ .                      (6.102) 
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Contrary to the first order case, in the case of second order partial differential 
equations, the whole group is retrieved. Results are compatible with Pakdemirli 
and Şahin (2004) for constant heat conduction and heat transfer coefficients.  

6.5. HIGHER ORDER PARTIAL DIFFERENTIAL EQUATIONS 

For higher order partial differential equations, the over-determined system 
appearing after the invariance conditions is a large scale system of equations 
which can be solvable. However, as the order of the equation increases, the 
algebra increases extensively which may require symbolic computational 
programs (Baumann, 2000). A third order well-known problem is treated.   

Problem 6.5. Consider the non-dimensional Korteweg de Vries equation (KdV) 
(Baumann, 2000)  ݑ௧ + ௫ݑݑ + ௫௫௫ݑ = 0 ,     (6.103) 

which is a well-known mathematical formulation to model the wave motion in 
shallow waters. Calculate the infinitesimals and the base generators admitting 
the equation.  

Solution 

Defining ݔଵ = ଶݔ ,ݔ = ଵݑ ,ݐ = ଶݑ ,௫ݑ = ଵଵଵݑ ௧ andݑ = ଶݑ ௫௫௫, the equation isݑ + ଵݑݑ + ଵଵଵݑ = 0 .    (6.104) 

The infinitesimal generator extended to third order is ܺ(ଶ) = ଵߦ డడ௫భ + ଶߦ డడ௫మ + ߟ డడ௨ + ଵ(ଵ)ߟ డడ௨భ + ଶ(ଵ)ߟ డడ௨మ + ଵଵଵ(ଷ)ߟ డడ௨భభభ . (6.105) 

The invariance condition requires ݑߟଵ + ଵ(ଵ)ߟݑ + ଶ(ଵ)ߟ + ଵଵଵ(ଷ)ߟ = 0 .   (6.106) 

From (6.15) and (6.16), ߟଵଵଵ(ଷ) = ଵଵ(ଶ)ߟଵܦ − ଵଵଵݑ(ଵߦଵܦ) ଵܦ ଵଵଶ ,  (6.107)ݑ(ଶߦଵܦ) − = డడ௫భ + ଵݑ డడ௨ + ଵଵݑ డడ௨భభ + ଵଶݑ డడ௨మ + ଵଵଵݑ డడ௨భభ + ଵଵଶݑ డడ௨భమ + ଵଶଶݑ డడ௨మమ  .
  (6.108) 
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where ߟଵଵ(ଶ) is given in (6.20) and the first extensions ߟଵ(ଵ) and ߟଶ(ଵ) in (6.18) and 
(6.19). The invariance condition can now be calculated and ݑଵଵଵ = ଶݑ− −  ଵݑݑ
has to be submitted wherever ݑଵଵଵ appears. The block of equations can be 
separated with respect to higher order variables. The coefficient of ݑଵݑଵଵଶ 

requires డకమడ௨ = 0, the coefficient of ݑଵଵଶ requires డకమడ௫భ = 0 and the coefficient of ݑଵଵଶ  requires డకభడ௨ = 0. Hence ߦଵ = ,ଵݔ)ଵߦ ଶߦ   ,(ଶݔ =  (6.109)    , (ଶݔ)ଶߦ

which simplifies the determining equations,  ݑ డఎడ௫భ + డఎడ௫మ + డయఎడ௫భయ = 0 ,      (6.110) 

ߟ − డకభడ௫మ + 3 డయఎడ௫భమడ௨ − డయకభడ௫భయ + ݑ2 డకభడ௫భ = 0 ,   (6.111) 

− డకమడ௫మ + 3 డకభడ௫భ = 0 ,     (6.112) 

−డమకభడ௫భమ + డమఎడ௫భడ௨ = 0 ,     (6.113) 

డయఎడ௫భడ௨మ = 0 ,      (6.114) 

డమఎడ௨మ = 0 ,      (6.115) 

డయఎడ௨య = 0 .      (6.116) 

From (6.115)  ߟ = ,ଵݔ)ܽ ݑ(ଶݔ + ,ଵݔ)ܾ  ଶ) ,     (6.117)ݔ

which satisfies (6.116) and (6.114). From (6.112) ߦଵ = ଵଷ ଵݔ(ଶݔ)ଶᇱߦ +  (6.118)     . (ଶݔ)ܿ

From (6.113), డ௔డ௫భ = 0, hence ܽ = ߟ Then .(ଶݔ)ܽ = ݑ(ଶݔ)ܽ + ,ଵݔ)ܾ  ଶ)  .     (6.119)ݔ
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Substituting ߦଵ and ߟ into (6.111) and separating with respect to the variable u 
yields ܽ(ݔଶ) + ଶଷ (ଶݔ)ଶᇱߦ = ,ଵݔ)ܾ (6.120)     , 0 (ଶݔ − ଵଷ ଵݔ(ଶݔ)ଶᇱᇱߦ − ܿᇱ(ݔଶ) = 0 .   (6.121) 

Solving ܽ(ݔଶ) and ܾ(ݔଵ, ߟ ଶ) from above and substituting into (6.119)ݔ = −ଶଷ ݑ(ଶݔ)ଶᇱߦ + ଵଷ ଵݔ(ଶݔ)ଶᇱᇱߦ + ܿᇱ(ݔଶ) .   (6.122) 

The last equation to be satisfied is (6.110) which separate with respect to u −ଵଷ (ଶݔ)ଶᇱᇱߦ = 0 ,     (6.123) 

ଵଷ ଵݔ(ଶݔ)ଶᇱᇱᇱߦ + ܿᇱᇱ(ݔଶ) = 0 ,    (6.124) 

with solutions ߦଶ(ݔଶ) = ܽଵݔଶ + ܽଶ ,     (6.125) ܿ(ݔଶ) = ܿଵݔଶ + ܿଶ .     (6.126) 

Substituting the above results into (6.122) and (6.118), the infinitesimals are 
finally determined ߦଵ = ଵଷ ܽଵݔଵ + ܿଵݔଶ + ܿଶ  ,    (6.127) ߦଶ = ܽଵݔଶ + ܽଶ ,      (6.128) ߟ = −ଶଷ ܽଵݑ + ܿଵ .      (6.129) 

Defining new parameters ܽଵ = 3ܽ, ܿଵ = ܾ, ܿଶ = ܿ, ܽଶ = ݀ and bearing in mind 
that ݔଵ = ଶݔ and ݔ = ଵߦ the infinitesimals are ,ݐ = ݔܽ + ݐܾ + ଶߦ (6.130)     , ܿ = ݐ3ܽ + ߟ (6.131)      , ݀ = ݑ2ܽ− + ܾ .      (6.132) 
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There are 4 finite parameter Lie group of transformations. The base generators 
are 

ଵܺ = డడ௫,  ܺଶ = డడ௧,   ܺଷ = ݔ డడ௫ + ݐ3 డడ௧ − ݑ2 డడ௨ ,  ܺସ = ݐ డడ௫ + డడ௨ ,      (6.133) 

which are exactly the same generators calculated by Bauman (2000) using 
Mathematica program.  

6.6. COUPLED PARTIAL DIFFERENTIAL EQUATIONS 

For coupled equations, there is more than one dependent variable. A sample 
problem from fluid mechanics in which there are two independent and two 
dependent variables will be solved. As mentioned earlier, as the number of 
variables increases, the number of terms in the infinitesimals increase.  

Problem 6.6. Consider the non-dimensional steady state boundary layer flow of 
a Newtonian fluid modeled by the coupled equations (Pakdemirli and Yürüsoy, 
௫ݑ  (1998 + ௬ݒ = ௫ݑݑ (6.134)      , 0 + ௬ݑݒ = (ݔ)ᇱܷ(ݔ)ܷ +  ௬௬ ,    (6.135)ݑ

where x is the coordinate parallel to the boundary and y is the coordinate vertical 
to it. (ݕ,ݔ)ݑ and (ݕ,ݔ)ݒ are the x and y components of velocity inside the 
boundary layer respectively. ܷ(ݔ) is the inviscid velocity component in x 
direction outside the boundary layer. Calculate the infinitesimals and the base 
generators admitting the equation.  

Solution 

Defining ݔଵ = ଶݔ ,ݔ = ଵݑ ,ݕ = ଶݑ ,ݑ = ଵଵݑ ,ݒ = ଶଵݑ ,௫ݑ = ଵଶݑ ,௬ݑ = ଶଶݑ ,௫ݒ =  ௬ݒ
and ݑଶଶଵ = ଵଵݑ ௬௬, the equations areݑ + ଶଶݑ = ଵଵݑଵݑ (6.136)     , 0 + ଶଵݑଶݑ = (ଵݔ)ᇱܷ(ଵݔ)ܷ + ଶଶଵݑ  .    (6.137) 

The infinitesimal generator extended to second order is ܺ(ଶ) = ଵߦ డడ௫భ + ଶߦ డడ௫మ + ଵߟ డడ௨భ + ଶߟ డడ௨మ + ଵ(ଵ)ଵߟ డడ௨భభ + ଶ(ଵ)ଵߟ డడ௨మభ    
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ଶ(ଵ)ଶߟ+ డడ௨మమ + ଶଶ(ଶ)ଵߟ డడ௨మమభ  .      (6.138) 

The first order extended infinitesimals are calculated for two dependent and 
independent variables from the recursion relation given in (6.23) ߟଵ(ଵ)ଵ = ଵߟଵܦ − ൫ܦଵߦ௝൯ݑ௝ଵ = ଵߟଵܦ − ଵଵݑ(ଵߦଵܦ) −  ଶଵ ,    (6.139)ݑ(ଶߦଵܦ)

where ܦଵ = డడ௫భ + ଵଵݑ డడ௨భ + ଵଶݑ డడ௨మ .    (6.140) 

Hence ߟଵ(ଵ)ଵ = డఎభడ௫భ + ଵଵݑ ቀడఎభడ௨భ − డకభడ௫భቁ + ଵଶݑ డఎభడ௨మ − ଶଵݑ డకమడ௫భ − ଶ(ଵଵݑ) డకభడ௨భ    −ݑଵଵݑଵଶ డకభడ௨మ − ଶଵݑଵଵݑ డకమడ௨భ − ଵଶݑଶଵݑ డకమడ௨మ .     (6.141) 

Similarly ߟଶ(ଵ)ଵ = డఎభడ௫మ − ଵଵݑ డకభడ௫మ + ଶଵݑ ቀడఎభడ௨భ − డకమడ௫మቁ + ଶଶݑ డఎభడ௨మ − ଶଵݑଵଵݑ డకభడ௨భ    −ݑଵଵݑଶଶ డకభడ௨మ − ଶ(ଶଵݑ) డకమడ௨భ − ଶଶݑଶଵݑ డకమడ௨మ ,     (6.142) ߟଶ(ଵ)ଶ = డఎమడ௫మ + ଶଵݑ డఎమడ௨భ − ଵଶݑ డకభడ௫మ ଶଶݑ+ ቀడఎమడ௨మ − డకమడ௫మቁ − ଵଶݑଶଵݑ డకభడ௨భ    −ݑଵଶݑଶଶ డకభడ௨మ − ଶଶݑଶଵݑ డకమడ௨భ ଶ(ଶଶݑ)− డకమడ௨మ .     (6.143) 

For second extensions, only the term ߟଶଶ(ଶ)ଵ is needed. From (6.24) ߟଶଶ(ଶ)ଵ = ଶ(ଵ)ଵߟଶܦ − ൫ܦଶߦ௝൯ݑଶ௝ଵ = ଶ(ଵ)ଵߟଶܦ − ଶଵଵݑ(ଵߦଶܦ) − ଶଶଵݑ(ଶߦଶܦ)  ,       (6.144) 

where ܦଶ = డడ௫మ + ଶଵݑ డడ௨భ + ଶଶݑ డడ௨మ + ଶଵଵݑ డడ௨భభ + ଶଶଵݑ డడ௨మభ + ଶଵଶݑ డడ௨భమ + ଶଶଶݑ డడ௨మమ  .     (6.145) 

A straightforward calculation yields ߟଶଶ(ଶ)ଵ = డమఎభడ௫మమ − ଵଵݑ డమకభడ௫మమ ଶଵݑ+ ቀ2 డమఎభడ௫మడ௨భ − డమకమడ௫మమ ቁ + ଶଶݑ2 డమఎభడ௫మడ௨మ  

ଶଵݑଵଵݑ−          ቀ డమకభడ௫మడ௨భ + డమకమడ௫మడ௨భቁ − ଶଶݑଵଵݑ2 డమకభడ௫మడ௨మ ଶ(ଶଵݑ)+ ቀ డమఎభడ(௨భ)మ − 2 డమకమడ௫మడ௨భቁ  



SOLUTIONS OF DIFFERENTIAL EQUATIONS BY SYMMETRY METHODS 
 

117 
 

ଶଶݑଶଵݑ2+          ቀ డమఎభడ௨భడ௨మ − డమకమడ௫మడ௨మቁ + ଶ(ଶଶݑ) డమఎభడ(௨మ)మ − ଶ(ଶଵݑ)ଵଵݑ డమకభడ(௨భ)మ           

ଶଶݑଶଵݑଵଵݑ2−          డమకభడ௨భడ௨మ − ଷ(ଶଵݑ) డమకమడ(௨భ)మ − ଶଶݑଶ(ଶଵݑ)2 డమకమడ௨భడ௨మ − ଶ(ଶଶݑ)ଵଵݑ డమకభడ(௨మ)మ  
ଶ(ଶଶݑ)ଶଵݑ−          డమకమడ(௨మ)మ − ଶଵଵݑ2 డకభడ௫మ + ଶଶଵݑ ቀడఎభడ௨భ − 2 డకమడ௫మቁ + ଶଶଶݑ డఎభడ௨మ  

ଶଵଵݑଶଵݑ2−          డకభడ௨భ − ଶଵଵݑଶଶݑ2 డకభడ௨మ − ଶଶଵݑଵଵݑ డకభడ௨భ − ଶଶଵݑଶଵݑ3 డకమడ௨భ 
ଶଶଵݑଶଶݑ2−          డకమడ௨మ − ଶଶଶݑଵଵݑ డకభడ௨మ − ଶଶଶݑଶଵݑ డకమడ௨మ .          (6.146) 

The first invariance condition is  ܺ(ଵ)(ݑଵଵ + (ଶଶݑ = 0   → ଵ(ଵ)ଵߟ   ଶ(ଵ)ଶߟ + = 0  .  (6.147) 

Using ݑଶଶ =  ଵଵ and substituting from (6.141) and (143), separating withݑ−
respect to higher order variables  డఎభడ௫భ + డఎమడ௫మ = 0 ,     (6.148) 

డఎభడ௨భ − డకభడ௫భ − డఎమడ௨మ + డకమడ௫మ = 0 ,    (6.149) 

డఎభడ௨మ − డకభడ௫మ = 0 ,     (6.150) 

డఎమడ௨భ − డకమడ௫భ = 0 ,     (6.151) 

డకభడ௨భ + డకమడ௨మ = 0 .     (6.152) 

The second invariance condition  ܺ(ଶ)(ݑଵݑଵଵ + (ଶଵݑଶݑ = ܺ(ଶ)(ܷܷᇱ + ଶଶଵݑ ) ,   (6.153) 

yields  ݑଵଵߟଵ + ଶߟଶଵݑ + ଵ(ଵ)ଵߟଵݑ + ଶ(ଵ)ଵߟଶݑ = ଵߦ డడ௫భ (ܷܷᇱ) +  ଶଶ(ଶ)ଵ . (6.154)ߟ

The invariance condition can now be calculated and ݑଶଶଵ = ଵଵݑଵݑ + ଶଵݑଶݑ − ܷܷᇱ 
and ݑଶଶ = ଶଶଵݑ ଵଵ has to be submitted whereverݑ−  and ݑଶଶ appears. The block of 
equation can be separated with respect to higher order variables. The coefficient 

of ݑଶଵݑଶଶଶ  requires డకమడ௨మ = 0, the coefficient of ݑଵଵݑଶଶଶ  requires డకభడ௨మ = 0, the 
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coefficient of ݑଵଵݑଶଵଵ  requires డకభడ௨మ = 0, the coefficient of ݑଶଵݑଶଵଵ  requires డకభడ௨భ = 0, 

the coefficient of ݑଶଶଶ  requires డఎభడ௨మ = 0 and the coefficient of ݑଶଵଵ  requires డకభడ௫మ = 0. Hence, ߦଵ = ଶߦ   ,(ଵݔ)ଵߦ = ,ଵݔ)ଶߦ ଵߟ  , (ଵݑ,ଶݔ = ,ଵݔ)ଵߟ  ଵ) ,  (6.155)ݑ,ଶݔ

simplifies substantially the second block of equations. The separated equations 
corresponding to the second block as well as those corresponding to the 
simplified first block, i.e., Equations (6.148)-(6.152) are listed below  డఎభడ௫భ + డఎమడ௫మ = 0 ,     (6.156) 

డఎభడ௨భ − (ଵݔ)ଵᇱߦ − డఎమడ௨మ + డకమడ௫మ = 0 ,    (6.157) 

డఎమడ௨భ − డకమడ௫భ = 0 ,     (6.158) 

ଵݑ డఎభడ௫భ + ଶݑ డఎభడ௫మ = ଵߦ డడ௫భ (ܷܷᇱ) + డమఎభడ௫మమ − ܷܷᇱ ቀడఎభడ௨భ − 2 డకమడ௫మቁ , (6.159) 

ଵߟ = ଵݑ ቀߦଵᇱ(ݔଵ) − 2 డకమడ௫భቁ ,   (6.160) 

ଶߟ − ଵݑ డకమడ௫భ = 2 డమఎభడ௫మడ௨భ − డమకమడ௫మమ − ଶݑ డకమడ௫మ + 3ܷܷᇱ డకమడ௨భ , (6.161) 

0 = డమకమడ௫మడ௨భ + ଵݑ2 డకమడ௨భ ,    (6.162) 

0 = −2 డమకమడ௫మడ௨భ + డమఎభడ(௨భ)మ − ଶݑ2 డకమడ௨భ ,   (6.163) 

0 = డమకమడ(௨భ)మ .     (6.164) 

Solving the above over-determined system of equations and returning back to 
the original variables, the infinitesimals are ߦଵ = ݔܽ + ଶߦ (6.165)      , ܾ = (ܽ + ݕ(ܿ +  (6.166)     , (ݔ)݀
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ଵߟ = −(ܽ + ଶߟ (6.167)     ,  ݑ(2ܿ = −(ܽ + ݒ(ܿ + ݀ᇱ(ݔ)(6.168)    , ݑ 

with the function ܷ(ݔ) satisfying (ܽݔ + ܾ) ௗௗ௫ (ܷܷᇱ) + (3ܽ + 4ܿ)ܷܷᇱ = 0 .   (6.169) 

If ܷ(ݔ) satisfies identically the above equation, i.e. none of the parameters a, b 
and c are nonzero, then one can say that there are 3 finite parameter Lie group of 
transformations and 1 infinite parameter Lie group of transformations. The base 
generators are 

ଵܺ = ݔ డడ௫ + ݕ డడ௬ − ݑ డడ௨ − ݒ డడ௩,   ܺଶ = డడ௫,       

 ܺଷ = ݕ డడ௬ − ݑ2 డడ௨ − ݒ డడ௩,   ܺஶ = (ݔ)݀ డడ௬ + ݀ᇱ(ݔ)ݑ డడ௩  .     (6.170) 

The scaling symmetries ଵܺ and  ܺଷ are compatible with those found in Problem 
2.8 using the direct application of the scaling transformation. Indeed, this 
problem is a kind of group classification problem which will be retreated in 
Chapter 8.  

6.7. EXERCISES 

E.6.1. Determine the second order extended infinitesimals and generators for the 
three parameter spiral group with ݑ = ∗ݔ (ݕ,ݔ)ݑ = ݔ + ∗ݕ       , ܽ߳ = ݕ + ∗ݑ       , ݕܾ߳ = ݑ +        . ݑܿ߳

E.6.2. Determine the second order extended infinitesimals and generators for the 
three parameter group with ݑ = ∗ݔ (ݕ,ݔ)ݑ = ݔ + ∗ݕ       , ଶݔܽ߳ = ݕ + ∗ݑ       , ݕݔܾ߳ = ݑ +        . ݑܿ߳

E.6.3. Consider the first order partial differential equation 
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௧ݑ =         . ௫ଶݑ

Calculate the infinitesimals and the base generators admitting the equation.  

E.6.4. Consider the dimensionless heat conduction equation ݑ௧ =         . ௫௫ݑ

Calculate the infinitesimals and the base generators admitting the equation.  

E.6.5. Consider the dimensionless wave equation ݑ௧௧ =          ௫௫ݑ

Calculate the infinitesimals and the base generators admitting the equation.  

E.6.6. Consider the Harry-Dym equation (Basarab-Horwath, 2013)  ݑ௧ =        . ௫௫௫ݑଷݑ

Calculate the infinitesimals and the base generators admitting the equation.  

E.6.7. Consider the coupled equation of filtration (Pakdemirli, 2002)  ܿ௫ + ܿߣ = ௧ߪ      ,0 + ௫ܿݒ = 0      

where x is the depth, t is the time, ܿ(ݔ,  is the filter ߣ ,is the concentration (ݐ
constant, ݔ)ߪ,  .is the constant approach velocity ݒ is the specific deposit and (ݐ
Calculate the infinitesimals and the base generators admitting the equation. 

 

 

 

 

 

 

 

 




