SOLUTIONS OF DIFFERENTIAL EQUATIONS BY SYMMETRY METHODS

CHAPTER 6

PARTIAL DIFFERENTIAL EQUATIONS: SYMMETRY
GENERATORS

In this chapter, the partial differential equations will be treated. Similar to the
case of ODEs, there are two basic steps in finding solutions for partial
differential equations via symmetry methods: 1) Calculate the symmetry
generators 2) Use the generators to construct solutions. The first part, namely
calculating the symmetries of the ODEs will be outlined in this chapter and the
next chapter is devoted to constructing solutions from the generators. The
recursive relations for extended infinitesimal generators will be given. Several
sample problems are treated.

6.1. EXTENDED GROUPS AND INFINITESIMAL GENERATORS

A general partial differential equation of arbitrary order with one dependent
variable and n independent variables can be written as

F(xi,u, ui,uij,ul-jk, ) =0 s i,j, k, L= 1,2, e 1 (61)

where x; are the n independent variables and u is the dependent variable. For
one dependent and two independent variables of u = u(x, y), the variables may
be

X1 =X, Xp =Y, U = Uy, Up = Uy, Ugg = Uyy, Ugp = Uyy, Uz = Uyy ... (6.2)

To express (6.1) in a more compact form, define wug,as all k'th order
derivatives. Hence, for one dependent, two independent variables, w will
represent the total of u,4, u;, and u,,. If Equation (6.1) is of k’th order, then

F(xi,u, U(l),U(Z), ...,U(k)) =0. (63)

In writing the Lie group of transformations for the PDE, one needs to write the
transformations for the derivatives also. A sample transformation with one
dependent variable and n independent variables will look like

X = x; (xj,u, €), (6.4)
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ut =u"(x,u,¢€), (6.5)
u;,k = u;,k (x]) u, u(l)l E)a (66)
Ui i, = Uy, (6, W U, Uz), €), (6.7)
Ui iy e = Uiz (K W U1y U@y -oor Ugie)s €) (6.8)

where j,i,i,i,..7, = 1,2,..n. The transformations of higher order variables
cannot be arbitrary, but dictated with the derivatives of transformations (6.4) and
(6.5).

The infinitesimal transformations up to first order for the corresponding group
can be written

xl?k =X + Efi(leu)! (69)

u' =u+en(x;,u), (6.10)
* 1

u; =u; + enl( )(xj,u U1)), (6.11)

u;ﬂz Uisi, + Enlllz (x]'u U(), u(Z)) (612)
* K

Ui iy, = Wigiyaip T fﬂl'(li)z_,ik(x',% U(r), Uz)s - Uk)) - (6.13)

Theorem 6.1. The infinitesimals for (6.9)-(6.13) are calculated from the
recursive relations

n = Din — (D , (6.14)

W =D — (D E Wi (6.15)

nlllz Ak lknlllz d—1

with the total derivative being

2
Dl-— +ula +u”a T+t U,

I duy iy i (6.16)
The extended infinitesimal generator corresponding to the group is therefore

X0 =g 2y p® 2 ) 2

l1lp. lk aul112 lk

(6.17)

wherei =1,2,..n, i, =1,2,..n, £=1,2,..k, k= 2,3,... and summation is
taken over the repeated indexes [
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The logic behind the derivation of the above recursive formulas is similar to the
ones given for ODEs in Chapter 4 albeit with more algebra. See Bluman and
Kumei (1989) for a proof of the above theorem.

The recursive relations lead to excessive terms as the number of variables and
the order of equation increases which necessitates usage of symbolic
computation programs. For two independent and one dependent variables
u = u(xy, x,), the extension formulas for the infinitesimals lead to

(1 _on (o0&, 0%, G o 0%
nl o axl + (au 6x1) ul 6x1 2 ou u1 ou uluZ ' (6.18)
(W _ 01, (9 _06\ 9 06 ,_ 06

M2 = 0x; + (au axz) u dx, U ou uz ou U Uz (619)

(2) _ 9*n (2 a’n 6251) 9%%, (577 351)
=— — — )y - —Z2u,+ (——2>2)u
M1 ax? + ox0u  o9x2) L ax? 2 + ou ox,) 11

9&, 9%n 0%¢, 2 0%&, 0%¢, 3
—2=>u (—— —) —2—=uu, ——u
dx, 12 * oz dx,0u) 1 dx,0u 172  gyz 1
028, 2 9¢4 9¢, ¢
- auz u1u2 - 3Eu1u11 - %uzull - Zgululz, (6.20)

(2 _ _9%n (6277 9% )u +( o’n 9% )u
Mz = 0x10x, 0xq0u  0x10x, 0x,0u  0x10x, 1

an 9% afz) 9¢1 %% o
6x1u22+(6u 0x, 0xy U1z axzull axlauuz

6277 6251 6252 _ 6251 2_3252 2 9251 2
P K SCY)

— = uuj — uju
ou?  0dxq0u  0x,0u dx,0u 1 uz 172 guz 172
&, 23 91 0<2
—2 =2 UpUqyy — 22U Uy — — Uy — — U U 6.21
ou 2412 ou 1%12 ou 2711 ou 1422 » ( )

(2)_62_71 9%n _6252 _5251 o 505
e =5+ o )G w (G 25w

dx,0u  9x3 dx3 dx;
91 9% &%\ . 2 9%&, %% 3
2% (— —2 ) —2 -
dx, Uiz + du? dx,0u Uz dx,0u Uy Uz ou? Uz
92§, 2 9%, 43 981
- du? u1u2 - 3%“;2”22 - EuluZz - Zguzulz . (622)

Note that ng) = ng? from the symmetry of the derivative operator and no need
to be calculated.

102



SOLUTIONS OF DIFFERENTIAL EQUATIONS BY SYMMETRY METHODS

In the case of systems of differential equations, the number of dependent
variables increases as the number of coupled equations increases. Assume m
dependent variables u% a =1,2,..m, with n independent variables, the
recursive relations in Theorem (6.1) assumes the modified form (Bluman and
Kumei, 1989)

1
e = Dt — (DEul (6.23)
(1) _ (k-1)
nlllzulk - len1112 Lkul - (lefj 1112 dke1) ! (6.24)
D= b bl el i (6.25)
l 0xi b ou It 11112 Uk auluz Ak , .
x®k — g 2 (1)u 0 (F)u d
f =t 2 gar T Gt Mgy (6.26)

iqin.ip
wherei =1,2,..n,i,=12,..n, £=1,2,..k, k=23,.. pu=12,..m and
summation is taken over all repeated indexes.

Problem 6.1. Determine the second order extended infinitesimals and
generators for the three parameter translational group with u = u(x, y)

x"=x+ea, (6.27)
y'=y+eb, (6.28)
u*=u+ec. (6.29)

Solution

Define x; = x and x, = y. Since the infinitesimals are all constants, i.e., & =

a, & = b and n = c, all derivatives vanish in Equations (6.18)-(6.22). Hence,
® _ @) _ a

nl = 0 and n;;” = 0. The extended generator to second order is X(?) = a_-+
b 5 +cC a .

Problem 6.2. Determine the second order extended infinitesimals and
generators for the three parameter scaling group with u = u(x, y)

x* =x+ eax, (6.30)
y*=y+eby, (6.31)
u*=u+ecu. (6.32)
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Solution

Define x; = x and x, = y. The infinitesimals are {; = ax, & =by and n =
cu. Inserting into (6.18)-(6.22)

ngl) = (c — a)uy, ngl) = (c—Db)u,, (6.33)

1D = (c = 2a)uy; , 1Y = (c —a—b)uy, , 1Sy = (c — 2b)u,, . (6.34)

The second order extended generator is
@ = gx 2 9 9 _ 9 _ 9
X ax——+ by 3y +tous-+ (c—a)uy, o + (c — b)u, F

0

] 9
+(c — 2a)uqq F + (c —a—b)uy, F + (¢ — 2b)uy, F

(6.35)

6.2. INVARIANCE OF A PARTIAL DIFFERENTIAL EQUATION

The invariance definition and theorem are much similar to the case of ODEs
given in Chapter 4. The definition and invariance theorem is given for one
dependent and n independent variables.

Definition 6.1. The partial differential equation of k'th order
F (1w, ugry, Ugay, - Ugy) = O is invariant under the extended Lie group of
transformations (6.9)-(6.13) if and only if

F(xf,u*,uz‘l),uz‘z), u’(*k)) = 0 when F(xi,u, U1, U(2)s ...,u(k)) =0 0O
(6.36)

The relevant theorem for calculating the symmetries immediately follow from
the definition:

Theorem 6.2. If the partial differential equation of k'th order
F (o, u,uay, Uy, - Ugy) = 0 is invariant under the given Lie Group of
transformations (6.9)-(6.13), then

X®OF=0whenF =0 , (6.37)

where X® is the k’th order extended generator of the group admitted by the
equation [
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The proof has the essential steps of the proof of Theorem 3.1 given for
invariance of algebraic equations and therefore skipped.

6.3. FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS

In the case of first order ordinary differential equations, it is shown in Chapter 4
that the equations are not solvable in general since there are two unknowns with
a single determining equation for the infinitesimals. In the case of partial
differential equations, the determining equation for infinitesimals can indeed be
separated increasing the possibility of obtaining a solution. However, as is
outlined in the following example problem, one may still need some simplifying
assumptions to determine the infinitesimals which make the Lie Algebra a
subalgebra of the complete group.

Problem 6.3. Consider the first order partial differential equation
Uy = ULy . (6.38)
Calculate the infinitesimals and the base generators admitting the equation.
Solution
Defining x; = t, x, = x, u; = u; and u, = u,, the equation is
F(u,u;,u,) =u; —uu, =0. (6.39)

The infinitesimal generator extended to first order is

d 0 5} 1) 0 1) 0
X(1)=51a+525_xz+’7£+”()_+”§)_ (6.40)

1 6u1 auz ’
The invariance condition X(WF = 0 requires

—nquy + M —pPu=0. (6.41)

Substituting from (6.18) and (6.19) the extended infinitesimals and using

u; = uu, wherever u, appears, the determining block can be considered as a

polynomial in terms of u, which separates into two equations when the

coefficients of the polynomials with respect to higher order variables are
equated to zero

on _ 0

6x1 uaxZ
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%, 9% 0%, |, 0%, 2
T o "o Tt o, =0 (6.43)
Solving n,
— 0% (0% 0% 91, 2
= 0xq + (axz axl) u+ 0x; u, (6-44)

and substituting into (6.42) yields

_ % (2 2% _ az;l)qu (2&_ ﬁ) w2283 0. (6.45)

ax? 0x,0x,  0x? 0x10x;  0x2 dx32

Since & and &, both depend on u, the equation is inseparable with respect to u
in general. The two unknowns with one equation cannot be solved. However,
one may make the simplifying assumption that & = & (xq,x,) and &, =
&, (x4, x5) which leads to a separation with respect to u

9% _
028, _ 0%% _
2 0x,0x, - ﬁ =0, (6.47)
028 0%% _
2 0x,0x, - @ =0, (6'48)
9281 _
a2 0. (6.49)
From (6.49)
§1 = alxy)x; + b(xy) . (6.50)
From (6.46)
§2 = c(xz)xy +d(xz) . (6.51)

Substituting &, and &, into (6.47) and solving
¢'(xz) = 50" () + 3" (1), (6.52)

which is a contradiction since the left hand side depends solely on x, whereas
the right hand side depends on both x; and x,. The contradiction is removed if
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a''(x;) =2a; and b"'(x;) = 2b, for some constants a, and b,. Integrating
them

a(xy) = a;x? + ayx; + az , (6.53)

b(x;) = byx? + byx; + by . (6.54)
Integrating (6.52) in view of (6.53) and (6.54) yields

c(xy) = %alxz2 + byx, + 4. (6.55)

The last equation to be satisfied is (6.48). Substituting (6.50) and (6.51) with
(6.53)-(6.55) and solving

d'"(x;) = 3a,x, + 2a, . (6.56)

Since the left hand side is a function of x, only, the contradiction in the above
equation can be removed if

a, = 0. (6.57)
Hence
d(x,) = axs + dyx, + dj . (6.58)
Substituting all into (6.50), (6.51) and (6.44), the infinitesimals are
& = (ayxy + ag)x, + byx? + byxy + by, (6.59)
& = (byxy + €)X + ayx: + dyx, + dsg (6.60)
n = —b;x, —c; + (ayx, — byx; +d, — by)u + (ayx; + a;)u?. (6.61)

Deflnlng a, = a,a3 = b,bl = C,bz = d,b3 =&, :f, dz = g,d3 = h and
bearing in mind that x; = t and x, = x, the infinitesimals are

&L =(at+b)x+ct?+dt+e, (6.62)
&L =(cx+Ht+ax?*+gx+h, (6.63)
n=-cx—f+(ax—ct+g—du+ (at + b)u?, (6.64)

which constitutes a 8-parameter finite Lie group of transformations with the
base generators
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— et 21,20 2y 2 = x 222
Xl—xtat+x ax+(xu+tu)au,Xz—xat+u

ou'’
_ 20, 0 0 g _ 00 0
X;=t 5 T Xt (x+tu)au,X4—tat uau’X5_at’
a d a a a
X6—ta—£,x7—3€a+u$,x8—a. (665)

Among the generators, X, and X, are scaling, X5 and Xg are translational
symmetries. X, and the first three generators correspond to more complex
symmetries. Note that due to the simplifying assumption after equation (6.45),
the above symmetries do not constitute all the symmetries of the equation.

6.4. SECOND ORDER PARTIAL DIFFERENTIAL EQUATIONS

In the case of second order partial differential equations, similar to the case of
ODEs, the determining equations are in general solvable since the partial
differential equation system is over-determined after separation into higher order
variables. A sample problem from heat transfer is treated.

Problem 6.4. Consider the non-dimensional fin equation with constant heat
conduction coefficient and constant heat transfer coefficient (Pakdemirli and
Sahin, 2004)

0., — N2 =80, (6.66)

where 6 is the dimensionless temperature, x and t are the spatial and time
variables. Calculate the infinitesimals and the base generators admitting the
equation.

Solution

Defining x; = x, x, = t,u =6, u; = 0,, u, = 6; and uy; = 6,,, the equation
IS

uz = u11 - Nzu . (6.67)
The infinitesimal generator extended to second order is

@ —g 9 o0 4 0, W 19
X flax1+fzaxz+n6u+n1 au1+772 u,

+n® 2 (6.68)

11 duqq

The invariance condition requires
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ns? = — N2y, (6.69)

Substituting from (6.19) and (6.20) the extended infinitesimals and using
u;; = u, + N>u  wherever u,, appears, the determining block can be
considered as a polynomial in terms of higher order variables which separates
into the following equations when the coefficients of the polynomials are
equated to zero

%=%+(Z—Z—22—2)Nzu—N2n, (6.70)
Z—Z:%+22—2+%—%N2u, (6.71)
_2_2:2%—22—)2—3%—3N2u, (6.72)
o2t 679
0=ZZTZ—2%, (6.74)
0=2%, (6.75)
0= 6;522 , (6.76)
0= % (6.77)
0= % (6.78)

From (6.77) and (6.78) &, = &,(x,). From (6.73) then & = &, (xq,x,). The
remaining equations are

6_77 — az_n 6_7] _ a_gl 2., 2

dx,  0x2 + (6u 2 6x1) Nu—N*n, (6.79)
as; _ 0%

ax - Com (6.80)

x5 dx,0u  9x2’

_0& _ 5 ' 9% (6.81)
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9%n

= ow (6.82)
From (6.80)
& =280 +alxy). (6.83)
From (6.82)
n = b(xy, x)u + g(xy, x3) . (6.84)
Substituting &, and n into (6.81)
" ’ dab
_%S(z (xz)x; —a'(xz) = za—xl, (6.85)
and solving for b
b= ==& (e)x? —2a' (x)x; + d(xy) (6.86)

Substitute all into the last equation, namely (6.79) and separate with respect to u

99 _2%9 _ p2

ox; = 9x2 N4g, (6.87)
ob 2%b ,

Pl & (xx)N?. (6.88)

Substituting b from (6.86) into (6.88) yields

—2 & (e)xd —5a" (e)xy + () = =585 () — E()N?,  (6.89)

which separates further with respect to the variable x;

—28" (1) = 0, (6.90)
—%a”(xz) =0, (6.91)
d'(x;) = =8 () — & (x)IN?. (6.92)

Solving the above equations

Ez(xz) - klx% + kzXZ + k3 y (693)

110



SOLUTIONS OF DIFFERENTIAL EQUATIONS BY SYMMETRY METHODS

a(xy) = ayx, + a,, (6.94)
d(x;) = =2 kyx — (kixd + kyx)N2 + Ky (6.95)
Substituting (6.93) and (6.94) into (6.83)
& = kixyx, + %kle +a,x; +a, . (6.96)
From (6.84), using (6.86), (6.93), (6.94) and (6.95)

1 1 1
r] = (_Zklxlz - Ealxl - Eklxz - (klxzz + kzxz)Nz + k4)u + g(xl'xZ) .
(6.97)

Defining new parameters a = k,, b = k,, c = k3, d = a,, e = a,, h =k, and
bearing in mind that x = x;, t = x, and 8 = u the infinitesimals are

& =axt+-bx+dt+e, (6.98)
& =at’>+bt+c, (6.99)
n=|—ax —de—zat—(at + bt)N +h)9+g(x,t), (6.100)

with

It = Gxx — Nzg : (6101)

There are 6 finite parameter Lie group of transformations (a,b,c,d,e,h) and one
infinite parameter Lie group of transformation g(x,t). Note that g(x,t) is indeed a
solution of the original equation. For linear equations, a function satisfying the
original equation does always appear as an infinite parameter group.

The base generators are

— 4 9 zi_(l 2,1 2 2) A
Xl—xtax+t py X +2t+tN 969,

1,0 .0 N2.n0 9
X2_2x6x+t6t N teae’ X3_at’
a 1,0 d F)
X4—ta——EX9£,X5—a,X6—9£,
Xeo = g(x,t) 5. (6.102)
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Contrary to the first order case, in the case of second order partial differential
equations, the whole group is retrieved. Results are compatible with Pakdemirli
and Sahin (2004) for constant heat conduction and heat transfer coefficients.

6.5. HIGHER ORDER PARTIAL DIFFERENTIAL EQUATIONS

For higher order partial differential equations, the over-determined system
appearing after the invariance conditions is a large scale system of equations
which can be solvable. However, as the order of the equation increases, the
algebra increases extensively which may require symbolic computational
programs (Baumann, 2000). A third order well-known problem is treated.

Problem 6.5. Consider the non-dimensional Korteweg de Vries equation (KdV)
(Baumann, 2000)

Up + Ul + Uyyy =0, (6.103)

which is a well-known mathematical formulation to model the wave motion in
shallow waters. Calculate the infinitesimals and the base generators admitting
the equation.

Solution
Defining x; = x, x, = t, u; = Uy, Uy = U AN U311 = Uy, the equation is

U, +uuy; +ug11 = 0. (6.104)
The infinitesimal generator extended to third order is

— wmwoe , o , (3 _20
X® = ‘f1ax +fzg+776u+n1 o S—t1; Uy 77111@' (6.105)

The invariance condition requires

nu; + ungl) + ngl) + 773)1 =0. (6.106)
From (6.15) and (6.16),
Tlﬁ)1 = Dl’l(z) (D1§)urr1 — (D12 w1z (6.107)
d d d d 5}
Dy :(,_4‘111a +u11au +u128 +u111a ‘|‘U~112E‘|‘u122$22
(6.108)
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where nﬁ) is given in (6.20) and the first extensions nil) and ngl) in (6.18) and

(6.19). The invariance condition can now be calculated and u;;; = —u, — uu,
has to be submitted wherever u,,; appears. The block of equations can be

separated with respect to higher order variables. The coefficient of w u;4,
&, 9,

requires - = 0, the coefficient of u,,, requires = 0 and the coefficient of
1
u?, requires"‘;—i1 = 0. Hence
$1 =86 (x1,x2), & =&(x2), (6.109)
which simplifies the determining equations,
on an , 9*n _
ua_xl+6_x2+a_x§_0’ (6110)
43 a°n %% 081 _
T]—a—xz g_axfau_ﬁ-l-zua_xl_o' (6111)
9 081 _
_E+36_x1_0’ (6.112)
6251 6277 _
e + o 0, (6.113)
3n
0w 0, (6.114)
a%n _
—=0, (6.115)
%n _
= =0. (6.116)
From (6.115)
n = a(xy, x)u + b(xq,x3) , (6.117)

which satisfies (6.116) and (6.114). From (6.112)

& =28 0)x +c(xy) . (6.118)
From (6.113), ;—i = 0, hence a = a(x,). Then

n = a(x)u+ b(xy,x;) . (6.119)
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Substituting &; and n into (6.111) and separating with respect to the variable u
yields

a(xy) +58506) = 0, (6.120)
by, x2) = 385 (xa)x, — ¢ (x2) = 0. (6.121)
Solving a(x,) and b(x4, x,) from above and substituting into (6.119)

n=—2&0)u+ 18 ()x +c'(x) . (6.122)

The last equation to be satisfied is (6.110) which separate with respect to u

—28 () =0, (6.123)
& (o) + ¢ () = 0, (6.124)
with solutions
$ () = a1x; + ay (6.125)
c(xz) = c1x5 + €5 . (6.126)

Substituting the above results into (6.122) and (6.118), the infinitesimals are
finally determined

fl = éalxl + C1X> + (o (6127)
52 = aix; + a, , (6128)
n= —%alu +c . (6.129)

Defining new parameters a, = 3a, ¢c; = b, ¢, = ¢, a, = d and bearing in mind
that x; = x and x, = t, the infinitesimals are

& =ax+bt+c, (6.130)
& =3at+d, (6.131)
n=-2au+b. (6.132)
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There are 4 finite parameter Lie group of transformations. The base generators
are

Xl__ ){2—i

a a a a a
o’ ot X3—Xa+3ta—2u5, X4—ta+£, (6133)

which are exactly the same generators calculated by Bauman (2000) using
Mathematica program.

6.6. COUPLED PARTIAL DIFFERENTIAL EQUATIONS

For coupled equations, there is more than one dependent variable. A sample
problem from fluid mechanics in which there are two independent and two
dependent variables will be solved. As mentioned earlier, as the number of
variables increases, the number of terms in the infinitesimals increase.

Problem 6.6. Consider the non-dimensional steady state boundary layer flow of
a Newtonian fluid modeled by the coupled equations (Pakdemirli and Y Urlisoy,
1998)

uy+v,=0, (6.134)
uuy, +vuy, = U)U'(x) +uy,y , (6.135)

where x is the coordinate parallel to the boundary and y is the coordinate vertical
to it. u(x,y) and v(x,y) are the x and y components of velocity inside the
boundary layer respectively. U(x) is the inviscid velocity component in X
direction outside the boundary layer. Calculate the infinitesimals and the base
generators admitting the equation.

Solution
Defining x; = x,x, =y, ul =u, u® = v, uf = u,, uj = u,, uf = v, uj =v,
and u}, = u,,, the equations are
uj +us =0, (6.136)
ulud +u?ud = U(x)U (x)) +ul, . (6.137)
The infinitesimal generator extended to second order is

1 0

2 N1 0
X(Z):Szla_xl‘*‘fzax Uil auz+77()

(1 0
uj + 2 ou;
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(12 @ (21 9
+T]2 6_u%+ 22 @ . (6138)

The first order extended infinitesimals are calculated for two dependent and
independent variables from the recursion relation given in (6.23)

n§1)1 = D1771 - (D1Ej)uj1 = D1771 - (D1S(1)u% - (D152)u% ) (6.139)
where
D, = aixl+u%%+uf% (6.140)
Hence
R e T (o
—utu? 25— wluy 22— a2 (6.141)
Similarly
—ubud S - )2 2 — w2 (6.142)
(12 _ on? 1ai_u23_51+ z(ai_a_é’z)_ 1,296
2 ax, 2 gut Loax, ' 72\ouz  oax, 271 gy
—ufud 28— wjud 2 —u3)? 22 (6.143)

For second extensions, only the term ng?l is needed. From (6.24)

2)1 1)1 11
st =Dyt = (D,8)ul; = DongDt — (D6)ub, — (D26)ud, , (6.144)
where
d d d 0 d d
Dy =gt ags t Uy gt gor t Uz g F U st g - (6.145)

A straightforward calculation yields

(2)1 _ aan 6251 + 1 (2 aan _ 8252) + 2 2 827]1
22 7 a2 dx?2 2\" dx0ul  9x2 2 9x,0u?

625 62{? ) 625 627’]1 aZf
1.1 1 2 1.2 1 142 2
—Uusu —2usus, ———+(u ( -2 )
172 (axzaul + dx,0ul 172 5x,0u? +(u A (ul)? dx,0ul

1
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+2uu; (aajz; N ajzgiz) + (u3)” aiiz; = ug (uz)? a(zzzj;z
—2u1u2u26 1212 - (u3)? aiz %2 2(uz)*uj Uz 52 1:;22 —uj (u3)? 6(2 i;z
—ubd)? i — 2ud, 2ty (UL - 222 4 03, 2
—2uzuz, Zi — 2ujuz, 3612 — ujuz, gi — 3uzu, Z_izl
—2uul, 652 ulugzai ulus, 3522 : (6.146)
The first invariance condition is
XOi+u2)=0 - 77(1)1 + ngl)z =0 . (6.147)

Using u2 = —ul and substituting from (6.141) and (143), separating with
respect to higher order variables

gi+gi =0, (6.148)
Z—ﬁ—ﬁ—i—g—?%:"’ (6.149)
%_% —0, (6.150)
Z_Zj_g_z -0, (6.151)
98 4 9% _ (6.152)

dul = Ju?

The second invariance condition
X@tul +u?ud) = XA WU’ +ud), (6.153)
yields

uln® + uin? + u n(l)l +u r)(l)l =& — P (UU )+ 77(2)1 . (6.154)

The invariance condition can now be calculated and ul, = u*ul + u?ul — UU’
and us = —ul has to be submitted wherever u}, and u3 appears. The block of

equation can be separated with respect to higher order variables. The coefficient

9

. .. . 0
of uluz, requires 52z =0, the coefficient of utui, requires a—j; =0, the
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as‘

coefficient of ulul, requires =% g = = 0, the coefficient of ulul, requwes ‘Cl =0,

the coefficient of u3, requires ﬁ =0 and the coefficient of ul, requires
9%

= 0. Hence,
axZ

§1=81(x1), & =& (xq,x,ut), 0t =0 (xy, xp,ut) (6.155)

simplifies substantially the second block of equations. The separated equations
corresponding to the second block as well as those corresponding to the
simplified first block, i.e., Equations (6.148)-(6.152) are listed below

an* | an* _
o Yo, 0, (6.156)
d
aul —$1(x1) — ﬁ % =0, (6.157)
6772 0&, _
Pl 6_x1 =0, (6.158)

ont d
e e o

Uu( L-2%2)  (6.159)

Ly ul “ox,
n'=u (El(xl) -222), (6.160)
nz—ulg—izz%—%— 2652+3UU'§521, (6.161)
= oot out O, (6.162)
0= 2500+ T 222, (6.163)
-t (6.164)

Solving the above over-determined system of equations and returning back to
the original variables, the infinitesimals are

& =ax+b, (6.165)

$=(a+c)y+d(x), (6.166)
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nt=—(a+2)u, (6.167)
n=—(a+c)v+d@u, (6.168)

with the function U (x) satisfying
(ax + b) j—x (UU") + (3a + 4c)UU' = 0. (6.169)

If U(x) satisfies identically the above equation, i.e. none of the parameters a, b
and c are nonzero, then one can say that there are 3 finite parameter Lie group of
transformations and 1 infinite parameter Lie group of transformations. The base
generators are

a a a a a
X=Xty " TV KTy

d ) d d , d
X =y5y m 250 Ve Mo =A@+ dGugs . (6.170)

The scaling symmetries X; and X5 are compatible with those found in Problem
2.8 using the direct application of the scaling transformation. Indeed, this
problem is a kind of group classification problem which will be retreated in
Chapter 8.

6.7. EXERCISES

E.6.1. Determine the second order extended infinitesimals and generators for the
three parameter spiral group with u = u(x, y)

*

x*=x+ea,
*

y*=y+eby,
u*=u+ecu.

E.6.2. Determine the second order extended infinitesimals and generators for the
three parameter group with u = u(x, y)

x* = x + eax?,
y*=y+ebxy,
u*=u+ecu.

E.6.3. Consider the first order partial differential equation
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U = ul.
Calculate the infinitesimals and the base generators admitting the equation.
E.6.4. Consider the dimensionless heat conduction equation

Up = Uyy -
Calculate the infinitesimals and the base generators admitting the equation.
E.6.5. Consider the dimensionless wave equation

Upt = Uy
Calculate the infinitesimals and the base generators admitting the equation.
E.6.6. Consider the Harry-Dym equation (Basarab-Horwath, 2013)

Up = U Uy -
Calculate the infinitesimals and the base generators admitting the equation.
E.6.7. Consider the coupled equation of filtration (Pakdemirli, 2002)

¢y +Ac=0, o +vc,=0

where x is the depth, t is the time, c(x,t) is the concentration, A is the filter
constant, o (x, t) is the specific deposit and v is the constant approach velocity.
Calculate the infinitesimals and the base generators admitting the equation.
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