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CHAPTER 5 
 
ORDINARY DIFFERENTIAL EQUATIONS: SYMMETRY 
SOLUTIONS 
 

In this chapter, constructing solutions using the symmetry generators will be 
discussed separately for first, second and higher order ordinary differential 
equations. Symmetries can be employed in a number of ways: Determining 
integrating factors (first order equations), group invariant solutions (discussed in 
Chapter 2 and will be discussed more systematically here), reduction of order 
via canonical coordinates, reduction of order via group invariants and finding 
another solution from a known one via the group transformations.  

A one parameter Lie Group of transformation may be employed to reduce the 
order of equation by one. For second order equations, if there exists two or more 
symmetries, it is always possible to reduce the order of equation by two thereby 
obtaining full reduction. This is because any two dimensional Lie algebra is 
solvable and the requirement for successive reductions is the solvability of the 
Lie algebras. For higher order equations, if there are r symmetries and the order 
is k, reduction to order k-r is only possible if a solvable Lie algebra can be 
constructed.   

5.1. FIRST ORDER DIFFERENTIAL EQUATIONS 

For first order differential equations, the relationship of symmetries with the 
integrating factors will be outlined first. Group invariant solutions, reduction of 
order via canonical coordinates will be discussed next. Finally, mapping a 
solution from a known one will be treated.   

Integrating Factors 

A common method to integrate nonlinear first order equations of the form  ݔ)ܯ, ݔ݀(ݕ + ݕ݀(ݕ,ݔ)ܰ = 0 ,    (5.1) 

is the method of integrating factors (O’Neil, 1991). If the equation is not in the 
exact differential form, then the equation is multiplied by an integrating factor ݔ)ߤ,  to make it exact (ݕ
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,ݔ)ߤ ,ݔ)ܯ(ݕ ݔ݀(ݕ + ,ݔ)ܰ(ݕ,ݔ)ߤ ݕ݀(ݕ = 0 ,   (5.2) 

where now  డఠడ௫ = ,ܯߤ డఠడ௬ =  (5.3)     ,  ܰߤ

so that (5.2) is an exact differential  డఠడ௫ ݔ݀ + డఠడ௬ ݕ݀ = 0   →      ݀߱ = 0  ,   (5.4) 

with a solution  ߱(ݔ, (ݕ = ܿ ,      (5.5) 

where c is a constant of integration. To determine the integrating factor, one 

uses the interchangeability of the derivative orders, hence  డమఠడ௫డ௬ = డమఠడ௬డ௫ or from 

(5.3) డడ௬ (ܯߤ) = డడ௫  (5.6)     . (ܰߤ)

To outline the relationship with integrating factors and symmetries, write (5.4) 
as డఠడ௫ + డఠడ௬ ᇱݕ = 0 .      (5.7) 

But from (5.1) ݕᇱ = ܰ  and upon substituting and multiplying by N yields ܰ/ܯ− డఠడ௫ − ܯ డఠడ௬ = 0 .     (5.8) 

One now requires the invariance condition ܺ߱ = 1 for family of curves (See Eq. 
ߦ   (3.62 డఠడ௫ + ߟ డఠడ௬ = 1 .      (5.9) 

Solving (5.8) and (5.9) together 

డఠడ௫ = ฬ଴ ିெଵ ఎ ฬฬே ିெ క ఎ ฬ = ெకெାఎே ,     (5.10) 
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డఠడ௬ = ฬே ଴క ଵฬฬே ିெ క ఎ ฬ = ேకெାఎே  .    (5.11) 

But since ݀߱ = డఠడ௫ ݔ݀ + డఠడ௬ ݕ݀ = 0 is an exact differential, substituting the 

equivalents of the derivatives  ெకெାఎே ݔ݀  + ேకெାఎே ݕ݀ = 0 ,    (5.12) 

clearly shows that  ߤ = ଵకெାఎே  ,     (5.13) 

is the integrating factor for the equation admitting a symmetry generator ܺ = ߦ డడ௫ + ߟ డడ௬. Note that if ߤ is an integrating factor, then ݇ߤ is also an 

integrating factor for some constant k. This fact can be verified by multiplying 
(5.12) with a constant k.  

Problem 5.1. Consider the nonlinear first order differential equation solved in 
Problem (4.4).  ݕᇱ + ଶݕ = 0 .      (5.14) 

Determine the integrating factor for the equation and solve the equation.  

Solution 

The equation can be written in the form  ݕଶ݀ݔ + ݕ݀ = 0 .      (5.15) 

Hence ܯ = ܰ ଶ andݕ = 1. One of the symmetries of the equation was already 
given in Problem 4.4 as ߦ = 1 and ߟ = ߤ ଶ. Substitute all into (5.13)ݕ = ଵ௬మ ,      (5.16) 

without considering the factor ½. If one multiplies (5.15) with the integrating 
factor ݀ݔ + ௗ௬௬మ = 0 ,      (5.17) 
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the equation can be directly integrable with a result ݔ − ଵ௬ = ܿ   → ݕ    = ଵ௫ି௖ .      (5.18) 

Problem 5.2. Consider the first order differential equation  2ݔ݀ݕ + ݕ݀ݔ3 = 0 .      (5.19) 

Determine the integrating factor for the equation and solve the equation.  

Solution 

The equation can be written in the form  ݕᇱ + ଶଷ ௬௫ = 0 .      (5.20) 

It is easy to show that the equation admits uniform scaling. Hence ߦ = ߟ and ݔ = ܯ ,From (5.19) .ݕ = ܰ and ݕ2 = ߤ Substitute all into (5.13) .ݔ3 = ଵ௫௬ ,      (5.21) 

without considering the factor 1/5 for simplicity. If one multiplies (5.19) with 
the integrating factor 2 ௗ௫௫ + 3 ௗ௬௬ = 0 ,      (5.22) 

the equation can be directly integrable with a solution ݔଶݕଷ = ܿ .      (5.23) 

Group Invariant Solutions 

Such solutions were the special type of solutions treated in Chapter 2 when 
solving ODEs. If the symmetry generator is ܺ = ߦ డడ௫ + ߟ డడ௬, then the group 

invariant solutions are the solutions which satisfy both the original equation and 
the characteristic equation ௗ௫క = ௗ௬ఎ      or     ݕᇱ = ఎక  .        (5.24) 
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For the given symmetries, the solutions in Problem 5.1 and 5.2 are not group 
invariant solutions since although they satisfy the original equations, they do not 
satisfy the associated determining equations given in (5.24).  

Group invariant solutions can also be defined as the solution curves which are 
invariant under the symmetry generators or the symmetry groups admitted by 
the equation (Definition 3.1 and Theorem 3.1). Solutions different from the 
group invariant solutions can be considered those solutions which leaves the 
family of curves invariant according to Definition 3.2 and Theorem 3.2.  

Problem 5.3. Consider the nonlinear first order differential equation  ݕᇱ − ଶݕ = 0 .      (5.25) 

Determine a group invariant solution using the scaling symmetry.  

Solution 

Using the methods of Chapter 2, it is easy to show that for the scaling group 
transformations ݔ∗ = ݁ఢ௔ݔ and ݕ∗ = ݁ఢ௕ݕ, the parameters should satisfy ܾ = −ܽ. Hence, the non-uniform one parameter scaling transformation is ݔ∗ = ݁ఢݔ and ݕ∗ = ݁ିఢݕ by choosing ܽ = 1 without loss of generality. 
Alternatively, the general determining equation (4.53) given in the previous 
chapter can be used with an assumption of ߦ = ߟ to determine ݔ =  The.(ݕ)ߟ

corresponding generator is ܺ = ݔ డడ௫ − ݕ డడ௬. From (5.24) 

ௗ௫௫ = ௗ௬ି௬ ,      (5.26) 

the equation can be directly integrable with a result ݕ = ௖௫ .      (5.27) 

This solution should also satisfy the original equation. Substituting into (5.25), ܿ = 0 or ܿ = −1. Discarding the trivial solution for ܿ = 0, the non-trivial group 
invariant solution associated with the non-uniform scaling symmetry is ݕ = − ଵ௫ .      (5.28) 

Reduction of Order by Canonical Coordinates 
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Any infinitesimal Lie group of transformations 

∗ݔ  = ݔ + ,ݔ)ߦ߳ ∗ݕ  ,(ݕ = ݕ + ,ݔ)ߟ߳  (5.29)     (ݕ

can be transformed into a translational symmetry in the dependent variable via 
some coordinate transformations 

∗ݎ  = ∗ݏ  ,ݎ = ݏ + ߳      (5.30) 

where ݎ = ,ݔ)ݎ ݏ and (ݕ =  Then the original symmetry generator .(ݕ,ݔ)ݏ

 ܺ = ߦ డడ௫ + ߟ డడ௬ ,      (5.31) 

transforms into a much simpler form  ܺ = డడ௦ ,      (5.32) 

where ݎ and ݏ are called the canonical coordinates and are determined by the 
equations 

ݎܺ  = ݏܺ   , 0 = 1 .     (5.33) 

From above, one forces the first infinitesimal to disappear and the second 
infinitesimal to be 1 in view of (5.30) and (5.32). Using canonical coordinates, 
the order of the equation can be reduced.  

Problem 5.4. Re-consider the nonlinear first order differential equation of 
Problem 5.3 ݕᇱ − ଶݕ = 0 .      (5.34) 

Using canonical coordinates corresponding to the scaling symmetry, reduce the 
order and find a solution.   

Solution 

The infinitesimal generator was found in the previous problem as 

 ܺ = ݔ డడ௫ − ݕ డడ௬ for scaling symmetry. From the first equation of (5.33) 

ௗ௫௫ = ௗ௬ି௬ = ௗ௥଴  ,      (5.35) 

which yields  



SOLUTIONS OF DIFFERENTIAL EQUATIONS BY SYMMETRY METHODS 
 

74 
 

ݎ =  (5.36)      . ݕݔ

From the second equation of (5.33) ௗ௫௫ = ௗ௬ି௬ = ௗ௦ଵ  ,      (5.37) 

and taking ݀ݏ = ௗ௫௫ ݏ  = ln(5.38)      . ݔ 

Calculate ௗ௦ௗ௥, ௗ௦ௗ௥ = ௦ೣା௦೤௬ᇲ௥ೣ ା௥೤௬ᇲ .      (5.39) 

Since ݏ௫ = ௬ݏ ,ݔ/1 = ௫ݎ ,0 = ௬ݎ ,ݕ = ᇱݕ and ݔ = ଶ  ௗ௦ௗ௥ݕ = ଵ௫௬ା௫మ௬మ = ଵ௥(ଵା௥) = ଵ௥ − ଵ(ଵା௥) .      (5.40) 

The right hand side transformed into a pure function of the independent variable 
r which can be directly integrated  ݏ = ln ቀܿ ௥௥ାଵቁ .      (5.41) 

Substituting the equivalents of r and s in (5.36) and (5.38) and solving for y ݕ = ଵ௖ି௫ .      (5.42) 

For this specific example, the equation is separable and directly integrable 
without coordinate transformations. However, outlining the essential steps of 
canonical transformations is important for more involved problems which 
cannot be directly integrated.  

Problem 5.5. Using canonical coordinates, solve the linear non-homogenous 
first order differential equation  ݕᇱ + ݕ(ݔ)ܽ = ℎ(ݔ) ,      (5.43) 

by first verifying that an infinite parameter symmetry of the equation is ܺ (ݔ)ݑ= డడ௬ where (ݔ)ݑ is the solution of the homogenous problem.  
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Solution 

Apply the extended generator to the equation ቀ(ݔ)ݑ డడ௬ + (ଵ)ߟ డడ௬భቁ ଵݕ) + ݕ(ݔ)ܽ − ℎ(ݔ) ) = 0  ,  (5.44) 

with the invariance condition being ߟ(ଵ) + (ݔ)ܽ(ݔ)ݑ = 0  .    (5.45) 

From (4.23)  ߟ(ଵ) = ௫ߟ + ൫ߟ௬ − ଵݕ௫൯ߦ −  ଵଶ ,           (5.46)ݕ௬ߦ

with ߦ = 0 and ߟ = (ଵ)ߟ  ݑ =  (5.47)             . (ݔ)ᇱݑ

Hence, the invariance condition (5.45) requires ݑᇱ(ݔ)  + (ݔ)ܽ(ݔ)ݑ = 0  ,    (5.48) 

which is exactly the homogenous equation with a solution (ݔ)ݑ = ݁ି∫௔(௫)ௗ௫ .    (5.49) 

From the first equation of (5.33), ܺݎ = ݑ ,0 డ௥డ௬ = 0 ,      (5.50) 

and a simple particular solution may be ݎ =  (5.51)      . ݔ

From the second equation of (5.33), ܺݏ = ݑ 1 డ௦డ௬ = 1 ,      (5.52) 

with ݏ = ௬௨  .      (5.53) 

Calculate ௗ௦ௗ௥, 
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ௗ௦ௗ௥ = ௦ೣା௦೤௬ᇲ௥ೣ ା௥೤௬ᇲ = ି ೤ೠమ௨ᇲାభೠ௬ᇲଵ = ݏ− ௨ᇲ௨ + ௬ᇲ௨  ,     (5.54) 

with ݑ =  ᇱ from above and substituting into the originalݕ Solving .(ݎ)ݑ
differential equation (ݎ)ݑ ௗ௦ௗ௥ + ݏ ቀௗ௨ௗ௥ + ቁ(ݎ)ݑ(ݎ)ܽ = ℎ(ݎ) .     (5.55) 

But the terms in the parenthesis cancel since u is the homogenous solution 
leaving (ݎ)ݑ ௗ௦ௗ௥ = ℎ(ݎ) .      (5.56) 

Dividing by (ݎ)ݑ and integrating ݏ = ∫ ௛(௥)௨(௥)݀ݎ + ܿ .      (5.57) 

Returning back to the original variables and using (5.49) (ݔ)ݕ = ݁ି∫௔(௫)ௗ௫൫∫ ݁∫௔(௫)ௗ௫ℎ(ݔ)݀ݔ + ܿ൯  ,  (5.58) 

which is the general solution of a linear non-homogenous first order equation. 
As can be seen, many of the ad-hoc techniques indeed inherit symmetry 
solutions of equations making the symmetry analysis a unified and generalized 
approach.  

Mapping a Solution into Another Solution 

If one knows a solution of the problem, then from that solution, another solution 
can be constructed via the symmetry transformations. The restriction for 
mapping solutions to other solutions is that the first solution should not be a 
group invariant solution. Otherwise, the solution will map exactly onto it 
without producing a different solution.  

Problem 5.6. Re-consider the nonlinear first order differential equation of 
Problem 5.4 again ݕᇱ − ଶݕ = 0 .      (5.59) 
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Using the non-uniform scaling transformation admitted by the equation, find 
another solution starting from the solution ݕ = ଵ௖ି௫.  

Solution 

Since the solution is not a group invariant solution  ቀݔ డడ௫ − ݕ డడ௬ቁ ቀݕ − ଵ௖ି௫ቁ = − ௫(௖ି௫)మ − ݕ = − ௫(௖ି௫)మ − ଵ௖ି௫ ≠ 0  , (5.60) 

it can be mapped into another solution. Substitute the non-uniform scalings ݔ∗ = ݁ఢݔ and ݕ∗ = ݁ିఢݕ admitted by the original differential equation into the 
solution ݕ = ଵ௖ି௫ ݁ఢݕ∗ = ଵ௖ି௘షച௫∗ ,      (5.61) 

and reorganizing ݕ∗ = ଵ௖∗ି௫∗ ,      (5.62) 

 where ܿ∗ = ܿ݁ఢ. On the contrary, one can show that the group invariant 
solution ݕ = − ଵ௫ maps onto itself under the transformation, i.e. ݕ∗ = − ଵ௫∗ 
without producing a new solution.  

5.2. SECOND ORDER DIFFERENTIAL EQUATIONS 

For the second order differential equations, symmetries can be applied in a 
number of different ways. Integrating factor method will not be discussed 
although integrating factors can be employed for arbitrary orders of the 
differential equations. A systematic way of determining integrating factors for 
arbitrary orders of ODEs were outlined by Pakdemirli (2023a) using the 
principles of variational calculus. The group invariant methods will be discussed 
first. Then reduction of order via canonical coordinates and differential 
invariants will be discussed. As a general rule, a single symmetry reduces the 
order of equation by one. Special to second order equations, if the equation 
possesses two or more symmetries, then complete reduction is possible. This is 
because Lie algebra of order two is always solvable which is not always the case 
for higher order equations (order three or more). Mapping a solution from a 
known one is another option where symmetries can be employed.    



SOLUTIONS OF DIFFERENTIAL EQUATIONS BY SYMMETRY METHODS 
 

78 
 

Group Invariant Solutions 

As mentioned in Section 5.1, group invariant solutions are the solutions which 
satisfy both the original differential equation and the determining equation  ௗ௫క = ௗ௬ఎ      or     ݕᇱ = ఎక  ,        (5.63) 

where ܺ = ߦ డడ௫ + ߟ డడ௬ is the symmetry generator of the equation itself. It may 

happen that both equations cannot be satisfied at all or possess trivial solutions 
as common solutions. In such cases, one cannot speak of group-invariant 
solutions. In an alternative method presented by Bluman and Kumei (1989), the 
need of explicitly calculating (5.63) can be waived.  

Problem 5.7. Consider the differential equation describing the path of the object 
subject to minimum drag force ݕᇱᇱ − 1)ߙ + (ᇱଶݕ = 0 .     (5.64) 

Among the eight finite parameter symmetries, infinitesimals corresponding to 
two of the symmetries of the equation were (Pakdemirli and Aksoy, 2010) ߦ = (ܽcosݔߙ + ܾsinݔߙ)݁ିఈ௬,  ߟ = (ܽsinݔߙ − ܾcosݔߙ)݁ିఈ௬   (5.65) 

Construct a group invariant solution using the above infinitesimals.   

Solution 

From (5.63) ௗ௫(௔ୡ୭ୱఈ௫ା௕ୱ୧୬ఈ௫)௘షഀ೤ = ௗ௬(௔ୱ୧୬ఈ௫ି௕ୡ୭ୱఈ௫)௘షഀ೤   ,           (5.66) 

or  ݕᇱ = ௔ୱ୧୬ఈ௫ି௕ୡ୭ୱఈ௫௔ୡ୭ୱఈ௫ା௕ୱ୧୬ఈ௫ ,     (5.67) 

which can be directly integrated ݕ = − ଵఈ ln(ܽcosݔߙ + ܾsinݔߙ) + ܿ .     (5.68) 

Substituting this solution into (5.64), no further restrictions appear on the 
parameters a, b and c. Hence, (5.68) is a group-invariant solution.  
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Problem 5.8. Consider the nonlinear second order differential equation ݕᇱᇱ + ᇱଶݕ = 0 .      (5.69) 

All symmetries were already calculated in Problem 4.6. Calculate a group 
invariant solution corresponding to the symmetries ܺଶ = ݔ డడ௫, ܺ଺ = ௬ି݁ݔ డడ௬ . 

Solution 

The symmetry generator corresponding to the two symmetries is ܺ = ݔܽ డడ௫ ௬ି݁ݔܾ+ డడ௬ for some constant parameters a and b.  From (5.63) 

ௗ௫௔௫ = ௗ௬௕௫௘ష೤  ,              (5.70) 

or  ݁௬݀ݕ = ݇ଵ݀(5.71)     , ݔ 

where ݇ଵ = ܾ/ܽ. Integrating and solving for y ݕ = ln(݇ଵݔ + ݇ଶ)  .    (5.72) 

Substituting this solution into (5.69), no further restrictions appear on the 
constants ݇ଵ and ݇ଶ. Hence, (5.72) is a group-invariant solution.  

As mentioned earlier, mapping a group invariant solution to another solution is 
impossible because the associated symmetries will produce exactly the same 
solution.  

Reduction of Order by Canonical Coordinates 

In the previous section, the necessary equations to determine the canonical 
coordinates were already given, i.e. Equation (5.33). If one symmetry of the 
equation is known, the second order equation can be transferred into a first order 
equation. If at least two symmetries are known, then the equation may be 
reduced to an algebraic equation which will be the solution of the problem.  

Problem 5.9. Using canonical coordinates, reduce the order of the linear 
homogenous variable coefficient second order ordinary differential equation  ݕᇱᇱ + ᇱݕ(ݔ)݌ + ݕ(ݔ)ݍ = 0 ,     (5.73) 
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by using the symmetry ݔ∗ = ∗ݕ ,ݔ = ݁ఢݕ.  

Solution 

The infinitesimals are ߦ = 0 and ߟ = ܺ and the generator is ݕ = ݕ డడ௬. From the 

first equation of (5.33) ܺݎ = ݕ 0 డ௥డ௬ = 0 ,      (5.74) 

and a simple particular solution may be ݎ =  (5.75)     . ݔ

From the second equation of (5.33), ܺݏ = ݕ 1 డ௦డ௬ = 1 ,      (5.76) 

with ݏ = ln(5.77)      . ݕ 

Calculate ௗ௦ௗ௥, 
ௗ௦ௗ௥ = ௦ೣା௦೤௬ᇲ௥ೣ ା௥೤௬ᇲ = భ೤௬ᇲଵ = ௬ᇲ௬  ,     (5.78) 

with ݏ = ᇱݕ  ᇱݕ Solving .(ݎ)ݏ = ݕ ௗ௦ௗ௥ ,       (5.79) 

and differentiating once more ݕᇱᇱ = ᇱݕ ௗ௦ௗ௥ + ݕ ௗమ௦ௗ௥మ = ݕ ቀௗ௦ௗ௥ቁଶ + ݕ ௗమ௦ௗ௥మ .    (5.80) 

Substituting (5.80) and (5.79) into the original differential equation and dividing 
by y 

ௗమ௦ௗ௥మ + ቀௗ௦ௗ௥ቁଶ + (ݎ)݌ ௗ௦ௗ௥ + (ݎ)ݍ = 0 .     (5.81) 
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Defining ݑ = ௗ௦ௗ௥, the above equation reduces to the well-known first order 
Riccati equation  ௗ௨ௗ௥ + ଶݑ + ݑ(ݎ)݌ + (ݎ)ݍ = 0 .     (5.82) 

Transformations similar to the canonical coordinates presented here are given in 
textbooks on differential equations (O’Neil, 1991). The transformations are 
found by ad hoc methods whereas here, a systematic derivation of the 
transformation was given by symmetry approaches. For solutions of Riccati 
equations, see O’Neil (1991) and Ndiaye (2022) for example. When the 
differential operator can be decomposed into core and shell components, the 
general solution for (5.73) can be written immediately by the newly proposed 
core-shell approach (Pakdemirli, 2024a).  

Problem 5.10. Using canonical coordinates, solve the nonlinear second order 
ordinary differential equation  ݕᇱᇱ − ᇱݕݕ2 = 0 ,      (5.83) 

by using the symmetry generator  ܺ = డడ௫ found in Problem 4.7.  

Solution 

From the first equation of (5.33), ܺݎ = 0, డ௥డ௫ = 0 ,      (5.84) 

and a simple particular solution may be ݎ =  (5.85)      . ݕ

From the second equation of (5.33), ܺݏ = 1, డ௦డ௫ = 1 ,      (5.86) 

with ݏ =  (5.87)      . ݔ

Calculate ௗ௦ௗ௥, 
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ௗ௦ௗ௥ = ௦ೣା௦೤௬ᇲ௥ೣ ା௥೤௬ᇲ = ଵ௬ᇲ ,     (5.88) 

with ݏ =   The second derivative is calculated next .(ݎ)ݏ

ௗమ௦ௗ௥మ = ቀ೏ೞ೏ೝቁೣାቀ೏ೞ೏ೝቁ೤௬ᇲାቀ೏ೞ೏ೝቁ೤ᇲ௬ᇲᇲ௥ೣ ା௥೤௬ᇲ = ି೤ᇲᇲ೤ᇲమ௬ᇲ = − ௬ᇲᇲ௬ᇲయ ,    (5.89) 

Hence 

ݕ = ᇱݕ   ,ݎ = ଵ೏ೞ೏ೝ ᇱᇱݕ   ,  = − ೏మೞ೏ೝమቀ೏ೞ೏ೝቁయ  .    (5.90) 

Substituting to the original equation and rearranging 

ௗమ௦ௗ௥మ + ݎ2 ቀௗ௦ௗ௥ቁଶ = 0 .     (5.91) 

Defining ݑ = ௗ௦ௗ௥, the above equation reduces to the first order equation  

ௗ௨ௗ௥ + ଶݑݎ2 = 0 ,      (5.92) 

which is separable ௗ௨௨మ =  (5.93)     , ݎ݀ݎ2−

with a solution ݑ = ௗ௦ௗ௥ = ଵ௖భమା௥మ .     (5.94) 

Solving for s, ݏ = ଵ௖భ Arctan ቀ ௥௖భቁ − ܿଶ .     (5.95) 

Since ݏ = ݎ and ݔ = ݕ substituting the original variables and solving for y ,ݕ = ܿଵtan[ܿଵ(ݔ + ܿଶ)] .     (5.96) 

Reduction of Order by Differential Invariants 
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A similar approach to canonical coordinates is to reduce the order by employing 
differential invariants. For second order equations, instead of employing (5.33), 
the invariants are calculated from the system of determining equations ௗ௫క = ௗ௬ఎ = ௗ௬భఎ(భ) .     (5.97) 

Problem 5.11. Reconsider Problem 5.10. Using differential invariants, solve the 
nonlinear second order ordinary differential equation  ݕᇱᇱ − ᇱݕݕ2 = 0 ,     (5.98) 

by using the symmetry generator  ܺ = డడ௫ found in Problem 4.7.  

Solution 

The infinitesimals are ߦ = ߟ ,1 = 0 and ߟ(ଵ) = 0. From (5.97), ௗ௫ଵ = ௗ௬଴ = ௗ௬భ଴  .     (5.99) 

Taking the first two equations, the first invariant is ݑ =  (5.100)     . ݕ

From the last two equations, the second invariant is  ݒ =  ଵ .     (5.101)ݕ

Calculate ௗ௩ௗ௨, 

ௗ௩ௗ௨ = ௩ೣା௩೤௬భା௩೤భ௬మ௨ೣା௨೤௬భ = ௬మ௬భ ,     (5.102) 

Hence ݕଶ = ݒ ௗ௩ௗ௨, ݕଵ = ݕ and ݒ =  Substituting into the original equation and .ݑ
dividing by ݒ ௗ௩ௗ௨ − ݑ2 = 0 ,     (5.103) 

which is separable ݀ݒ =  (5.104)    , ݑ݀ݑ2

with a solution 
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ݒ = ܿଵଶ +  ଶ .    (5.105)ݑ

Since ݒ = ௗ௬ௗ௫ and ݑ =  ,ݕ

ௗ௬ௗ௫ = ܿଵଶ +  ଶ ,    (5.106)ݕ

which is separable ௗ௬௖భమା௬మ =  (5.107)    ,  ݔ݀

with a solution ଵ௖భ Arctan ቀ௬௖భቁ = ݔ + ܿଶ  .   (5.108) 

Solving for ݕ, the same result is obtained ݕ = ܿଵtan[ܿଵ(ݔ + ܿଶ)] .    (5.109) 

5.3. HIGHER ORDER DIFFERENTIAL EQUATIONS 

For the equations with orders equal to three or greater, complete reduction is 
subject to the existence of a solvable Lie algebra. However, even one or two 
reductions may simplify the equation enabling it to be solved either analytically 
or numerically. For the direct method of determining group invariant solutions, 
no order reductions are necessary and the solutions are found at once. However, 
such solutions are restricted solutions and may not contain enough parameters to 
satisfy the conditions imposed on the differential equations. Reduction can be 
done via canonical coordinates or via differential invariants. One or two order 
reductions are guaranteed but further reductions are subject to the existence of a 
solvable Lie algebra. Mapping a solution from a known one is another option 
where symmetries can be employed.    

Group Invariant Solutions 

As mentioned in the previous sections, group invariant solutions are the 
solutions which satisfy both the original differential equation and the 
determining equation  ௗ௫క = ௗ௬ఎ      or     ݕᇱ = ఎక  ,        (5.110) 
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where ܺ = ߦ డడ௫ + ߟ డడ௬ is the symmetry generator of the equation itself. 

Depending on the symmetry, such solutions may exist, may be trivial or simple 
solutions or may not exist at all. Two sample problems are treated.  

Problem 5.12. Consider the Blasius equation appearing in boundary layer 
equations  ݕᇱᇱᇱ + ଵଶ ᇱᇱݕݕ = 0 .     (5.111) 

The equation admits two parameter Lie group of transformations with 
infinitesimals (Bluman and Kumei, 1989), ߦ = ݔܽ + ߟ    , ܾ =  (5.112)   .  ݕܽ−

Find a group invariant solution corresponding to the above symmetries.  

Solution 

From (5.110) ௗ௫௔௫ା௕ = ௗ௬ି௔௬    .       (5.113) 

Solving the above equation  ݕ = ௖భ௔௫ା௕  ,     (5.114) 

and substituting into the original equation yields ܿଵܽଶ(−6ܽ + ܿଵ) = 0 .    (5.115) 

Assume ܿଵܽଶ ≠ 0 for nontrivial solutions. Hence ܿଵ = 6ܽ and the final solution 
satisfying both the characteristic equation and the original equation is  ݕ = ଺௫ା௖ ,     (5.116) 

where ܿ = ܾ/ܽ.  

Problem 5.13. Consider the constant normal acceleration curve equation (1 + ᇱᇱᇱݕ(ᇱଶݕ − ᇱᇱଶݕᇱݕ3 = 0 .    (5.117) 
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The equation admits 6 parameter Lie group of transformations with base 
generators (Pakdemirli, 2023a) 

ଵܺ = ݕ డడ௫ − ݔ డడ௬,   ܺ ଶ = డడ௫ ,  ܺଷ = డడ௬  ,  ܺସ = ݔ డడ௫ + ݕ డడ௬    ܺହ = ଶݔ) − (ଶݕ డడ௫ + ݕݔ2 డడ௬ ,   ܺ ଺ = ݕݔ2− డడ௫ + ଶݔ) − (ଶݕ డడ௬ . (5.118) 

Find a group invariant solution corresponding to the ܺଶ,  ܺ ଷ and ܺସ base 
generators. 

Solution 

The infinitesimals corresponding to the base generators ܺଶ, ܺଷ and ܺସ are ߦ = ݔܽ + ߟ    , ܾ = ݕܽ + ܿ .    (5.119) 

From (5.110) ௗ௫௔௫ା௕ = ௗ௬௔௬ା௖     .       (5.120) 

Solving the above equation  ݕ = ܿଵݔ + ܿଶ  ,     (5.121) 

for some constants ܿଵand ܿଶ related to the parameters. Since the solution 
satisfies the original equation without further restrictions, the solution is the 
group-invariant solution.  

Reduction of Order by Differential Invariants 

Differential invariants method is employed for reducing the order of equations. 
For a third order differential equation, the invariants are calculated form the 
characteristic equations  ௗ௫క = ௗ௬ఎ = ௗ௬భఎ(భ) = ௗ௬మఎ(మ) .     (5.122) 

Two sample problems will be solved. In each problem, by using two symmetry 
base generators, the equations are reduced to first order equations.  

Problem 5.14. Consider again the Blasius equation  
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ᇱᇱᇱݕ + ଵଶ ᇱᇱݕݕ = 0  .    (5.123) 

The Lie algebra for the equation is  

ଵܺ = డడ௫ ,    ܺଶ = ݔ డడ௫ − ݕ డడ௬  .    (5.124) 

Using both generators, reduce the order of the equation by 2 using differential 
invariants method.   

Solution 

By successive application of the generators, the equation can be cast into a first 
order ODE. Since [ ଵܺ,ܺଶ] = ଵܺ, the solvable Lie algebra is ℒଵ = ( ଵܺ) and ℒଶ = ( ଵܺ,ܺଶ) with ℒଵ ⊂ ℒଶ. One should start with ଵܺ first and then apply ܺଶ. 

Since ߟ(ଵ) = 0 for the first generator, the first extension of it is ଵܺ(ଵ) = డడ௫. The 
characteristic equation corresponding to ଵܺis therefore ௗ௫ଵ = ௗ௬଴ = ௗ௬భ଴    .       (5.125) 

The invariants of the system are ݑ = ݒ        ,ݕ =  ଵ  .    (5.126)ݕ

The derivative is another invariant to be calculated ̇ݒ = ௗ௩ௗ௨ = ௩ೣା௩೤௬భା௩೤భ௬మ௨ೣା௨೤௬భ = ௬మ௬భ .    (5.127) 

The second generator has to be expressed in terms of the differential invariants. 
Since ߟ(ଵ) = (ଶ)ߟ ଵ andݕ2− =  ଶ (See Problem 4.2), the extension of theݕ3−
second generator to second order is ܺଶ(ଶ) = ݔ డడ௫ − ݕ డడ௬ − ଵݕ2 డడ௬భ − ଶݕ3 డడ௬మ .   (5.128) 

Since the components of the generator in terms of the transformed variables are  ܺଶ(ݑ) = ݕ− = (ݒ)ଶ(ଵ)ܺ ,ݑ− = ଵݕ2− = (ݒ̇)ଶ(ଶ)ܺ ,ݒ2− = −௬మ௬భ =  (5.129)   ݒ̇−

the transformed generator can be written as 
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ܺଶ(ଶ) = ݑ డడ௨ + ݒ2 డడ௩ + ݒ̇ డడ௩̇ .    (5.130) 

For the second generator, a further coordinate transformation is needed. If ܷ = ܸ and (ݒ,ݑ)ܷ = (ܷ)then  ܺଶ(ଵ) ,(ݒ,ݑ)ܸ = 0    →    ௗ௨௨ = ௗ௩ଶ௩ = ௗ௎଴  ,   (5.131) 

yields ܷ = ௩௨మ ,     (5.132) 

or  

  ܷ = ௬భ௬మ ,     (5.133) 

in terms of the original variables. Similarly ܺଶ(ଶ)(ܸ) = 0    →    ௗ௨௨ = ௗ௩ଶ௩ = ௗ௩̇௩̇ = ௗ௏଴  ,   (5.134) 

yields ܸ = ௩̇௨ ,     (5.135) 

or  

  ܸ = ௬మ௬௬భ ,     (5.136) 

in terms of the original variables. One can calculate the first derivative with 
respect to the last transformed variables 

ௗ௏ௗ௎ = ௗቀ ೤మ೤೤భቁௗቀ೤భ೤మቁ = ௬య௬భ௬మି௬మమ௬మି௬మ௬భమ௬௬భమ௬మ௬ିଶ௬భర  .   (5.137) 

From the original equation, since ݕଷ = −ଵଶ  ଶ, substituting above andݕݕ
simplifying 

ௗ௏ௗ௎ = భమ௬య௬భ௬మା௬మమ௬మା௬మ௬భమ௬ଶ௬భరି௬భమ௬మ௬  .    (5.138) 
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From (5.133), ݕଵ = ଶݕ ,ଶ and from (5.136)ݕܷ = ଵݕݕܸ =  ଷ. Substitutingݕܸܷ
into above and simplifying 

ௗ௏ௗ௎ = ௏௎ భమା௏ା௎ଶ௎ି௏  .    (5.139) 

The Blasius equation has been transformed into a first order equation. If this 
equation is solved, then back substitution will yield the analytical solution. The 
Blasius equation has no known exact analytical solution, hence it is probable 
that one may stuck when finding an analytical solution of the transformed 
equation or finding the integrals in back substitution.   

Problem 5.15. Consider again the constant normal acceleration curve equation (1 + ᇱᇱᇱݕ(ᇱଶݕ − ᇱᇱଶݕᇱݕ3 = 0 .     (5.140) 

The equation admits 6 parameter Lie group of transformations with two of the 
base vectors being (Pakdemirli, 2023a) 

  ଵܺ = డడ௫ ,  ܺଶ = డడ௬  .     (5.141) 

Using the above generators, reduce the order of the equation by 2 using 
differential invariants method.   

Solution 

The Lie Algebra corresponding to the two base vectors is Abelian and solvable. 
Since [ ଵܺ,ܺଶ] = 0, one may start from either of the base generators. Both cases 
will be investigated.  

i) ଵܺ first and then ܺଶ 

Take ଵܺ first. Since ߟ(ଵ) = 0 for the first generator, the first extension of it is ଵܺ(ଵ) = డడ௫. The characteristic equation corresponding to ଵܺ is 

ௗ௫ଵ = ௗ௬଴ = ௗ௬భ଴    .        (5.142) 

The invariants of the system are ݑ = ݒ        ,ݕ =  ଵ  .    (5.143)ݕ
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The derivative is another invariant to be calculated ̇ݒ = ௗ௩ௗ௨ = ௩ೣା௩೤௬భା௩೤భ௬మ௨ೣା௨೤௬భ = ௬మ௬భ .    (5.144) 

The second generator has to be expressed in terms of the differential invariants. 
Since ߟ(ଵ) = 0 and ߟ(ଶ) = 0, the extension of the second generator to second 
order is ܺଶ(ଶ) = డడ௬ .      (5.145) 

Since the components of the generator in terms of the transformed variables are  ܺଶ(ݑ) = 1, ܺଶ(ଵ)(ݒ) = 0, ܺଶ(ଶ)(̇ݒ) = 0 ,    (5.146) 

the transformed generator can be written as ܺଶ(ଶ) = డడ௨ .      (5.147) 

For the second generator, a further coordinate transformation is needed. If ܷ = ܸ and (ݒ,ݑ)ܷ = (ܷ)then  ܺଶ(ଵ) ,(ݒ,ݑ)ܸ = 0    →    ௗ௨ଵ = ௗ௩଴ = ௗ௎଴  ,   (5.148) 

yields ܷ = ݒ =  ଵ ,     (5.149)ݕ

in terms of the original variables. Similarly ܺଶ(ଶ)(ܸ) = 0    →    ௗ௨ଵ = ௗ௩଴ = ௗ௩̇଴ = ௗ௏଴  ,   (5.150) 

yields ܸ =  (5.151)      , ݒ̇

or  

  ܸ = ௬మ௬భ ,      (5.152) 

in terms of the original variables. One can calculate the first derivative with 
respect to the last transformed variables 
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ௗ௏ௗ௎ = ௗቀ೤మ೤భቁௗ(௬భ) = ௬య௬భି௬మమ௬భమ௬మ  .    (5.153) 

From the original equation, since ݕଷ = ଷ௬భ௬మమଵା௬భమ , substituting above and simplifying 

ௗ௏ௗ௎ = ଷ௬మ(ଵା௬భమ) − ௬మ௬భమ .     (5.154) 

From (5.149), ݕଵ = ܷ and from (5.152), ݕଶ = ଵݕܸ = ܷܸ. Substituting into 
above and simplifying ௗ௏ௗ௎ = ଷ௎ଵା௎మ ܸ − ௏௎ .     (5.155) 

which is separable and can be solved. The solution is ܸ = ܿଵ (ଵା௎మ)య మ⁄௎  .     (5.156) 

The above solution in terms of the intermediate variables is then  ௗ௩ௗ௨ = ܿଵ (ଵା௩మ)య మ⁄௩  .     (5.157) 

which can be separated and integrated. In terms of the original variables − ଵඥଵା௬ᇲమ = ܿଵݕ + ܿଶ .    (5.158) 

i) ܺଶ first and then ଵܺ 

A similar analysis presented above yields the first order equation ௗ௏ௗ௎ = ଷ௎ଵା௎మ ܸ ,     (5.159) 

with  ܸ = ௗ௩ௗ௨ = ܷ      ,ଶݕ = ݒ = ݑ   ,ଵݕ =  (5.160)  .  ݔ

The solution of (5.159) is  ܸ = ܿଷ(1 + ܷଶ)ଷ ଶ⁄  .     (5.161) 

The above solution in terms of the intermediate variables is then  
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ௗ௩ௗ௨ = ܿଷ(1 + ଶ)ଷݒ ଶ⁄  ,     (5.162) 

which can be separated and integrated. In terms of the original variables ௬ᇲඥଵା௬ᇲమ = ܿଷݔ + ܿସ .    (5.163) 

Squaring (5.158) and (5.163) and adding, the first derivative can be eliminated 
yielding  (ܿଷݔ + ܿସ)ଶ + (ܿଵݕ + ܿଶ)ଶ = 1 ,   (5.164) 

which shows that the solution curve is a circle. The equation was derived on the 
assumption of constant normal acceleration with no tangential acceleration (ߝ = 0) where ߝ is the ratio of the tangential to normal acceleration. The circular 
paths come out to be a logical result of this assumption. For tangential 
decelerations, i.e., ߝ ≠ 0, see Pakdemirli (2023b).  

5.4. DETERMINING THE GENERAL FORM FROM A GIVEN 
SYMMETRY 

In the preceding sections, the equation was given and the solution is constructed 
from the symmetry admitted by the equation. In this section, the reverse problem 
is addressed. Given the symmetry, what is the general form of the equation that 
possesses such a symmetry. Only first and second order differential equations 
will be considered. Indeed in Section 2.6, the problem is addressed for 
translational and scaling symmetries. A more general approach that can be 
employed for any type of symmetry will be outlined in this section. The 
alternative ways to determine the general form from a given symmetry are the 
differential invariant method and the canonical coordinates.  

First Order Differential Equations 

Problem 5.16. For the rotational symmetry ܺ = ݕ− డడ௫ + ݔ డడ௬ find the general 

form of the first order differential equation admitting the symmetry.  

Solution 

Canonical coordinates will be employed. Hence 
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ݎܺ = ݕ− డ௥డ௫ + ݔ డ௥డ௬ = 0     →     ௗ௫ି௬ = ௗ௬௫ = ௗ௥଴  .  (5.165) 

From the first two equations ݔ݀ݔ + ݕ݀ݕ = ଶݔ ,0 + ଶݕ = ܿଵ and from the last 
two equations ݀ݎ = ݎ  ,0 = ܿଶ = ݂(ܿଵ) and taking the arbitrary function as the 
square root function and eliminating the constants,   ݎ = ඥݔଶ +  ଶ .     (5.166)ݕ

The second canonical coordinate is calculated next ܺݏ = ݕ− డ௦డ௫ + ݔ డ௦డ௬ = 1     →     ௗ௫ି௬ = ௗ௬௫ = ௗ௦ଵ  .  (5.167) 

From the last two equations ݀ݏ = ௗ௬௫ = ௗ௬ඥ௥మି௬మ = ଵ௥ ௗ௬ටଵିቀ೤ೝቁమ    (5.168) 

or  ݏ = Arcsin ቀ௬௥ቁ .     (5.169) 

Indeed the couple (r, s) represents the polar coordinates as canonical coordinates 
which is an expected result for rotational symmetry.  

Calculate now the derivative ௗ௦ௗ௥ = ௦ೣା௦೤௬ᇲ௥ೣ ା௥೤௬ᇲ .     (5.170) 

Since ݎ௫ = ௬ݎ ,ݎ/ݔ = ௫ݏ  ,ݎ/ݕ = ௬ݏ ,ଶݎ/ݕ− =  ݎ ଶ , and ௗ௦ௗ௥ is a function ofݎ/ݔ
only, substituting above ௗ௦ௗ௥ = (ݎ)ܩ = ି௬ା௫௬ᇲ௥(௫ା௬௬ᇲ) .    (5.171) 

Defining a new function (ݎ)ܨ =  ᇱ, the general form ofݕ and solving for (ݎ)ܩݎ
the first order equation admitting a rotational symmetry is ݕᇱ = ௬ା௫ி(ඥ௫మା௬మ)௫ି௬ி(ඥ௫మା௬మ) .    (5.172) 
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Many of the special symmetries and the corresponding form of the differential 
equations admitting such symmetries are tabulated (Ibragimov, 1999; Cohen, 
1911). In Table 5.1, several such symmetries and the corresponding general 
forms of the differential equations are given.  

Table 5.1. General Form of First Order ODEs Admitting a Special Group 

Symmetry Equation ߲߲ݔ 
ᇱݕ =  ݕ߲߲ (ݕ)ܨ
ᇱݕ =  (ݔ)ܨ

ܽ ݔ߲߲ − ܾ  ݕ߲߲
ᇱݕ = ݔܾ)ܨ +  (ݕܽ

ݕ− ݔ߲߲ + ݔ ᇱݕ ݕ߲߲ = ݕ + ଶݔඥ)ܨݔ + ݔ(ଶݕ − ଶݔඥ)ܨݕ +  (ଶݕ

ݔ ݔ߲߲ + ݕ  ݕ߲߲
ᇱݕ =  (ݔ/ݕ)ܨ

ݔ ݔ߲߲ + ݕܽ  ݕ߲߲
ᇱݕ =  (௔ݔ/ݕ)ܨ௔ିଵݔ

ݔ ݔ߲߲ +  ݕ߲߲
ᇱݕ = ݔ߲߲ (௬ି݁ݔ)ܨଵିݔ + ݕ  ݕ߲߲
ᇱݕ = ݔ߲߲ (௫ି݁ݕ)ܨݕ + ݔݕ ᇱݕ ݕ߲߲ = ݔݕ + ܨݔ ቀݔݕቁ ݔଶ ݔ߲߲ + ݕݔ ᇱݕ ݕ߲߲ = ݔݕ + ݔ1 ܨ ቀݔݕቁ ݕݔ ݔ߲߲ + ଶݕ ᇱݕ ݕ߲߲ = ݔݕ +  (ݔ/ݕ)ܨ

ݕ ᇱݕ ݔ߲߲ = ݔݕ + ݔ (ݕ)ܨ ᇱݕ ݕ߲߲ = ݕ + ݔ(ݔ)ܨ ݕݔ  ᇱݕ ݔ߲߲ = ݔln)ݔݕ + ݕݔ ((ݕ)ܨ ᇱݕ ݕ߲߲ = ݕln)ݕ + ݔ((ݔ)ܨ ݕ   ݕ߲߲
ᇱݕ =  (ݔ)ܨݕ

 

Second Order Differential Equations 

Problem 5.17. For the uniform scaling symmetry ܺ = ݔ డడ௫ + ݕ డడ௬ find the 

general form of the second order differential equation admitting the symmetry.  

Solution 
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This time, the alternative to canonical coordinates, namely the differential 
invariants method will be employed. The characteristic equation is ௗ௫క = ௗ௬ఎ = ௗ௬భఎ(భ) = ௗ௬మఎ(మ)  .     (5.173) 

Substituting ߦ = ߟ ,ݔ = (ଵ)ߟ ,ݕ = 0 and ߟ(ଶ) =  ଶ (See Problem 4.2 forݕ−
calculation of the extended infinitesimals for a scaling symmetry), the 
characteristic equation is ௗ௫௫ = ௗ௬௬ = ௗ௬భ଴ = ௗ௬మି௬మ  .     (5.174) 

Solving the above equations, the invariants are ݑ = ௬௫  , ݒ = ݓ   ,  ଵݕ =  ଶ .    (5.175)ݕݔ

Since the arbitrary constants can be related to each other through an arbitrary 
function ݓ = ᇱᇱݕ then the general form of the equation turns out to be ,(ݒ,ݑ)ܨ = ଵ௫ ܨ ቀ௬௫  ᇱ ቁ .     (5.176)ݕ,

Table 5.2 lists a number of special symmetries and the corresponding general 
forms of the second order equations (Ibragimov, 1999; Cohen, 1911).  
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Table 5.2. General Forms of Second Order ODEs Admitting a Special Group 

Symmetry Equation ߲߲ݔ 
ᇱᇱݕ = ,ݕ)ܨ  ݕ߲߲ (ᇱݕ
ᇱᇱݕ = ,ݔ)ܨ  (ᇱݕ

ܽ ݔ߲߲ − ܾ  ݕ߲߲
ᇱᇱݕ = ݔܾ)ܨ + ,ݕܽ  (ᇱݕ

ݕ ݔ߲߲ − ݔ ᇱᇱݕ ݕ߲߲ = (1 + ᇱଶ)ଷݕ ଶ⁄ ܨ ቆඥݔଶ + ,ଶݕ ݕ − ݔᇱݕݔ + ݔ ᇱቇݕݕ ݔ߲߲ + ݕ ᇱᇱݕ ݕ߲߲ = ݔ1 ܨ ቀݔݕ , ݔ ᇱቁݕ ݔ߲߲ + ݕܽ ᇱᇱݕ ݕ߲߲ = ݔ߲߲ (ᇱݕଵି௔ݔ,ݕ௔ିݔ)ܨ௔ିଶݔ + ݕ  ݕ߲߲
ᇱᇱݕ = ,௫ି݁ݕ)ܨݕ  (ݕ/ᇱݕ

ଶݔ ݔ߲߲ + ݕݔ ᇱᇱݕ ݕ߲߲ = ଷݔ1 ܨ ቀݔݕ , ݕ − ݕݔ ᇱቁݕݔ ݔ߲߲ + ଶݕ ᇱᇱݕ ݕ߲߲ = ଷݔᇱଷݕ ܨ ቆݔݕ , ݕ − ᇱݕᇱݕݔ ቇ ݕ ᇱᇱݕ ݔ߲߲ = ܨᇱݕ ቆݕ, ݕ − ᇱݕᇱݕݔ ቇ ݔ  ݕ߲߲
ᇱᇱݕ = ,ݔ)ܨ ᇱݕݔ −  (ݕ

ݕݔ ᇱᇱݕ ݔ߲߲ = ݔᇱݕ− + ܨᇱଷݕݔ ൬ݕ, ᇱݕݔݕ − lnݔ൰ ݕݔ ᇱᇱݕ ݕ߲߲ = ݕᇱଶݕ + ܨݕ ቆݔ, ݕᇱݕݔ − lnݕቇ ݕ ᇱᇱݕ ݕ߲߲ = ܨݕ ቆݔ, ݕᇱݕ ቇ 

 

The classifications get more and more involved for higher order equations and 
therefore skipped.  

5.5. EXERCISES 

E.5.1. Consider the first order differential equation  ݔଶݕᇱ + ݕ = 0 .       

Using the scaling symmetry, determine the integrating factor for the equation 
and solve the equation.  

E.5.2. Consider the linear first order differential equation  ݕᇱ + ݕ(ݔ)ܽ = 0 .       
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Using the symmetry ܺ = ݕ డడ௬, determine the integrating factor for the equation 

and solve the equation.  

E.5.3. Find a nontrivial group invariant solution of the equation ݔଷݕᇱ − ଷݕ4 = 0 ,       

by using the scaling symmetry of the equation.  

E.5.4. Reduce the order of the equation and solve ݕᇱ − ቀ௬௫ቁଶ = 0 ,       

by using canonical coordinates for the symmetry generator ܺ = ݔ డడ௫ + ݕ డడ௬.  

E.5.5. Reduce the order of the equation and solve ݕݔᇱ = ݕ + cot ቀ௬௫ቁ ,       

by using canonical coordinates for the symmetry generator ܺ = ଶݔ డడ௫ + ݕݔ డడ௬.  

E.5.6. Using the given symmetry, map the solution found in Exercise 5.5 into 
another solution.  

E.5.7. Consider the differential equation describing the path of the object subject 
to minimum drag force ݕᇱᇱ − 1)ߙ + (ᇱଶݕ = 0 .      

Among the eight finite parameter symmetries, infinitesimals corresponding to 
three of the symmetries of the equation were (Pakdemirli and Aksoy, 2010) ߦ = ߟ  ,ܽ = (ܾcosݔߙ + ܿsinݔߙ)݁ఈ௬  .    

Construct a group invariant solution using the above infinitesimals.   

E.5.8. Consider the nonlinear second order differential equation ݕᇱᇱ + ᇱଶݕ = 0 .       
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All symmetries were already calculated in Problem 4.6. Calculate a group 
invariant solution corresponding to the symmetries ܺଷ = ଶݔ డడ௫ + ݔ డడ௬, ܺ଻ = డడ௬. 

E.5.9. Using canonical coordinates, reduce the order of the variable coefficient 
second order ordinary differential equation (Stephani, 1989) ݕᇱᇱ = ݔ) −        ,ᇱଷݕ(ݕ

by using the symmetry ܺ = ݔ) − (ݕ డడ௫.  

E.5.10. Using canonical coordinates, reduce the order of the second order 
ordinary differential equation  ݕᇱᇱ = sinݕ − lnݕᇱ ,       

by using the symmetry ܺ = డడ௫.  

E.5.11. Reconsider the problem in E.5.10. Reduce the order by using differential 
invariants.  

E.5.12. Consider the third order nonlinear equation  ݕᇱᇱᇱ + ᇱଶݕݕ = 0 .       

The equation admits the non-uniform scaling with infinitesimals ߦ = ߟ    , ݔ2ܽ− =       .  ݕܽ

Find a group invariant solution corresponding to the above symmetry.  

E.5.13. Consider the curve equation for constant normal acceleration and 
constant tangential deceleration (1 + ᇱᇱᇱݕ(ᇱଶݕ − ᇱᇱଶݕ(ߝᇱ+2ݕ3) = 0 ,      

where ߝ is the ratio of tangential to normal accelerations. The equation admits 4 
parameter Lie group of transformations with base generators (Pakdemirli, 
2023b) 

ଵܺ = ݕ డడ௫ − ݔ డడ௬,   ܺ ଶ = డడ௫ ,  ܺଷ = డడ௬  ,  ܺସ = ݔ డడ௫ + ݕ డడ௬ .    
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Find a group invariant solution corresponding to the ܺଶ,  ܺ ଷ and ܺସ base 
generators. 

E.5.14. Consider the nonlinear third order equation  ݕᇱᇱᇱ + ᇱଶݕݕ = 0 .      

The Lie algebra for the equation is  

ଵܺ = డడ௫ ,    ܺଶ = ݔ2− డడ௫ + ݕ డడ௬  .    

Using both generators, reduce the order of the equation by 2 using differential 
invariants method.   

E.5.15. For the symmetry ܺ = డడ௫ + ݕ డడ௬ find the general form of the first order 

differential equation admitting the symmetry.  

E.5.16. For the symmetry ܺ = ݕ డడ௬ find the general form of the second order 

differential equation admitting the symmetry.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 




