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Preface 

 

A significant and important subject area of Theory of Numbers is the theory of 

Diophantine equations which concentrates on attempting to determine solutions in 

integers for higher degree and many parameters indeterminate equations. Obviously, 

polynomial Diophantine equations are many due to definition. Especially, the third 

degree Diophantine equation in two parameters falls into the theory of elliptic curves 

which is a developed theory. There are numerous motivating cubic equations with 

multiple variables which have kindled the interest among Mathematicians. For example, 

the representation of integers by binary cubic forms is known very little. 

In this context, for simplicity and brevity, refer various forms of equations of  degree 

three having many variables in [Carmichael.,1959, Dickson.,1952, Mordell.,1969, 

Gopalan et.al., 2015a, Gopalan et.al., 2015b, Premalatha, Gopalan et., 2020, Premalatha 

et.al., 2021,   Shanthi, Gopalan.,2023, Thiruniraiselvi,  Gopalan.,2021, Thiruniraiselvi, 

Gopalan., 2024a, Thiruniraiselvi, Gopalan., 2024b, Thiruniraiselvi et.al., 2024 

Vidhyalakshmi, Gopalan., 2022a, Vidhyalakshmi, Gopalan., 2022b, Vidhyalakshmi, 

Gopalan., 2022c]. 

The focus in this book is on solving multivariable third degree Diophantine equations. 

These types of equations are significant since they concentrate on obtaining solutions in 

integers which satisfy the considered algebraic equations. These solutions play a vital 

role in different area of mathematics & science and help us in understanding the 

significance of number patterns.  

This book contains a reasonable collection of cubic Diophantine equations with three, 

four, five and six unknowns. The procedure in obtaining varieties of solutions in 

integers for the polynomial  Diophantine equations  of degree three with three , four, 

five and six unknowns considered in this book are illustrated in an elegant manner.  

Dr. M. A. Gopalan  

Dr. N. Thiruniraiselvi 

Dr. J.Shanthi 
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Chapter 1 

NON - HOMOGENEOUS CUBIC   

DIOPHANTINE EQUATION WITH 

THREE PARAMETERS 

 
1.1 Technical Procedure 

               The non-homogeneous ternary cubic equation under consideration is 

                                   
322 zyxyx =−+                                           (1.1) 

 Various choices of integer solutions to (1.1) are illustrated below: 

Choice 1 

          The option 

                                   1k,ykx =                                                                 (1.2) 

in (1.1) gives 

                                   
322 zy)1kk( =+−    

 which is  satisfied by 

  0s,1,)1kk(z,)1kk(y s22s32 +−=+−=                        (1.3) 

From (1.2) , we get 

                                  
s32 )1kk(kx +−=                                                               (1.4) 

Thus , (1.3) & (1.4) satisfy (1.1). 

Choice 2 

Deep Science Publishing  
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          The option 

                                 zku,zkuy,zkux −=+=                                               (1.5) 

in (1.1) gives 

                                 )k3z(zu 222 −=                                                                     (1.6) 

The R.H.S. of (1.6) is a perfect square when 

                                
22 k)3s(z +=                                                                           (1.7) 

From (1.6) , we have 

                               
32 k)3s(su +=                                                                            (1.8) 

Employing (1.7) & (1.8) in (1.5), it is seen that 

                            
1s,)1s()3s(ky

,)1s()3s(kx

23

23

−+=

++=
                                                           (1.9) 

Thus, (1.7) & (1.9) satisfy (1.1). 

Note 1 

      The R.H.S. of (1.6) is also a perfect square for values of z given by 

                                   
22

n k4nk2nz ++=                                                          (1.10) 

From (1.6), we get 

                                   )kn()k4nk2n(u 22

n +++=                                           (1.11) 

In view of (1.5) , we have 

                                 
.)n()k4nk2n(y

,)k2n()k4nk2n(x

22

n

22

n

++=

+++=
                                       (1.12) 

Thus, (1.10) & (1.12)  satisfy (1.1) . 

Choice 3 
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    The transformation 

                            zkv,vzky,vzkx −=+=                                                 (1.13)  

in  (1.1) gives 

                            
3

)kz(z
v

22
2 −
=                                                                           (1.14) 

The R.H.S. of (1.14) is a perfect square when 

                                 
22 k)1s3(z +=                                                                         (1.15) 

From (1.14), we get 

                                
32 k)1s3(sv +=                                                                      (1.16) 

Using (1.15) & (1.16) in (1.13), we have 

                              
1s,)s1()1s3(ky

,)s1()1s3(kx

23

23

−+=

++=
                                                    (1.17) 

Thus, (1.15) & (1.17) satisfy (1.1). 

Choice 4 

Introduction of the transformations  

                            vu,vuy,vux −=+=                                                          (1.18) 

in (1.1) simplifies to 

                              
322 zv3u =+                                                                           (1.19) 

which is satisfied by  

                         )n3m(nv,)n3m(mu 2222 +=+=                                           (1.20) 

and 

                            
22 n3mz +=                                                                               (1.21) 



4 

 

Substituting (1.20) in (1.18), we have 

                         
.)nm()n3m(y

,)nm()n3m(x

22

22

−+=

++=
                                                              (1.22) 

Thus, (1.21) & (1.22) satisfy (1.1). 

Note 2 

It is to be noted that (1.19) is also satisfied by  

                    
223223 n3mz,n3nm3v,nm9mu +=−=−=   

For this choice, we have 

                                 

.n3mz

,n3nm3nm9my

,n3nm3nm9mx

22

3223

3223

+=

+−−=

−+−=

 

Choice 5 

The option 

                          vu,vz,vuy,vux =−=+=                                                 (1.23) 

in (1.1)  gives 

                          )3v(vu 22 −=                                                                             (1.24) 

The R.H.S. of (1.24) is a perfect square when 

                               3sv 2 +=                                                                              (1.25) 

Using (1.25) in (1.24), we have 

                             )3s(su 2 +=  

From (1.23), the corresponding solutions to (1.1) are as below  
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.1s,)3s(z

,)1s()3s(y

,)1s()3s(x

2

2

2

+=

−+=

++=

 

Note 3 

The R.H.S. of (1.24) is a perfect square for values of v given by 

                                     4n2nv 2

n ++=  

From (1.24) ,we get 

                                  )1n()4n2n(u 2

n +++=  

From (1.23), the corresponding solutions to (1.1) are as below  

                         

,...3,2,1n,)4n2n(z

,)n()4n2n(y

,)2n()4n2n(x

2

n

2

n

2

n

=++=

++=

+++=

 

Choice 6 

                   The option 

                          vu,uz,vuy,vux =−=+=                                                 (1.26) 

in (1.1)  gives 

                          )1u(uv3 22 −=                                                                             (1.27) 

The R.H.S. of (1.27) is a perfect square when 

                               1s3u 2 +=                                                                                  (1.28) 

Using (1.28) in 27, we have 

                             )1s3(sv 2 +=  

From (1.26), the corresponding solutions to (1.1) are as below  
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.1s,)1s3(z

,)s1()1s3(y

,)1s()1s3(x

2

2

2

+=

−+=

++=

 

Choice 7 

Treating (1.1) as a quadratic in x and solving for the same, we have 

                                 
2

y3z4y
x

23 −
=                                                           (1.29) 

Let  

                              
232 y3z4 −=                                                                     (1.30) 

Assume 

                                 
22 b3az +=                                                                       (1.31) 

Write the integer 4 in (1.30)  as 

                          )3i1()3i1(4 −+=                                                               (1.32) 

Using (1.31) & (1.32) in (1.30) and employing factorization, consider 

               
3)b3ia()3i1(y3i ++=+  

On comparing, we get the values of y, . From (1.29), the corresponding values to x  

are obtained. 

For the benefit of readers, the two sets of integer solutions to (1.1) thus obtained  

are given below: 

 

Set 1:  

.b3az

,b3ba3ba9ay

,b3ba3ba9ax

22

3223

3223

+=

−+−=

+−−=
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Set 2:  

.b3az

,b3ba3ba9ay

,b6ba6x

22

3223

32

+=

−+−=

−=

 

Choice 8 

 Rewrite (1.30) as 

                          1*z4y3 322 =+                                                                    (1.33) 

The integer 1 in (1.33) is expressed as 

                          
22

22

)1s3(

)3s2i1s3()3s2i1s3(
1

+

−−+−
=                                   (1.34) 

Substituting (1.31), ( 1.32) & (1.34) in (1.33) and employing factorization ,consider 

  

)]b,a(g3i)b,a(f[)]s(G3i)s(F[
)1s3(

1

)1s3(

)3s2i1s3(
)b3ia()3i1(y3i

2

2

2
3

++
+

=

+

+−
++=+

                        (1.35) 

where  

                
)b3ba3()b,a(g,)ba9a()b,a(f

)s21s3()s(G,)s61s3()s(F

3223

22

−=−=

+−=−−=
                                     (1.36) 

From (1.35), we have 

                

.)]b,a(g)s(F)b,a(f)s(G[
)1s3(

1
y

,)]b,a(g)s(G3)b,a(f)s(F[
)1s3(

1

2

2

+
+

=

−
+

=

                                        (1.37) 

As the thrust is on finding integer solutions, replacing a  by A)1s3( 2 + and  

b by B)1s3( 2 +  in (1.31) & (1.37) ,we have 
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,)]B,A(g)s(F)B,A(f)s(G[)1s3(y

,)]B,A(g)s(G3)B,A(f)s(F[)1s3(

,)B3A()1s3(z

22

22

2222

++=

−+=

++=

                                  (1.38) 

In view of (1.29), we have 

 

)]}s(G3)s(F[)B,A(g)]s(F)s(G[)B,A(f{
2

)1s3(

,)]}s(G3)s(F[)B,A(g)]s(G)s(F[)B,A(f{
2

)1s3(

2

)y(
x

22

22

++−
+

−++
+

=


=

 

After simplification using (1.36) ,we have  

]}2s6[)B,A(g]s4[)B,A(f{)1s3(

,]}s61s3[)B,A(g]s21s3[)B,A(f{)1s3(x

222

2222

−++

−+−+−−+=
                    (1.39) 

Thus, (1.1) is satisfied by (1.38) & (1.39). 

Note 4 

            Apart from (1.34), one may have other representations to integer 1 which are 

exhibited below: 

Representation 1: 

2)1)s(a(

)3)s(bi)s(a)(3)s(bi)s(a(
1

+

−+
=                                                                               

 

where 
 

)1s2()s(b,)1s6s6()s(a 2 −=+−=
                                                    

 

Representation 2: 

22)s6)s(a(

)3)s(bi)s(a)(3)s(bi)s(a(
1

+

−+
=        
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where 

                              

  sr2)s(b,)s3r()s(a 22 =−=                                                          

 Representation 3: 

22)s2)s(a(

)3)s(bi)s(a)(3)s(bi)s(a(
1

+

−+
=        

where 

            sr2)s(b,)sr3()s(a 22 =−=                                                                                                                           

Representation 4: 

            
2

n

nn

2

n

nn

)f(

)gi2()gi2(

)(

)3i1()3i1(
1

−+
=



−+
=        

where                         

            

,...2,1,0n,])32()32[(
2

1
f

2

1

],)32()32[(
32

1
g

32

1

1n1n

nn

1n1n

nn

=−++==

−−+==

++

++

                                          

A similar process, leads to four patterns of (1.1). 
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Chapter 2 

PEER SEARCH TO NON-UNIFORM 

THIRD DEGREE DIOPHANTINE 

EQUATION  WITH THREE 

VARIABLES 

 
2.1 Technical Procedure 

The equation under consideration is 

                                        0k,z)1k2()yx(k8yx 333 +=+++                           (2.1) 

The option  

                                     vu,u2z,vuy,vux =−=+=                                    (2.2)  

 in (2.1) gives 

                                             k8v3u)3k8( 22 =−+                                                  (2.3) 

Again, taking 

                                     T)3k8(Xv,T3Xu ++=+=                                             (2.4)   

in (2.3) ,it simplifies to the binary quadratic equation 

                                      1T)9k24(X 22 ++=                                                           (2.5) 

It is worth to mention that, if the value of k is taken as three times the Triangular 

number 
2

)1n(n +
,then (2.5) reduces to 

                                  1T)3n6(X 222 ++=    

for which the solution is trivial. Therefore, choose k such that 9k24 + is positive and 

square-free integer. Let )X,T( 00  be the smallest positive integer solution to (5) ,a well-

Deep Science Publishing  
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known pellian equation. After some algebra, the general solution )X,T( nn to (5) is 

given by 

                                    nnnn f
2

1
X,g

9k242

1
T =

+
=                                           (2.6) 

where 

                         
.)T9k24X()T9k24X(g

,)T9k24X()T9k24X(f

1n

00

1n

00n

1n

00

1n

00n

++

++

+−−++=

+−+++=
 

From (2.2) & (2.4), we have 

                        

.g
9k24

3
fT6X2u2z

,g
9k24

k4
Tk8vuy

,g
9k24

)3k4(
f

T)6k8(X2vux

nnnnnn

nnnnn

nn

nnnnn

+
+=+==

+
−=−=−=

+

+
+=

++=+=

                                  (2.7) 

Note 1 

Apart from (2.4), take 

                                          T)3k8(Xv,T3Xu +−=−=  

In this case, (2.1) is satisfied by 

                        

.g
9k24

3
fT6X2u2z

,g
9k24

k4
Tk8vuy

,g
9k24

)3k4(
f

T)6k8(X2vux

nnnnnn

nnnnn

nn

nnnnn

+
−=−==

+
==−=

+

+
−=

+−=+=

                                                



12 

 

To analyze the nature of solutions, one has to take special value to k in (2.5).  

Illustration 1 

Considering  k=2  in (2.5) , it is written as  

                                         1T57X 22 +=                                                                    (2.8)  

whose smallest positive integer solution is   

                                           151X,20T 00 ==  

From (2.6) ,the general solution to (2.8) are given by 

                                      nnnn f
2

1
X,g

572

1
T ==    

where 

                  
,)5720151()5720151(g

,)5720151()5720151(f

1n1n

n

1n1n

n

++

++

+−+=

+++=
 

From (2.7), the corresponding integer solutions to the equation 

                                     
333 z5)yx(16yx =+++                                                   (2.9) 

are given by 

                                 

,...2,1,0n,g
57

3
fz

,g
57

8
y

,g
57

11
fx

nnn

nn

nnn

=+=

−=

+=

                                                (2.10)          

The recurrence relations satisfied by the solutions to (2.9) given by (2.10) are presented 

below: 
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,...2,1,0n,0zz302z

,0yy302y

,0xx302x

n1n2n

n1n2n

n1n2n

==+−

=+−

=+−

++

++

++

 

A few numerical solutions to (2.9) are shown below: 

                          

38487062z,29184960y,67672022x

127442z,96640y,224082x

422z,320y,742x

222

111

000

=−==

=−==

=−==

 

Remarkable observations 

1. 16y11x8 1n21n2 ++ ++  is two times a square integer 

2. )16y3z8(3 1n21n2 ++ ++  is a square multiple of 6 

3. Each of the following expressions is a cubical integer 

)y3z8(3y3z8

,)y11x8(3y11x8

nn2n32n3

nn2n32n3

+++

+++

++

++
 

4. Each of the following equations represents hyperbola 

            

.256y57)y3z8(

,256y57)y11x8(

,256)zx(57)y3z8(

,256)zx(57)y11x8(

2

n

2

nn

2

n

2

nn

2

nn

2

nn

2

nn

2

nn

=−+

=−+

=−−+

=−−+

 

5. Each of the following equations represents parabola 

.256)zx(57)16y3z8(8

,256y57)16y11x8(8

2

nn1n21n2

2

n1n21n2

=−−++

=−++

++

++
 

6. 32)y11x8(32y22x16 2

nn3n43n4 −+++ ++  is a quartic integer 

7. Formulation of Second order Ramanujan numbers : 

 

From each of the solutions of (2.9), one can find Second order Ramanujan 

numbers with base numbers as real integers. 

 

Illustration 
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320207616284158

)804()1602()804()1602(FF

103057432136319

)1620()3201()1620()3201(FF

1035252232142319

)3210()3201()3210()3201(FF

1040653232148319

)408()3201()408()3201(FF

1065225932169319

)645()3201()645()3201(FF

1088177632184319

)804()3201()804()3201(FF

128005158321162319

)1602()3201()1602()3201(FF

FFFFFFF

)16(*2032*)10()40(*864*)5(80*)4()160(*2)320(*1

320y

2222

2222

32

2222

2222

71

2222

2222

61

2222

2222

51

2222

2222

41

2222

2222

31

2222

2222

21

7654321

0

=+=+=

+−++=−−+−=

=+=+=

−++=++−=

=+=+=

+−++=−−+−=

=+=+=

−++=++−=

=+=+=

+−++=−−+−=

=+=+=

+−++=−−+−=

=+=+=

−++=++−=

=

−=−=−=−=−=−=−=

−=
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=+=+=

−+−−=+++−=

=+=+=

−+−−=+++−=

=+=+=

+−+−−=−−++−=

=+=+=

−+−−=+++−=

=+=+=

−+−−=+++−=

=+=+=

+−+−−=−−++−=

=+=+=

−+−−=+++−=

=+=+=

+−+−−=−−++−=

=+=+=

−++=++−=

=+=+=

+−++=−−+−=

=+=+=

−++=++−=

=+=+=

+−++=−−+−=

2222

2222

54

2222

2222

74

2222

2222

64

2222

2222

54

2222

2222

73

2222

2222

63

2222

2222

53

2222

2222

43

2222

2222

72

2222

2222

62

2222

2222

52

2222

2222

42

32694859

)408()645()408()645(FF

47774693659

)1620()645()1620()645(FF

524522694259

)3210()645()3210()645(FF

578532694859

)408()645()408()645(FF

70724843676

)1620()804()1620()804(FF

754022844276

)3210()804()3210()804(FF

808032844876

)408()804()408()804(FF

1053759846976

)645()804()645()804(FF

26260416236158

)1620()1602()1620()1602(FF

267282216242158

)3210()1602()3210()1602(FF

272683216248158

)408()1602()408()1602(FF

297255916269158

)645()1602()645()1602(FF
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17804423622

)1620()3210()1620()3210(FF

23204483632

)1620()408()1620()408(FF

278822484232

)3210()408()3210()408(FF

47774693659

)1620()645()1620()645(FF

524522694259

)3210()645()3210()645(FF

578532694859

)408()645()408()645(FF

2222

2222

76

2222

2222

75

2222

2222

65

2222

2222

74

2222

2222

64

2222

2222

54

=+=+=

−+−−=+++−=

=+=+=

−++=++−=

=+=+=

+−++=−−+−=

=+=+=

−+−−=+++−=

=+=+=

+−+−−=−−++−=

=+=+=

−+−−=+++−=

 

                 

Thus, 128005, 108817, 106522, 104065, 103525, 103057, 32020, 29725, 27268, 26728, 

26260, 10537, 8080, 7540, 7072, 5785, 5245, 4777, 2788, 2320, 1780 represent second 

order Ramanujan numbers with base numbers as real integers. 

Illustration 2 

Considering k=4 in (2.5), it is written as  

                                         1T105X 22 +=                                                            (2.11)  

whose smallest positive integer solution is   

                                           41X,4T 00 ==  

From (2.6) the general solution to (2.11) are given by 

                                      nnnn f
2

1
X,g

1052

1
T ==    
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where 

                  
,)105441()105441(g

,)105441()105441(f

1n1n

n

1n1n

n

++

++

+−+=

+++=
 

From (2.7), the corresponding integer solutions to the equation 

                    
333 z9)yx(32yx =+++                                                            (2.12) 

are given by 

                  

,...2,1,0n,g
105

3
fz

,g
105

16
y

,g
105

19
fx

nnn

nn

nnn

=+=

−=

+=

                                                          (2.13)          

The recurrence relations satisfied by the solutions to (2.12) given by (2.13) are presented 

below: 

  

,...2,1,0n,0zz82z

,0yy82y

,0xx82x

n1n2n

n1n2n

n1n2n

==+−

=+−

=+−

++

++

++

 

A few numerical solutions to (2.12) are shown below: 

                          

712474z,860544y,1573018x

8690z,10496y,19186x

106z,128y,234x

222

111

000

=−==

=−==

=−==

 

Remarkable observations 

1. The expressions below represent Nasty Numbers. 

192x18z114

192y18z96

192y114x96

1n21n2

1n21n2

1n21n2

+−

++

++

++

++

++
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2. The expressions below represent twice a cubical integer 

 

)x3z19(3y19x16

)y3z16(3y19x16

)y19x16(3y19x16

nn2n32n3

nn2n32n3

nn2n32n3

−++

+++

+++

++

++

++

 

3. Each of the following expressions is a quintic integer 

 

            

2

n1n21n2

2

n1n21n2

2

n1n21n2

2

n

2

nn

2

n

2

nn

2

n

2

nn

y105)32x3z19(16

y105)32y3z16(16

y105)32y19x16(16

y105)x3z19(

y105)y3z16(

y105)y19x16(

−+−

−++

−++

−−

−+

−+

++

++

++
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Chapter 3 

TECHNIQUE TO SOLVE NON- 

HOMOGENEOUS TERNARY CUBIC 

EQUATION   

  

3.1 Technical Procedure 

     The non-homogeneous ternary cubic equation for obtaining integer solutions  

under consideration is 

                                    0z4)yyx4x()yx( 222 =++−+                                        (3.1) 

The substitution of the linear transformations 

                               0k,1n,0vu,uk2z,vuy,vux n =−=+=             (3.2) 

in (3.1) leads to the pellian equation 

                               
221n222 )k2(v3Y −+=                                                                  (3.3) 

where  

                               
21n2 k2uY −−=                                                                             (3.4) 

 

The smallest positive integer solutions to (3.3) are given by 

                            
2n2

0

21n2

0 k2Y,k2v == −
                                                               (3.5) 

To obtain the other solutions to (3.3),consider the pellian equation 

                                    1v3Y 22 +=   

whose general solution is given by 

                             ssss g
32

1
v~,f

2

1
Y
~

==                                                                 (3.6) 

where 

                         
.)32()32(g

,)32()32(f

1s1s

s

1s1s

s

++

++

−−+=

−++=
 

 

Employing the lemma of Brahmagupta between the solutions (3.5) & (3.6) ,we have 

Deep Science Publishing  
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,...1,0,1s,3gk2fk2v~v3Y
~

YY

,gk
3

2
fk2v~YY

~
vv

s

22n2

s

21n2

s0s01s

s

2
1n2

s

22n2

s0s01s

−=+=+=

+=+=

−−

+

−
−

+
 

                                              

In view of (3.4) ,we get 

                   3gk2fk2k2u s

22n2

s

21n221n2

1s

−−−

+ ++=  

From (3.2), we have 

                

,...1,0,1s,]gk23fk2k2[k2)n,s,k(z

,gk
3

2
fk2k2)n,s,k(y

,gk
3

2*5
fk2*3k2)n,s,k(x

s

22n2

s

21n221n2n

1s

s

2
2n2

s

22n221n2

1s

s

2
2n2

s

22n221n2

1s

−=++=

++=

++=

−−−

+

−
−−

+

−
−−

+

 
 

A few numerical solutions to (3.1) are given in Table 3.1 below: 

 

                                       Table 3.1-Numerical solutions 

s  )n,s,k(x 1s+  )n,s,k(y 1s+  )n,s,k(z 1s+  

-1 21n2 k2 +
 

2n2 k2  
31n3 k2*3 −
 

0 21n2 k2*3 +
 

21n2 k2 +
 

32n3 k2 +
 

1 2n2 k2*21  
21n2 k2*3 +

 
32n3 k2*54 −

 

 

The recurrence relations satisfied by the solutions of (3.1) are given below: 

             

3n3

1s2s3s

2n2

1s2s3s

2n2

1s2s3s

k2)n,s,k(z)n,s,k(z4)n,s,k(z

k2)n,s,k(y)n,s,k(y4)n,s,k(y

k2)n,s,k(x)n,s,k(x4)n,s,k(x

−=+−

−=+−

−=+−

+++

+++

+++

 
 

Interesting relations among the integer solutions to (3.1) 

 

 (i) )n,s,k(y)n,s,k(x 2s1s ++ =  

 (ii) 
4n2

1s1s

22n2

1s1s )k2()]n,s,k(y)n,s,k(x[3]k2)n,s,k(y)n,s,k(x[ =−−−+ ++++ , 

         a quartic integer 

 (iii) ])k2()n,s,k(z2)n,s,k(yk2*3[2 3n

2s22s2

1n −− ++

+
 is a square multiple of     

         
3n )k2(  

 (iv) ])k2()n,s,k(xk2*3z10[2 3n

2s2

1n

2s2 −− +

+

+  is a square multiple of  
3n )k2(  



21 

 

 (v) ])k2()n,s,k(x)n,s,k(y5[2 2n

2s22s2 −− ++  is a square multiple of 
2n )k2(

 
         

Each of the following expressions in (vi), (vii) & (viii) is a cubical integer:
 

 (vi) ]k2)n,s,k(x3)n,s,k(y15)n,s,k(x)n,s,k(y5[k2 23n2

1s1s3s33s3

1n +

++++

+ −−+−  

 (vii) 

  

]k2)n,s,k(xk2*9)n,s,k(z15)n,s,k(xk2*3)n,s,k(z5[2 32n3

1s

n

1s3s3

n

3s3

2 +

++++ −−+−

 

 (viii) 

]k2)n,s,k(yk2*9)n,s,k(z3)n,s,k(z)n,s,k(yk2*3[2 32n3

1s

n

1s3s33s3

n2 +

++++ −+−−

 

(ix) 
4n22n2

1s1s

221n2

1s1s )k2()k2)n,s,k(y3)n,s,k(x(3)k2)n,s,k(x)n,s,k(y5( =+−−−− ++

+

++

 

 

(x)  

6n

23n331n3

1s

1n

1s

23n3

1s

n

1s

2

)k2(

]k2k2)n,s,k(yk2)n,s,k(z[12]k2)n,s,k(xk2*3)n,s,k(z5[2

=

+−−−−− −

+

+

+++

 

(xi) 

6n

23n331n3

1s

1n

1s

23n3

1s

n

1s

2

)k2(

]k2k2)n,s,k(yk2)n,s,k(z[12]k2)n,s,k(yk2*3)n,s,k(z[2

=

+−−−−+− −

+

+

+++

 

Formulation of Second order Ramanujan numbers : 

 

From each of the solutions of (3.1), one can find Second order Ramanujan numbers with 

base numbers as real integers. 

 

Illustration 3.1 

 

Consider from Table 3.1 
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290028462050

)424()248()424()248(FF

334135462950

)332()248()332()248(FF

94252095497

)812()196()812()196(FF

950922951097

)616()196()616()196(FF

980928952097

)424()196()424()196(FF

1025035952997

)332()196()332()196(FF

1152550954697

)248()196()248()196(FF

FFFFFF

12*816*624*432*348*296*196)1,1,2(z

2222

2222

42

2222

2222

32

2222

2222

61

2222

2222

51

2222

2222

41

2222

2222

31

2222

2222

21

654321

0

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

==

=======−
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5002010422

)812()616()812()616(FF

88422201028

)616()424()616()424(FF

12412029435

)812()332()812()332(FF

132522291035

)616()332()616()332(FF

162528292035

)424()332()424()332(FF

25162046450

)812()248()812()248(FF

260022461050

)616()248()616()248(FF

2222

2222

65

2222

2222

54

2222

2222

63

2222

2222

53

2222

2222

43

2222

2222

62

2222

2222

52

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

=+=+=

++−=−++=

 

 

Thus , 11525, 10250, 9809, 9509, 9425, 3341, 2900, 2600, 2516, 1625, 1325, 1241, 884, 

500  represent second order Ramanujan numbers with base numbers as real integers. 

 

  Note 3.1 

     In illustration 3.1, the factors in each of 6542 F,F,F,F belong to the same parity. In 

this case, there is an another way of obtaining second order Ramanujan numbers. The 

process of getting the same is illustrated below: 
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125510211

210511FF

2211011514

5111014FF

6292310225

2102325FF

6502311525

5112325FF

72523141025

10142325FF

2222

2222

65

2222

2222

54

2222

2222

62

2222

2222

52

2222

2222

42

=+=+

−=−=

=+=+

−=−=

=+=+

−=−=

=+=+

−=−=

=+=+

−=−=

 

 

Thus,725, 650,629,221,125 represent second order Ramanujan numbers with base 

numbers as real integers. 

 

 It is worth to mention that one may obtain second order Ramanujan numbers with base 

numbers as Gaussian integers. 

 

Illustration 3.2 

                Consider from Table 3.1 

 

                            say,D*CB*A

k*k41*k4k4)1,1,k(y 22

0

==

===−
 

 

From the above relation, one may observe that 

 

1k15k16

)kik4()ik4()kik4()ik4(

DCBA)iDC()iBA()iDC()iBA(

24

222222

22222222

−+=

++−=−++

−+−=++−=−++

 

 

Thus, 1k15k16 24 −+   represents the second order Ramanujan number with base 

numbers as Gaussian integers. 

 

Special case 

 

The substitution of the linear transformations 

                               0k,0vu,ukz,vuy,vux =−=+=                        (3.7) 
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in (3.3) leads to the pellian equation 

                               
2222 )k(v12Y +=                                                                        (3.8) 

where  

                               2ku2Y −=                                                                                  (3.9) 

 

The smallest positive integer solutions to (3.8) are given by 

                            
2

0

2

0 k7Y,k2v ==                                                                       (3.10) 

To obtain the other solutions to (3.9), consider the pellian equation 

                                    1v12Y 22 +=   

whose general solution is given by 

                             ssss g
122

1
v~,f

2

1
Y
~

==                                                               (3.11) 

where 

.)1227()1227(g

,)1227()1227(f

1s1s

s

1s1s

s

++

++

−−+=

−++=
 

 

Employing the lemma of Brahmagupta between the solutions (3.10) & (3.11), we have 

,...1,0,1s,gk12fk
2

7
v~v3Y

~
YY

],gk
12

14
fk4[

4

1
gk

122

7
fkv~YY

~
vv

s

2

s

2

s0s01s

s

2

s

2

s

2

s

2

s0s01s

−=+=+=

+=+=+=

+

+

 

                                              

In view of (3.9) ,we get 

                   ]k2gk122fk7[
4

1
]kY[

2

1
u 2

s

2

s

22

1s1s ++=+= ++  

From (3.7), we have 

                

,...1,0,1s,]g122f72[
4

k
)s,k(z

,]gk
12

10
fk3k2[

4

1
)s,k(y

],gk
12

38
fk11k2[

4

1
)s,k(x

ss

3

1s

s

2

s

22

1s

s

2

s

22

1s

−=++=

++=

++=

+

+

+

 

 

A few numerical solutions to (3.1) are given in Table 3.2 below: 

 

                                       Table 3.2-Numerical solutions 

s  )s,k(x 1s+  )s,k(y 1s+  )s,k(z 1s+  
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-1 2k6  
2k2  

3k4  

0 2k77  
2k21  

3k49  

1 2k1066  
2k286  

3k676  

 

The recurrence relations satisfied by the solutions of (3.1) are given below: 

 

                     

3

1s2s3s

2

1s2s3s

2

1s2s3s

k6)s,k(z)s,k(z14)s,k(z

k6)s,k(y)s,k(y14)s,k(y

k6)s,k(x)s,k(x14)s,k(x

−=+−

−=+−

−=+−

+++

+++

+++

                

 

Interesting observations 

   (i) )s,k(z2)]s,k(y)s,k(x[k 1s1s1s +++ =+       

   (ii) 
3

1s1s1s1s

23

1s

3

1s

3 ))s,k(z(8)s,k(z*)s,k(y*)s,k(x*k6]))s,k(y())s,k(x[(k ++++++ =++

    (iii) )]s,k(y)s,k(x[2 1s21s2 ++ +  is a perfect square 

    (iv) 
3

s

3

1s1s2s32s3 )fk(k44)]s,k(x10)s,k(y38[k3)]s,k(y)s,k(x[k2 =−−++ ++++  

     (v) 
2

s

2

2s22s2 )fk(k12)s,k(x10)s,k(y38 =−− ++  

     (vi) 
422

1s1s

22

1s1s k]k4)s,k(y11)s,k(x3[3]k7)s,k(x5)s,k(y19[ =+−−−− ++++  
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Chapter 4 

TECHNIQUE TO SOLVE NON-

UNIFORM DIOPHANTINE 

EQUATION OF DEGREE THREE 

WITH THREE UNKNOWNS 

 
4.1 Technical Procedure 

The non-homogeneous third degree equation is 

                                       
2y)zx(zx2 +=                                                                 (4.1)   

The substitution of the transformations 

                                     0vu,vuz,vux −=+=                                             (4.2) 

in (4.1) gives  the ternary quadratic diophantine equation         

                                    0vuyu 222 =−−                                                                   (4.3)       

Treating (4.3) as a quadratic in u and solving for the same ,we have 

                                    
2

v4yy
u

242 +
=                                                              (4.4)       

To eliminate the square-root on the R.H.S. of (4.4), assume 

                                      
242 v4y +=                                                                      (4.5) 

Choice 1 

          Express (4.5) as the system of double equations 

                                          
.1v2

,yv2 4

=−

=+
 

  which is satisfied by     

Deep Science Publishing  
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.s2s6s8s4v

,1s4s12s16s8

,1s2y

234

234

+++=

++++=

+=

                                                  (4.6) 

From (4.4) , we have two values for u given by 

              
234234 s4s8s4,1s4s8s8s4u −−−++++=  

In view of (4.2) ,we obtain two sets of integer solutions to (4.1) as presented below : 

Set 1 

                
.1s2s2z

1s2y,1s6s14s16s8x

2

234

++=

+=++++=
 

Set 2 

                
.s2s10s16s8z

1s2y,s2s2x

234

2

−−−−=

+=+=
 

Choice 2 

           Consider (4.5) as the pair of equations 

                 
.yv2

,yv2 3

=−

=+

           (4.7)                                                               

 

which is satisfied by 

                    
2

yy
v,

2

yy 33 −
=

+
=                     

Note that there are three patterns of integer solutions to the system of double equations 

(4.7) and are presented below jointly with the corresponding integer solutions to (4.1). 

Pattern 1  

             The assumption  

                                                 s4y=                                                               (4.8) 

gives 

                                    ss16v,s2s32 33 −=+=  
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From (4.4) , we have two values for u given by 

                             ss8s16,ss8s16u 2323 −+−++=  

In view of (4.2) ,we obtain two sets of integer solutions to (4.1) as presented below : 

Set 3 

                
.s2s8z

s4y,s8s32x

2

23

+=

=+=
 

Set 4 

                
.s8s32z

s4y,s2s8x

23

2

+−=

=−=
 

Pattern 2  

             The assumption  

                                                 1s4y +=                                                            (4.9) 

gives 

                                    s2s12s16v,1s8s24s32 2323 ++=+++=  

From (4.4) , we have two values for u given by 

                             
2323 s4s16,1s8s20s16u −−+++=  

In view of (4.2) ,we obtain two sets of integer solutions to (4.1) as presented below : 

Set 5 

                
.1s6s8z

1s4y,1s10s32s32x

2

23

++=

+=+++=
 

Set 6 

                
.s2s16s32z

1s4y,s2s8x

23

2

−−−=

+=+=
 

Pattern 3  

             The assumption  
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                                                 1s4y −=                                                            (4.10) 

gives 

                                    s2s12s16v,1s8s24s32 2323 +−=−+−=  

From (4.4) , we have two values for u given by 

                             
2323 s4s16,1s8s20s16u −+−+−=  

In view of (4.2) ,we obtain two sets of integer solutions to (4.1) as presented below : 

Set 7 

                
.1s10s32s32z

1s4y,1s6s8x

23

2

+−+−=

−=+−=
 

Set 8 

                
.s2s8z

1s4y,s2s16s32x

2

23

−=

−=+−=
 

Choice 3 

   Consider (4.5) as  

                                          
.vy

,v4y

2

2

=−

=+
 

The above system is satisfied by 

                                       
2

v3
y,

2

v5 2 ==                                                            (4.11) 

Choosing 

                                    
26v =     

 in (4.11) , we have 

                             == 3y,15 2
 

From (4.4) ,we get 

                            
22 3,12u −=  
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In view of (4.2) ,we obtain two sets of integer solutions to (4.1) as presented below : 

Set 9 

                    
22 6z,3y,18x ===  

Set 10 

                    
22 9z,3y,3x −===  

Choice 4 

      Consider (4.5) to be  

                         
.4y

,vy

2

22

=−

=+
 

Solving the above system of equations, we have 

                     
2

4v
y,

2

4v 2
2

2 −
=

+
=                                                              (4.12) 

Assuming 

                             k2v =                                                                                   (4.13) 

 in (4.12) , we have 

                           2k2 2 +=                                                                           (4.14)                                                                           

and       

                         2k2y 22 −=                                                                             (4.15) 

It is worth to mention that (4.15) represents negative pellian equation. After performing 

some algebra, the nth solution for (4.15) is  

                            

,...1,0,1n,
2

g23
f2y

,g2
2

f3
k

n
n1n

n
n

1n

−=+=

+=

+

+

                                           (4.16) 

 where   

                         
.)223()223(g

,)223()223(f

1n1n

n

1n1n

n

++

++

−−+=

−++=
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From (4.13) ,we get 

                    
nn1n1n g22f3k2v +== ++

                                          

From (4.4),we get  

                     1k
2

y
u 1n

21n
2

1n ++= +
+

+  

From (4.2), we have 

                      

2

1n

2

1n
1n

2

1n

2

1n
1n

)1k(
2

y
z

,)1k(
2

y
x

−+=

++=

+
+

+

+
+

+

                        

 where  1n1n k,y ++  are given by (4.16) . 

A few integer solutions to (4.1) are shown below: 

                                

19404z,140y,19800x

544z,24y,612x

12z,4y,24x

222

111

000

===

===

===
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Chapter 5 

A GLIMPSE ON NON-UNIFORM 

INDETERMINATE THIRD DEGREE 

EQUATION WITH THREE 

PARAMETERS 

 
5.1 Technical Procedure 

The non-homogeneous ternary cubic equation under consideration is 

                                 
322 z)ba(ybxa +=+                                                            (5.1) 

By inspection, the following choices of x, y, z satisfy (5.1) 

                 

22 nbamz

,z)nam(y

,z)nbm(x

+=

=

= 

 

and  

             

.)ba()nbam(z

,)ba()nbam()nam(y

,)ba()nbam()nbm(x

222

322

322

++=

++=

++= 

 

However, there are many more choices of integer solutions to (5.1). The process of 

obtaining other choices of integer solutions to (5.1) is as below:   

Choice 1 

The option 

                                      ykx =                                                                            (5.2) 

in (5.1) gives 

                                 
322 z)ba(y)bka( +=+                 
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 which is satisfied by   

0s,1,)ba()bka(z

,)ba()bka(y

s22

s322

++=

++=
                                                      (5.3) 

From (5.2) ,one has 

            
s322 )ba()bka(kx ++=                                                                    (5.4) 

Thus, (5.3) and (5.4) satisfy (5.1). 

Choice 2 

The option 

                                      xky =                                                                            (5.5) 

in (5.1) gives 

                                 
322 z)ba(x)kba( +=+                 

whose solutions are 

                               
s22

s322

)ba()kba(z

)ba()kba(x

++=

++=
                                                          (5.6) 

From (5.5), one has 

                                         
s322 )ba()kba(ky ++=                                             (5.7) 

Thus, (5.6) and (5.7) satisfy (5.1). 

Choice 3 

 The substitution 

                              Tazy,Tbzx +=−=                                                               (5.8) 

in (5.1) leads to 

                              )1z(zTba 22 −=    

which is satisfied by 

                            
.)sba1(sT

,sba1z

2

2

+=

+=
                                                                        (5.9) 
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From (5.8) ,one has 

                          
.)sa1()sba1(y

,)sb1()sba1(x

2

2

++=

−+=
                                                                (5.10) 

Thus, (5.1) is satisfied by (5.9) and (5.10). 

Observations 

(i) z)ba(ybxa +=+  

(ii) 0zyxsa 2 =+−  

(iii) 0zxysb 2 =−+  

Note 1 

Apart from (5.8), take 

                         Tazy,Tbzx −=+=  

and (5.1) is satisfied by 

                          

.)sba1(z

,)sa1()sba1(y

,)sb1()sba1(x

2

2

2

+=

−+=

++=

 

Choice 4 

The option 

                          zaXy,zbXx +=−=                                                        (5.11) 

in (1) gives 

                        )baz(zX 22 −=                                                                      (5.12) 

After performing some algebra , it is seen that the values of z ,X satisfying (5.12)  are 

given by 

                 
)ns())ns(ba(XX

,)ns(bazz

2

n

2

n

+++==

++==
                                                   (5.13) 

From (5.11) ,it is obtained  that 
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.)ans())ns(ba(y

,)bns())ns(ba(x

2

n

2

n

++++=

−+++=
                                                     (5.14)    

Thus, (5.1) is satisfied by (5.13) and (5.14). 

Observations 

(i) 
nnn z)ba(xy +=−                   

(ii) 
2

nnn

2

nn )xy()baz()xayb( −−=+  

(iii) )baz(z)zay()zbx( n

2

n

2

nn

2

nn −=−=+  

(iv) 
2

n

2

nn

2

nn

2

nn

2

nn

2

nn z)xayb(])zay([)xy(])zbx([)xy( +=−−=+−

 

Note 2  

In addition to (5.11) , one may also consider  the substitution 

                          zaXy,zbXx −=+=  

In this case,(5.1) is satisfied by 

                                

))ns(ba(z

,)ans())ns(ba(y

,)bns())ns(ba(x

2

n

2

n

2

n

++=

−+++=

++++=
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Chapter 6 

A SKETCH OF INTEGER SOLUTIONS  

TO QUATERNARY UNIFORM CUBIC 

EQUATION 

 
6.1 Technical Procedure 

The quaternary third degree equation is 

                                  )yx(yx3wz24yx 233 +=++                                             (6.1) 

The choice 

                             0vu,uz,vuy,vux =−=+=                                         (6.2)  

 in (6.1) gives 

                                
222 w6v3u +=                                                                  (6.3) 

The procedure for solving (6.1) is presented below: 

Pattern 1 

    Taking 

                        U3u,T3Xw,T6Xv =−=+=                                                  (6.4)  

in (6.3) ,we have 

                          
222 T18XU +=                                                                               (6.5) 

which is satisfied by 

                    
2222 sr18U,sr18X,sr2T +=−==                                              (6.6) 

Substituting (6.6) in (6.4) and employing (6.2) , the corresponding integer solutions to 

(6.1) are represented  by 
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sr6sr18T3Xw

s3r54U3z

sr12s4r36T6XU3y

sr12s2r72T6XU3x

22

22

22

22

−−=−=

+==

−+=−−=

++=++=

 

Note 1 

    Apart from (6.4) , one may also consider the transformations as  

                          U3u,T3Xw,T6Xv =+=−=  

For this choice , the corresponding integer solutions to (6.1) are given by 

                         

sr6sr18T3Xw

s3r54U3z

sr12s4r36T6XU3y

sr12s2r72T6XU3x

22

22

22

22

+−=+=

+==

++=+−=

−+=−+=

 

Pattern 2 

   Write (6.5) as the pair of equations presented in Table 1 below: 

                              Table 1- The pair of equations 

Pair I II III IV V VI 

XU+  2T9  
2T3  

2T  T18  T9  T6  

XU−  2 6 18 T  T2  T3  

 

Consider System I. Solving the pair of equations , we have 

                                       
2

2T9
X,

2

2T9
U

22 −
=

+
=  

                                 For obtaining integer  solutions ,take 

                                                 
1s18X,1s18U

s2T

22 −=+=

=
 

 Thus, (6.1) is satisfied by 
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s61s18T3Xw

3s54U3z

s124s36T6XU3y

s122s72T6XU3x

2

2

2

2

−−=−=

+==

−+=−−=

++=++=

 

Consider System II. Solving the pair of equations , we have 

                                       
2

6T3
X,

2

6T3
U

22 −
=

+
=  

                                 For obtaining integer  solutions ,take 

                                                 
3s6X,3s6U

s2T

22 −=+=

=
 

Thus, (6.1) is satisfied by 

                                      

s63s6T3Xw

9s18U3z

s1212s12T6XU3y

s126s24T6XU3x

2

2

2

2

−−=−=

+==

−+=−−=

++=++=

 

Consider System III. Solving the pair of equations , we have 

                                       
2

18T
X,

2

18T
U

22 −
=

+
=  

                                 For obtaining integer  solutions ,take 

                                                 
9s2X,9s2U

s2T

22 −=+=

=
 

                                Thus , the integer solutions to (6.1) are given by 

                                      

s69s2T3Xw

27s6U3z

s1236s4T6XU3y

s1218s8T6XU3x

2

2

2

2

−−=−=

+==

−+=−−=

++=++=

 

Consider System IV. Solving the pair of equations , we have 
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2

T17
X,

2

T19
U ==  

                                 For obtaining integer  solutions ,take 

                                                 
s17X,s19U

s2T

==

=
 

Thus, (6.1) is satisfied by 

                                      

s11T3Xw

s57U3z

s28T6XU3y

s86T6XU3x

=−=

==

=−−=

=++=

 

Consider System V. Solving the pair of equations , we have 

                                       
2

T7
X,

2

T11
U ==  

                                 For obtaining integer  solutions ,take 

                                                 
s7X,s11U

s2T

==

=
 

Thus, (6.1) is satisfied by 

                                      

sT3Xw

s33U3z

s14T6XU3y

s52T6XU3x

=−=

==

=−−=

=++=

 

Consider System VI. Solving the pair of equations , we have 

                                       
2

T3
X,

2

T9
U ==  

                                 For obtaining integer  solutions ,take 

                                                 
s3X,s9U

s2T

==

=
 

Thus, (6.1) is satisfied by 
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s3T3Xw

s27U3z

s12T6XU3y

s42T6XU3x

−=−=

==

=−−=

=++=

 

Pattern 3 

Write (6.3) as 

                                     
222 w6v3u =−                                                            (6.7) 

Assume 

                                    
22 b3aw −=                                                                        (6.8) 

The integer 6 in (6.7) is written as 

                                    )33()33(6 −+=                                                         (6.9) 

Substituting (6.8) & (6.9) in (6.7) and employing factorization, consider 

                               
2)b3a()33(v3u ++=+                                           (6.10) 

On comparing the terms in (6.10), one has 

                              
)b,a(g3)b,a(fv

,)b,a(g3)b,a(f3u

+=

+=
  

in which 

                           ba2)b,a(g,b3a)b,a(f 22 =+=  

From (6.2) ,(6.1) is satisfied by 

                                

)]b,a(g)b,a(f[3z

,)b,a(f2y

,)b,a(g6)b,a(f4x

+=

=

+=

  

 jointly with (6.8) . 

Pattern 4 

Write (6.7) as 

1*w6v3u 222 =−                                                                                     (6.11) 
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Write integer 1 in (6.11) as 

                      
222

2222

)sr3(

)]sr2(3sr3[)]sr2(3sr3[
1

−

−+++
=                              (6.12) 

Assume 

                         )b3a()sr3(w 22222 −−=                                                              (6.13) 

Substituting (6.9) ,( 6.12) & (6.13) in (6.11) and employing factorization , consider 

   

)]s,r(G3)s,r(F[)]}b,a(g3)b,a(f[3)]b,a(g3)b,a(f3{[)sr3(

)]s,r(G3)s,r(F[)]b,a(g3)b,a(f[)33()sr3(

)sr3(

)]sr2(3sr3[
)b3a()sr3()33(v3u

22

22

22

22
2222

++++−=

+++−=

−

++
+−+=+

                    (6.14) 

 where  

                                  sr2)s,r(G,sr3)s,r(F 22 =+=  

On comparing the terms in (6.14), one has 

)]}b,a(g3)b,a(f3[)s,r(G)]b,a(g3)b,a(f[)s,r(F{)sr3(v

})]b,a(g3)b,a(f[)s,r(G3)]b,a(g3)b,a(f3[)s,r(F{)sr3(u

22

22

+++−=

+++−=
 

From (6.2) ,(6.1) is satisfied by 

)]}b,a(g9)b,a(f3[)s,r(G)]b,a(g3)b,a(f3[)s,r(F{)sr3(z

,})]b,a(g6[)s,r(G)]b,a(f2[)s,r(F{)sr3(y

,)]}b,a(g12)b,a(f6[)s,r(G)]b,a(g6)b,a(f4[)s,r(F{)sr3(x

22

22

22

+++−=

+−=

+++−=

  

 jointly with (6.13) . 

Pattern 5 

Write (6.3) as 

                   
222 v3w6u =−                                                                                     (6.15) 
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Assume 

                                    
22 b6av −=                                                                        (6.16) 

Write integer 3 in (6.15) as 

                                    )63()63(3 −+=                                                       (6.17) 

Substituting (6.16) & (6.17) in (6.15) and employing factorization, consider 

                               2)b6a()63(w6u ++=+                                            (6.18) 

On comparing the terms in (6.18), one has 

                              
)b,a(g3)b,a(fw

,)b,a(g6)b,a(f3u

+=

+=
                                                            (6.19) 

 where   

                           ba2)b,a(g,b6a)b,a(f 22 =+=  

From (6.2),(6.1) is satisfied by 

                                

)]b,a(g2)b,a(f[3z

,)b,a(g6b12)b,a(f2y

,)b,a(g6b12)b,a(f4x

2

2

+=

++=

+−=

  

 jointly with w in (6.19) . 

Pattern 6 

Write (6.15) as 

                             1*v3w6u 222 =−                                                                   (6.20) 

Write integer 1 in (6.20) as 

                      
222

2222

)sr6(

)]sr2(6sr6[)]sr2(6sr6[
1

−

−+++
=                             (6.21) 

Assume 

                         )b6a()sr6(v 22222 −−=                                                         (6.22) 

Substituting (6.17), (6.21) & (6.22) in (6.20) and employing factorization, consider 
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)]s,r(G6)s,r(F[)]}b,a(g3)b,a(f[6)]b,a(g6)b,a(f3{[)sr6(

)]s,r(G6)s,r(F[)]b,a(g6)b,a(f[)63()sr6(

)sr6(

)]sr2(6sr6[
)b6a()sr6()63(w6u

22

22

22

22
2222

++++−=

+++−=

−

++
+−+=+

          

(6.23) 

 where  

                                  sr2)s,r(G,sr6)s,r(F 22 =+=  

On comparing the terms in (6.23), one has 

})]b,a(g6)b,a(f3[)s,r(G)]b,a(g3)b,a(f[)s,r(F{)sr6(w

})]b,a(g3)b,a(f[)s,r(G6)]b,a(g6)b,a(f3[)s,r(F{)sr6(u

22

22

+++−=

+++−=

        (6.24) 

From (6.2), (6.1) is satisfied by 

)]}b,a(g18)b,a(f6[)s,r(G)]b,a(g6)b,a(f3[)s,r(F{)sr6(z

),b6a()sr6(

)]}b,a(g18)b,a(f6[)s,r(G)]b,a(g6)b,a(f3[)s,r(F{)sr6(y

,)b6a()sr6(

)]}b,a(g18)b,a(f6[)s,r(G)]b,a(g6)b,a(f3[)s,r(F{)sr6(x

22

22222

22

22222

22

+++−=

−−−

+++−=

−−+

+++−=

  

 jointly with  w in (6.24) . 

Pattern 7 

The solutions to (6.3) are 

                                   w3uu,wvv 00 ====  

Consider the pellian equation 

                                     1v3u 22 +=     

 whose general solution   )u~,v~( nn  is given by 
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                                 nnnn f
2

1
u~,g

32

1
v~ ==     

where 

                             
1n1n

n

1n1n

n

)32()32(g

,)32()32(f

++

++

−−+=

−++=
 

Employing the lemma of Brahmagupta between  )u,v( 00  and )u~,v~( nn ,we have 

                          

]g3f3[
2

w
v~v3u~uu

,]g3f[
2

w
v~uu~vv

nnn0n01n

nnn0n01n

+=+=

+=+=

+

+

 

In view of (6.2) ,the integer solutions to (6.1) are given by 

                          

,]g3f3[
2

w
uz

,fwvuy

,]g3f2[wvux

nn1n1n

n1n1n1n

nn1n1n1n

+==

=−=

+=+=

++

+++

+++

    

where w is chosen arbitrarily. 

A few numerical solutions to (6.1) are presented below: 

                          

w123z,w52y,w194x

w33z,w14y,w52x

w9z,w4y,w14x

w3z,w2y,w4x

333

222

111

000

===

===

===

===

.
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Chapter 7 

ON CUBIC EQUATION WITH FOUR 

UNKNOWNS 
 

7.1 Technical Procedure 

The cubic Diophantine equation with four unknowns studied for its non-zero 

 distinct integer solutions is given by  

                             
2233 wz16)yx()yx(yx =−+++                                      (7.1)              

Introduction of the linear transformations  

0vu,uz,vuy,vux =−=+=
           (7.2) 

in (7.1) leads to 

                 
222 w8v7u =+

                                         (7.3) 

Now, we solve (7.3) through different methods and thus obtain different patterns of 

solutions to (7.1).
 

Method I:      

Assume                                 

22 b7aw +=                                                                              (7.4)                                                            
 

where a and b are non-zero distinct integers. 

Write integer 8 in (7.3) as  

( ) ( )7i17i18 −+=                                                                 (7.5)                         

Using (7.4) and (7.5) in (7.3) and applying the method of factorization, it is written as 

the system of double equations as  

                        

( ) ( ) ( )
( ) ( ) ( ) )]b,a(g7i)b,a(f[7i1b7ia7i1v7iu

)]b,a(g7i)b,a(f[7i1b7ia7i1v7iu

2

2

−−=−−=−

++=++=+
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where  

ba2)b,a(g,)b7a()b,a(f 22 =−=                                              (7.6) 

Equating the real and imaginary parts in either of the above two equations , we have 

                        
ba2b7a)b,a(g)b,a(fv

ba14b7a)b,a(g7)b,a(fu

22

22

+−=+=

−−=−=
 

From (7.2), (7.1) is satisfied by 

                        

ab14b7a)b,a(g7)b,a(fz

,ba16)b,a(g8y

,ba12b14a2)b,a(g6)b,a(f2x

22

22

−−=−=

−=−=

−−=−=

 jointly with (7.4) . 

Note 1  

          The integer 8 ,apart from (7.5) , may be factorized  as 

 

                                 

121

)7i31()7i31(
8

16

)7i11()7i11(
8

4

)7i5()7i5(
8

−+
=

−+
=

−+
=

     

Following the above procedure , three  more sets of integer solutions to (7.1) are 

obtained. 

Method 2 

Consider  (7.3) as  

                                          1*w8v7u 222 =+           
                                          (7.7)                                                                                  

Write integer 1 in (7.7)  as      

                 
2)1)s(a(

)7)s(bi)s(a()7)s(bi)s(a(
1

+

−+
=                                                     (7.8)                           
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where  

                
)1s2()s(b,)3s14s14()s(a 2 −=+−=

                                             (7.9) 

Substituting (7.4) ,( 7.5) & (7.8) in (7.7) and employing factorization , we consider 

                  

( ) ( )

( )

)1)s(a(

]7)s(bi)s(a[
)]}b,a(g)b,a(f[7i)]b,a(g7)b,a(f[{

)1)s(a(

]7)s(bi)s(a[
)]b,a(g7i)b,a(f[7i1

)1)s(a(

]7)s(bi)s(a[
b7ia7i1)v3iu(

2

+

+
++−=

+

+
++=

+

+
++=+

 

Equating the real and imaginary parts in the above equation , we have 

 

 

)]}b,a(g)b,a(f[)s(a)]b,a(g7)b,a(f[)s(b{
)1)s(a(

1
v

)]}b,a(g)b,a(f[)s(b7)]b,a(g7)b,a(f[)s(a{
)1)s(a(

1
u

++−
+

=

+−−
+

=

               (7.10) 

Since , the focus is on finding integer solutions , taking  

                   B)1)s(a(b,A)1)s(a(a +=+=  

in (7.4) & (7.10) and utilizing (7.2) ,(7.1) is satisfied by 

 

.]B7A[)1)s(a(w

)]}B,A(g)B,A(f[)s(b7)]B,A(g7)B,A(f[)s(a{)1)s(a(z

,)]}B,A(g)B,A(f[)]s(b7)s(a[)]B,A(g7)B,A(f[)]s(b)s(a{[)1)s(a(y

,)]}B,A(g)B,A(f[)]s(b7)s(a[)]B,A(g7)B,A(f[)]s(b)s(a{[)1)s(a(x

222 ++=

+−−+=

++−−−+=

+−+−++=

 

          (7.11) 

To analyse the nature of solutions,one has to take particular values to s. For 

simplicity and clear understanding , the option s=1 gives 
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16

)7i3()7i3(
1

1)1(b)s(b,3)1(a)s(a

−+
=

====

 

Also , 

                                
BA2)B,A(g,B7A)B,A(f 22 =−=

 

From (7.11) ,the integer solutions to (7.1) are given by            

                             

22

22

22

B112A16)B,A(ww

AB224B112A16)B,A(zz

AB192B224A32)B,A(yy

AB256)B,A(xx

+==

−+−==

−+−==

−==

 

Note 2 

         Apart from (7.8), one may have other representations to integer 1 which are 

exhibited below 

Representation 1: 

                                       
2)2)s(a(

)7)s(bi)s(a)(7)s(bi)s(a(
1

+

−+
=        

where 

                              

                                              s2)s(b,)1s7()s(a 2 =−=                                   (7.12) 

 

Representation 2: 

                                       
22)s14)s(a(

)7)s(bi)s(a)(7)s(bi)s(a(
1

+

−+
=        

where 

                  

                                              sr2)s(b,)s7r()s(a 22 =−=                               (7.13) 

 Representation 3: 
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22)s2)s(a(

)7)s(bi)s(a)(7)s(bi)s(a(
1

+

−+
=        

where 

                              

                                              sr2)s(b,)sr7()s(a 22 =−=                                     (7.14)                                                                  

Representation 4: 

                                       
2

n

nn

2

n

nn

)f(

)gi2()gi2(

)(

)7i1()7i1(
1

−+
=



−+
=        

where 

,...2,1,0n,])738()738[(
2

1
f

2

1

],)738()738[(
72

1
g

72

1

1n1n

nn

1n1n

nn

=−++==

−−+==

++

++

                      (7.15)      

Using (7.12) ,( 7.13) ,( 7.14) and (7.15)  in (7.11) in turn ,the corresponding integer 

solutions to (7.1) are obtained. 

Method 3 

Consider (7.3) as 

                                            1*uv7w8 222 =−                                                    (7.16) 

Assume 

                                             
22 b7a8u −=                                                          (7.17) 

Write the integer 1 in (7.16) as 

                                         )78()78(1 −+=                                              (7.18) 

Substituting (7.17) & (7.18) in (7.16) and applying factorization , consider 

                          
2)b7a8()78(v7w8 ++=+    

from which , on equating the corresponding terms ,one obtains 
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ba16b7a8v

,ba14b7a8w

22

22

++=

++=
                                                            (7.19) 

From (7.2), (7.1) is satisfied by 

                                  

22

2

2

b7a8z

,ba16b14y

,ba16a16x

−=

−−=

+=

      

 jointly with w in (7.19). 

Note 3  

          In addition to (7.18) , we have 

                             

121

)784()784(
1

25

)782()782(
1

−+
=

−+
=

 

The repetition of the above process leads to  different sets of solutions to (7.1) . 

Method 4 

Rewrite (7.3) as  

                                          
222 v7uw8 =−                                                         (7.20) 

Assume 

                                            
22 ba8v −=                                                              (7.21) 

Write the integer 7 in (7.20) as 

                                       )18()18(7 −+=                                                   (7.22) 

Inserting (7.21) & (7.22) in (7.20) and using factorization ,we consider 

                        
2)ba8()18(uw8 ++=+  

On comparing , we have 

                                    
ba16)ba8(u

,ba2)ba8(w

22

22

++=

++=
                                                   (7.23) 
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From (7.2), (7.1) is satisfied by 

                                            

ba16)ba8(z

,ba16b2y

,ba16a16x

22

2

2

++=

+=

+=

 

jointly with w in (7.23) . 

Note 4 

         Apart from (7.22) , we have 

                                        

.)31811()31811(7

),1184()1184(7

),582()582(7

−+=

−+=

−+=

 

The repetition of the above process leads to  different sets of solutions to (7.1) . 

Method 5 

      Consider (7.20) as 

                                       1*v7uw8 222 =−                                                          (7.24) 

Write the integer 1 in (7.24) as 

                                   
4

)28()28(
1

−+
=                                                       (7.25) 

Assume 

                                   
22 b4a8v −=                                                                    (7.26) 

 

Inserting (7.26) ,( 7.22) & (7.25) in (7.24) and applying factorization , we consider 

                            
2

)28(
)b2a8()18(uw8 2 +

++=+  

On comparing ,we have 

                                 
.ba48)b2a4(10u

,ba20)b2a4(3w

22

22

++=

++=
                                            (7.26) 
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From (7.2), (7.1) is satisfied by 

                                    

ba48b20a40z

,ba48b24a32y

,ba48b16a48x

22

22

22

++=

++=

++=

  

 jointly with w in (7.26). 

Note 5 

In addition to (7.25) ,we have 

         

                                

4

)1485()1485(
1

196

)285()285(
1

−+
=

−+
=

 

The repetition of the above process leads to  different sets of solutions to (7.1) . 

Method 6 

Express (7.3) in the form of ratio as below: 

0,
wu

)vw(7

vw

wu





=

−

−
=

+

+
                                                                   (7.27) 

The above equation is written as the system of double equations 

                          
0w)7(v7u

0w)(vu

=+−+

=−+−
 

Employing the method of cross-multiplication , we have 

                              

22

22

22

7w

,27v

,147u

+=

++−=

+−=

                                                            (7.28) 

From (7.2), (7.1) is satisfied by 
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+−=

+−=

=

147z

,12142y

,16x

22

22
         

 jointly with w given in (7.28). 

Note 6 

     Apart from (7.27) , we may have the following ratio form representations  

                             

0,
wu

)vw(

)vw(7

wu

0,
wu

)vw(7

vw

wu

0,
wu

)vw(

)vw(7

wu





=

−

+
=

−

+





=

−

+
=

−

+





=

−

−
=

+

+

 

Proceeding as above, we obtain three additional patterns to (7.1). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



55 

 

 

Chapter 8 

ON UNIFORM THIRD DEGREE 

EQUATION WITH FOUR 

PARAMETERS 

 
8.1 Technical Procedure 

The uniform quaternary third degree  equation under consideration  is 

)wz()wz()yx(2 233 −+=+                                                                       (8.1) 

On  examination, observe  that  the set of  four  integers  represented by   

.)s,s5,s4,s2(,)s,s5,s2,s4()w,z,y,x( −−−−=  satisfies (8.1) .In addition ,there are 

plenty  of  varieties  of  solutions in integers  for  (8.1) &  the procedure to determine 

them is analysed as follows .  

Procedure 1 

      The insertion  of the below mentioned linear transformations 

pvupuwpuzvuyvux ,,,,, −=+=−=+=                                   (8.2)  

to (8.1) reduces it to uniform second degree equation having three variables 

222 pv3)pu( =+−                                                                                       (8.3) 

Assume 

22 b3ap +=                                                                                           (8.4) 

Substituting (8.4) in (8.3) & applying factorizing technique , define 

2)b3ia(v3i)pu( +=+−                                                                    (8.5) 

On comparing the corresponding terms of  (8.5) and simplifying, one has 

.ba2v,a2u 2 ==                                                                                    (8.6) 

In view of (8.2) ,from (8.4) & (8.6) ,one obtains the integer solutions to (8.1) to be 
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.)b3a(w

,)ba(3z

,ba2a2y

,ba2a2x

22

22

2

2

−=

+=

−=

+=

                                                                                             (8.7) 

Procedure  2 

Write (8.3) as 

1*pv3)pu( 222 =+−        

In (8.8) ,consider 1 to be                                                                                   (8.8) 

4

)31()31(
1

ii −+
=                                                                            (8.9) 

Inserting (8.4) & (8.9) in (8.8)  &  implementing factorizing technique , write  

2

)3i1()b3ia(
v3ipu

2 ++
=+−                                            (8.10) 

In (8.10) ,on comparing the respective terms ,it is seen that 

.ba
2

)b3a(
v

,ba3
2

)ba(3
u

22

22

+
−

=

−
+

=

                                                                           (8.11)

 

In view of (8.2) , from (8.4) & (8.11) ,one obtains the integer solutions to (8.1) to be 

.
2

ba6b3a
w

,
2

ba6b9a5
z

,ba4b3ay

,ba2a2x

22

22

22

2

−−
=

−+
=

−+=

−=

                                                                               (8.12) 

where b,a are of the same parity. 

Note 1      

       Also , in  (8.8), represent 1 in the following forms : 
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222

2222

222

2222

)b3a(

)ba23ib3a()ba23ib3a(
1

,
)ba3(

)ba23iba3()ba23iba3(
1

+

−−+−
=

+

−−+−
=

             

   
2)1)s(a(

)3)s(bi)s(a)(3)s(bi)s(a(
1

+

−+
=                                                                                

 

where 
 

                  
)1s2()s(b,)1s6s6()s(a 2 −=+−=  

2)2)s(a(

)3)s(bi)s(a)(3)s(bi)s(a(
1

+

−+
=        

where                

s2)s(b,)1s3()s(a 2 =−=                                                                

2

n

nn

2

n

nn

)f(

)gi2()gi2(

)(

)3i1()3i1(
1

−+
=



−+
=        

where                      

  

,...2,1,0n,])32()32[(
2

1
f

2

1

],)32()32[(
32

1
g

32

1

1n1n

nn

1n1n

nn

=−++==

−−+==

++

++

                                     

Adopting a similar analysis, various choices of  solutions in integers  for (8.1)  

are determined. 

Procedure  3 

           Rewrite (8.3) as 

1*)pu(v3p 222 −=−
                                                                            

(8.13) 

Take 

22 b3apu −=−                                                                                       (8.14) 

Assume the integer 1 on the R.H.S. of (8.13) as 
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)32()32(1 −+=                                                                              (8.15) 

Substituting (8.14) & (8.15) in (8.13) and applying factorization, we consider 

2)b3a()32(v3p ++=+  

On comparing the respective terms  in the above equation ,it is seen that 

ba4b3av 22 ++=
                                                                                     (8.16)

 

and 

ba6)b3a(2p 22 ++=                                                                             (8.17) 

From (8.14) & (8.17), we get 

=u ba6)ba(3 22 ++                                                                              (8.18) 

Substituting the above values of p,v,u  from (8.18), (8.16) & (8.17) in (8.2), the integer 

solutions satisfying (8.1) are given by 

.b3aw

,ba12)b9a5z

,ba2a2y

,ba10b6a4x

22

22

2

22

−=

++=

+=

++=

                                                                         (8.19) 

Note 2 

In addition to (8.15), the integer 1 is written as 

222

2222

222

2222

)qp3(

)pq23qp3()pq23qp3(
1

,
)q3p(

)qp23q3p()pq23q3p(
1

−

−+++
=

−

−−++
=

 

    
2))s(a(

)3)s(b1)s(a)(3)s(b1)s(a(
1

−+++
=                                                                                

 

where  

                  
)1s2()s(b,)1s6s6()s(a 2 −=+−=  
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2))s(a(

)3)s(b2)s(a)(3)s(b2)s(a(
1

−+++
=        

     where                

                   s2)s(b,)1s3()s(a 2 =−=                                                                 

Following the above procedure, different patterns of integer solutions to (8.1) are 

obtained. 

Process 4 

           Write (8.3) as the pair of equations as below 

.3)pu(p

,v)pu(p 2

=−−

=−+
                                

(8.20) 

Solving the above system of double equations , one obtains 

3p2vu 2 −==                                                                                        (8.21)                                                                                                                              

By scrutiny, from (8.21)  

2k2k2p,1k4k4u,1k2v 22 ++=++=+=  

From (8.2),  

.1k2k2w

,3k6k6z

,k2k4y

,2k6k4x

2

2

2

2

−+=

++=

+=

++=

 

satisfy (8.1). 

Note 3 

It is worth to mention that (8.3) is also written as the pair of equations as below : 

.1)pu(p

,v3)pu(p 2

=−−

=−+
 

Solving the above system of double equations , one obtains 

3p2v3u 2 −==                                                                                   (8.22)                                                                                                                              
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By scrutiny, from (8.22) 

2k6k6p,3k12k12u,1k2v 22 ++=++=+=  

From (8.2),  

.1k6k6w

,5k18k18z

,2k10k12y

,4k14k12x

2

2

2

2

−+=

++=

++=

++=

 

satisfy (8.1). 

Remark 

The assumption 

pu2w,pu2z,v2u2y,v2u2x −=+=−=+=   

in (8.1) gives 

222 pv12)pu2( =+−   

Following a similar analysis as above, other patterns of integer solutions to (8.1) are 

obtained.  
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Chapter 9 

ON QUATERNARY EQUAL THIRD 

DEGREE EQUATION 

 
 

9.1 Technical Procedure 

The uniform third degree equation having four variables is             

                                     
233 wz62yx =+                                                                  (9.1) 

The substitution of the transformations  

                           0vu,uz,vuy,vux =−=+=                                         (9.2) 

in (9.1)  gives 

                                 
222 w31v3u =+                                                               (9.3) 

The procedure to obtain patterns of integer solutions to (9.1) is illustrated: 

Pattern 1 

The option 

                                         0k,k3v =                                                                     (9.4) 

in (9.3) leads to negative pell equation  

                                     
222 k27w31u −=                                                               (9.5) 

which is satisfied by  

                                         k2u,kw 00 ==  

To obtain the other solutions to (9.5), consider the corresponding pellian equation given 

by 

                                         1w31u 22 +=    
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whose general solution  )w~,u~( nn
 is given by 

                                  nnnn g
32

1
w~,f

2

1
u~ ==   

where  

                        
.)312731520()312731520(g

,)312731520()312731520(f

1n1n

n

1n1n

n

++

++

−−+=

−++=
 

Employing the lemma of Brahmagupta between the solutions )u,w( 00  and  )u~,w~( nn  

, we have 

                             )g312f31(
62

k
w nn1n +=+                                                  (9.6)  

and 

                               )g31f2(
2

k
u nn1n +=+                                                     (9.7) 

From (9.4), we have 

                               k3v 1n =+                                                                                    (9.8) 

Substituting (9.7) & (9.8) in (9.2), one obtains 

                    

.)g31f2(
2

k
z

,k3)g31f2(
2

k
y

,k3)g31f2(
2

k
x

nn1n

nn1n

nn1n

+=

−+=

++=

+

+

+

                                                       (9.9) 

Thus, (9.6) & (9.9) satisfy (9.1). In the above equations, ,...1,0,1n −=  

The recurrence relations satisfied by the solutions to (9.1) are given by 

                

.0xx3040x

,0zz3040z

,k9114yy3040y

,k9114xx3040x

1n2n3n

1n2n3n

1n2n3n

1n2n3n

=+−

=+−

=+−

−=+−

+++

+++

+++

+++
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A few numerical solutions to (9.1) are given below: 

      

k6280639w,k34969118z,k34969115y,k34969121x

k2066w,k11503z,k11500y,k61150x

kw,k2z,ky,k5x

2222

1111

0000

====

====

==−==

 

Pattern 2 

     Write (9.3) as 

                            1*uv3w31 222 =−                                                                    (9.10) 

Assume 

                          
22 b3a31u −=                                                                             (9.11) 

Express the integer 1 on the R.H.S. of (9.10) as the product of irrational conjugates as 

shown below: 

                   
4

)3331()3331(
1

−+
=                                                      (9.12) 

Substituting (9.11) & (9.12) in (9.10) and employing factorization, consider 

               
2)b3a31(

2

)3331(
v3w31 +

+
=+  

On comparing, one obtains 

we get 

                                  

.ba31
2

)b9a93(
v

,ba9
2

)b3a31(
w

22

22

+
+

=

+
+

=

                                                  (9.13) 

Replacing a by A2 and b by B2  

in (9.11) & (9.13) ,we have 

                            
BA124B18A186v

,)B3A31(4u

22

22

++=

−=
                                                   (9.14) 

and 
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                           BA36B6A62w 22 ++=                                                          (9.15) 

From (9.14) & (9.2), we get 

                              

.B12A124z

,BA124B30A62y

,BA124B6A310x

22

22

22

−=

−−−=

++=

                                            (9.16) 

Thus, (9.15) and (9.16) satisfy (9.1). 

Pattern 3 

Consider (9.3) as 

                                 1*w31v3u 222 =+                                                               (9.17) 

Assume 

                                  
22 b3aw +=                                                                          (9.18) 

Write integers 31 & 1 in (9.17) as 

                         

49

)34i1()34i1(
1

)33i2()33i2(31

−+
=

−+=

                                                    (9.19) 

Substituting (9.18) & (9.19) in (9.17) and employing factorization, consider 

               
2)b3ia(

7

)34i1(
)33i2(v3iu +

+
+=+

 

Proceding as in Pattern 2, (9.1) is satisfied by 

                               

.)b3a(49w

,]ba66)b3a(34[7z

,]ba2)b3a(45[7y

,]ba134)b3a(23[7x

22

22

22

22

+=

+−−=

−−−=

+−−=

 

Note  

     Apart from (9.19) ,express the integers 31 & 1 on the R.H.S. of (9.17) as exhibited 

below: 
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.
)b3a(

))ba2(3ib3a())ba2(3ib3a(
1

,
)ba3(

))ba2(3iba3())ba2(3iba3(
1

,
4

)3i1()3i1(
1

4

)3i11()3i11(
31

4

)35i7()345i7(
31

222

2222

222

2222

+

−−+−
=

+

−−+−
=

−+
=

−+
=

−+
=

                   (9.20) 

By considering combinations between the integers 31 & 1 in (9.20) and following the 

process as in Pattern 3 , some more integer solutions to (9.1) are obtained. 
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Chapter 10 

 

A SKETCH ON CUBIC EQUATION 

WITH EQUAL TERMS AND FOUR 

VARIABLES    

 

10.1 Technical Procedure 

 

Third Degree Equation with Equal Terms and  Four Variabless  under consideration is 

                                  )()(7 233 wzwzyx +−=+                                                 (10.1) 

By inspection, the lattice points given by

)s5,s3,s6,s2(,)s3,s5,s2,s6()w,z,y,x( −−−−=  satisfy (10.1). In addition, we 

have many more solution patterns for (10.1).  The process of obtaining the same is 

illustrated  below: 

Process 1 

Taking 

                       pvupuwpuzvuyvux ,,,,, −=+=−=+=                       (10.2)  

in (10.1) ,it  results in second degree equation with equal terms and three variables 

                                
222 283 pvu =+                                                                      (10.3) 

Assume 

                                      
22 3bap +=                                                                       (10.4) 

Express the integer 28 in (10.3) as 

                            )35()35(28 ii −+=                                                            (10.5) 

Using (10.4) & (10.5) in (10.3) &  factorizing, consider 

                            
2)3()35(3 biaiviu ++=+                                            (10.6) 
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Comparison of the coefficients of corresponding terms in (10.6) gives                              

.10)3(

,6)3(5

22

22

babav

babau

+−=

−−=
                                                                          (10.7) 

From (10.2) , one obtains 

             

.6)92(2

,6)2(6

,16)3(4

,4)3(6

22

22

22

22

babaw

babaz

babay

babax

−−=

−−=

−−=

+−=

                                                                    (10.8) 

Note 1 

       In addition to (10.5), the integer 28 is written as 

                              .)324()324(28 ii −+=  

In this case , a new  set  of  solutions for  (10.1) is obtained. 

Process 2 

Write (10.3) as 

                            1*283 222 pvu =+                                                               (10.9) 

Assume the integer 1 in (10.9) as 

                             
4

)31()31(
1

ii −+
=                                                        (10.10) 

Using (10.4),( 10.5) & (10.10) in (10.9) & applying the method of factorization, 

 take 

                  
2

)31()3()35(
3

2 ibiai
viu

+++
=+                                  (10.11) 

Comparison of  respective terms in (10.11) gives                             

babav

babau

2)3(3

,18)3(

22

22

+−=

−−=
 

From  (10.2) , (10.1)  is satisfied by 
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.186

,182

,20)3(2

,16)3(4

2

2

22

22

babw

baaz

babay

babax

−−=

−=

−−−=

−−=

                                                                    (10.12)     

Note 2      

  Apart from (10.10), consider 

                         

222

2222

222

2222

)b3a(

)ba23ib3a()ba23ib3a(
1

,
)ba3(

)ba23iba3()ba23iba3(
1

+

−−+−
=

+

−−+−
=

 

A similar analysis gives two more sets of  integer solutions   to (10.1) . 

Process 3 

The ratio form of (10.3) is 

                        0,
5

)(35
=

−

−
=

+

+






pu

vp

vp

pu
             

Solving the above system of double equations ,we get 

                               
22

22

310

,1565





++−=

−+=

v

u
          

and 

                                     
22 3 +=p                                                                  (10.13) 

In view of (10.2), observe that  the solutions to (10.1) are found to be 

                                   

22

22

22

22

1864

,1266

,1846

,12164









−+=

−+=

−−=

−+=

w

z

y

x

                                                (10.14) 

along with (10.13) . 
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Note 3 

        Also ,represent (10.3)  as follows : 

                                      

.0,
5

)(

)(3

5

,0,
5

)(

)(3

5

,0,
5

)(35

=
−

−
=

+

+

=
−

+
=

−

+

=
−

+
=

−

+
















pu

vp

vp

pu

pu

vp

vp

pu

pu

vp

vp

pu

 

A similar analysis leads to  three more patterns  of  solutions in integers to (10.1). 

Process 4 

           Assume  (10.3) to be 

                                     
222 283 upv −=                                                               (10.15) 

Take 

                                      
2228 bav −=                                                                    (10.16) 

Consider 3 in (10.15) as 

                                     )528()528(3 −+=                                                (10.17) 

Substituting (10.16) & (10.17) in (10.15) and  factorizing, one has 

                          
2)28()528(28 baup ++=+  

On comparison of respective terms ,one has 

                             babau 56)28(5 22 ++=                

  and 

                            babap 1028 22 ++=                                                              (10.18) 

From  (10.2) , the solutions to (10.1) are 
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babaw

babaz

babay

babax

46)28(4

,66)28(6

,566112

,564168

22

22

22

22

++=

++=

++=

++=

                                                 (10.19) 

jointly with (10.18). 
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Chapter 11 

ON NON-HOMOGENEOUS QUINARY 

CUBIC EQUATION 

 
11.1 Technical Procedure 

 The non-uniform cubic equation with five variables  is 

                                           
3Rwzyx =−                                                                (11.1) 

The insertion  

                 pvu,vpw,vpz,vuy,vux −=+=−=+=                         (11.2)  

in (11.1) gives 

                                             
322 Rpu =−                                                                (11.3) 

Solving (11.3) through different ways and utilizing (11.2), the integer solutions  

to (11.1) are obtained. 

 

Way 1 

           Consider (11.3) as 

                                          
1pu

,Rpu 3

=−

=+
                                                                    (11.4) 

After some algebra, it is seen that 

                                ,
2

1R
p,

2

1R
u

33 −
=

+
=                                                        (11.5) 

The choice 

                                  1k2R +=                                                                               (11.6) 
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in (11.5), gives 

                            
.k3k6k4p

,1k3k6k4u

23

23

++=

+++=
 

 From (11.2), one obtains 

                                  

vk3k6kw

,vk3k6kz

,v1k3k6k4y

,v1k3k6k4x

23

23

23

23

−++=

+++=

−+++=

++++=

                                                (11.7) 

Thus, (11.7) satisfies (11.1) jointly with (11.6) . 

 

Note 1 

    Apart from (11.5) , there are values of R,p,u satisfying (11.3). Knowing these 

values, the integer solutions to (11.1) are obtained through employing (11.2). For 

simplicity and brevity, a few choices of solutions in integers to (11.1) are exhibited as 

follows: 

Example 1 

       

1R,v
2

)1R(R
w,v

2

)1R(R
z

,v
2

)1R(R
y,v

2

)1R(R
x

−
−

=+
−

=

−
+

=+
+

=

 

Example 2 

      
2,0n,n2R,v)2n(nw,v)2n(nz

v)2n(ny,v)2n(nx

=−−=+−=

−+=++=
 

Example 3 

      
n2R,v)1n2(nw,v)1n2(nz

v)1n2(ny,v)1n2(nx

=−−=+−=

−+=++=
 

 

Example 4 
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n2R,v1n2w,v1n2z

,v1n2y,v1n2x

33

33

=−−=+−=

−+=++=
 

 

Way 2 

      The option 

                                     Rkp =                                                                        (11.8) 

 in (11.3) gives 

                                 )kR(Ru 222 +=                                                               (11.9) 

Let 

                                
22 kR +=                                                                        (11.10) 

By inspection, 

                            ks,ks2sR 0

2

0 +=+=                                                        (11.11) 

Consider the second solution to (11.10) as 

                           0101 h,hRR −=+=                                                          (11.12)   

where h is an unknown integer to be determined. Inserting (11.12) in (11.10)  

& simplifying  gives 

                                     12h 0 +=  

From (11.12), we have 

                       12RR,1 00101 ++=+=  

A similar procedure gives the nth solution )R,( tt for (11.10) as  

  
222

00t

0t

t)ks(t2sk2stt2RR

)tks(t

++++=++=

++=+=

             (11.13) 

From (11.8) and (11.9), we obtain  

  
)t)ks(t2sk2s)(tks()*R(u

)t)ks(t2sk2s(kRkp

22

ttt

22

tt

++++++==

++++==
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Using (11.2),  (11.1)  is satisfied  by  

 

v]t)ks(t2sk2s[kw

v]t)ks(t2sk2s[kz

v]t)ks(t2sk2s)(tks[(y

v]t)ks(t2sk2s)(tks[(x

22

t

22

t

22

t

22

t

−++++=

+++++=

−++++++=

+++++++=

 

jointly with Rt given by (11.13). 

 

Way 3 

      The option 

                                     Rku =                                                                               (11.14) 

 in (11.3) gives 

                                 )Rk(Rp 222 −=                                                               (11.15) 

Let 

                                Rk22 −=                                                                        (11.16) 

By inspection, observe that (11.16) is satisfied by 

                            k)1s(,k)s2s(R 0

22

0 +=+−=                                            (11.17) 

Following the above analysis, the general solution )R,( tt to (11.16) is given by 

  
2

00t

0t

tt2RR

t

−+=

−=

                                         (11.18) 

From (11.14) and (11.15), we obtain  

  
)tt2R)(t()R*(p

)tt2R(kRku

2

000ttt

2

00tt

−+−==

−+==

 

Utilizing  (11.2),  (11.1) is satisfied  by  
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v)]tt2R)(t[(w

v)]tt2R)(t[(z

v])tt2R(k[y

v])tt2R(k[x

2

000t

2

000t

2

00t

2

00t

−−+−=

+−+−=

−−+=

+−+=

 

jointly with Rt given by (11.18). 

 

Way 4 

The option  

 w*Rz,y*Rx ==                   (11.19) 

in (11.1) leads to the Pythagorean equation 

 
222 Rwy +=                    (11.20) 

which is satisfied by  

 

.0ba,ba2R

,baw

,bay

22

22

=

−=

+=

                 (11.21) 

From (11.19), we get 

 
).ba)(ba2(z

),ba)(ba2(x

22

22

−=

+=
                  (11.22) 

Thus, (11.21) & (11.22) satisfy (11.1). 

 

Way 5 

The choice  

 w*Rz,y*Rx 22 ==                                          (11.23) 

in (11.1) leads to rectangular hyperbola 

 Rwy 22 =−                                                                                 (11.24) 

which is satisfied by 
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1k2R

,kw

,1ky

+=

=

+=

                   (11.25) 

From (11.23), we have  

.k)1k2(z

),1k()1k2(x

2

2

+=

++=
                  (11.26) 

Thus, (11.25) & (11.26) satisfy (11.1). 

 

Note: 

It is worth mentioning that there are other choices of integer solutions to (11.24). 

For example, on scrutiny, observe  that (11.24) is satisfied by  

 

).1k(4R

,kw

,2ky

+=

=

+=

 

And from (11.23), one obtains  

 
.k)1k(16z

),2k()1k(16x

2

2

+=

++=
 

The interested readers may search for other patterns of integer solution to (11.1) through 

employing the algebraic identities. For simplicity and brevity, after a few calculations, 

the patterns of solutions to (11.1) are observed: 

 

Pattern 1: 

 

.aA4R

,aAw

),aA(Aa16z

,aAy

),aA(Aa16x

22

22

=

−=

−=

+=

+=
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Pattern 2: 

 

.1aA2R

,Aw

),aA()1aA2(z

,aAy

),aA()1aA2(x

2

2

+=

=

−+=

+=

++=

 

 

Pattern 3: 

 

).baA2)(ba(R

,bAw

),bA()baA2()ba(z

),aA(y

),aA()baA2()ba(x

22

22

−++=

−=

−−++=

+=

+−++=
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Chapter 12 

A PORTRAYAL OF SOLUTIONS IN 

INTEGERS TO QUINARY THIRD 

DEGREE EQUATION    
 

12.1 Technical Procedure 

 

The Diophantine equation of degree three having five variables for solving is 

                    
( ) 233 pwz13yx +=+                                                                           (12.1) 

Inserting 

                 0dvu,duw,duz,vuy,vux −=+=−=+=                      (12.2)  

in (12.1),we get  

                222 p13v3u =+                                                                                      (12.3)                    
  

Solving (12.3) through different ways, we have varieties of solutions to (12.1). 

Method I:      

Assume                                 

              
22 3),( babapp +==
                                                                               (12.4)                                                            

 Take integer 13 in (12.3) as  

              ( )( )32i132i113 −+=                                                                           (12.5)                         

Inserting (12.4) and (12.5) in (12.3) and factorizing, we write as the pair of  

equations as  

              

( ) ( ) ( )
( ) ( ) ( ) )]b,a(g3i)b,a(f[32i1b3ia32i1v3iu

)]b,a(g3i)b,a(f[32i1b3ia32i1v3iu

2

2

−−=−−=−

++=++=+
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where  

              ba2)b,a(g,)b3a()b,a(f 22 =−=                                                        (12.6) 

On comparing the respective coefficients , one has 

             
ab2b6a2)b,a(g)b,a(f2v

ab12b3a)b,a(g6)b,a(fu

22

22

+−=+=

−−=−=
 

From (12.2), (12.1) is satisfied by 

              

dab12b3a)d,b,a(ww

,dab12b3a)d,b,a(zz

,ab14b3a)b,a(yy

,ab10b9a3)b,a(xx

22

22

22

22

−−−==

+−−==

−+−==

−−==

 
jointly with (12.4) . 

Note 1  

          The integer 13, apart from (12.5), may be factorized as 

                                 

4

)33i5()33i5(
13

4

)3i7()3i7(
13

−+
=

−+
=

     

A similar process gives two more choices of solutions to (12.1). 

Method 2 

Assume (12.3) to be  

                1*p13v3u 222 =+                                                                       (12.7)                                                                                  

Consider 

2)1)s(a(

)3)s(bi)s(a)(3)s(bi)s(a(
1

+

−+
=                                                   (12.8)                           

where  

                   
)1s2()s(b,)1s6s6()s(a 2 −=+−=

                                             (12.9) 

Substituting (12.4), (12.5) & (12.8) in (12.7) and employing factorization , we consider 
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( ) ( )

( )

)1)s(a(

]3)s(bi)s(a[
)]}b,a(g)b,a(f2[3i)]b,a(g6)b,a(f[{

)1)s(a(

]3)s(bi)s(a[
)]b,a(g3i)b,a(f[32i1

)1)s(a(

]3)s(bi)s(a[
b3ia32i1)v3iu(

2

+

+
++−=

+

+
++=

+

+
++=+

 

On comparing the respective terms, one has 

 

)]}b,a(g)b,a(f2[)s(a)]b,a(g6)b,a(f[)s(b{
)1)s(a(

1
v

)]}b,a(g)b,a(f2[)s(b3)]b,a(g6)b,a(f[)s(a{
)1)s(a(

1
u

++−
+

=

+−−
+

=

           (12.10) 

Since, the focus is on finding integer solutions, taking  

 B)1)s(a(b,A)1)s(a(a +=+=  

in (12.4) & (12.10) and utilizing (12.2) ,(12.1) is satisfied by: 

.]B3A[)1)s(a(p

,d)]}B,A(g)B,A(f2[)s(b3)]B,A(g6)B,A(f[)s(a{)1)s(a(w

,d)]}B,A(g)B,A(f2[)s(b3)]B,A(g6)B,A(f[)s(a{)1)s(a(z

,)]}B,A(g)B,A(f2[)]s(b3)s(a[)]B,A(g6)B,A(f[)]s(b)s(a{[)1)s(a(y

,)]}B,A(g)B,A(f2[)]s(b3)s(a[)]B,A(g6)B,A(f[)]s(b)s(a{[)1)s(a(x

222 ++=

−+−−+=

++−−+=

++−−−+=

+−+−++=

                     (12.11)

 

 

To analyse the nature of solutions,one has to take particular values to s. For simplicity 

and clear understanding , the option s=1 gives 

                                     

4

)3i1()3i1(
1

1)1(b)s(b,1)1(a)s(a

−+
=

====

 

Also , 
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BA2)B,A(g,B3A)B,A(f 22 =−=

 

From (12.11) ,the integer solutions to (12.1) are given by            

                             
22

22

22

22

22

B12A4)B,A(pp

dAB36B30A10)d,B,A(ww

dAB36B30A10)d,B,A(zz

AB16B48A16)B,A(yy

AB56B12A4)B,A(xx

+==

−−+−==

+−+−==

−+−==

−+−==

 

Note 2 

         Apart from (12.8) , one may have other Inspections to integer 1 which are 

exhibited below 

Inspection 1: 

                                       
2)2)s(a(

)3)s(bi)s(a)(3)s(bi)s(a(
1

+

−+
=        

where 

                                         s2)s(b,)1s3()s(a 2 =−=                                             (12.12) 

Inspection 2: 

                                       
22)s6)s(a(

)3)s(bi)s(a)(3)s(bi)s(a(
1

+

−+
=        

where 

                                       sr2)s(b,)s3r()s(a 22 =−=                                      (12.13) 

Inspection 3: 

                                       
22)s2)s(a(

)3)s(bi)s(a)(3)s(bi)s(a(
1

+

−+
=        

where 

                     sr2)s(b,)sr3()s(a 22 =−=                                                          (12.14)                                                                  

Inspection 4: 
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2

n

nn

2

n

nn

)f(

)gi2()gi2(

)(

)3i1()3i1(
1

−+
=



−+
=        

where 

                   

,...2,1,0n,])32()32[(
2

1
f

2

1

],)32()32[(
32

1
g

32

1

1n1n

nn

1n1n

nn

=−++==

−−+==

++

++

                (12.15)      

Using (12.12), (12.13), (12.14) and (12.15)  in (12.11) in turn ,the corresponding integer 

solutions to (12.1) are obtained. 

Method 3 

Consider (12.3) as 

                                            1*uv3p13 222 =−                                                (12.16) 

Assume 

                                             
22 b3a13u −=                                                   (12.17) 

Write the integer 1 in (12.16) as 

               )3213()3213(1 −+=                                                          (12.18) 

Substituting (12.17) & (12.18) in (12.16) and applying factorization , consider 

                          
2)b3a13()3213(v3p13 ++=+    

from  which , on equating the corresponding terms ,one obtains 

 

                             
ba26)b3a13(2v

,ba12b3a13p

22

22

++=

++=
                                               (12.19) 

From (12.2), (12.1) is satisfied by 
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db3a13w

,db3a13z

,ba26b9a13y

,ba26b3a39x

22

22

22

22

−−=

+−=

−−−=

++=

      

 jointly with p in (12.19). 

Note 3  

In addition to (12.18) , we have 

                             
25

)33132()33132(
1

−+
=  

The repetition of the above process leads to a different set of solutions to (12.1) . 

Method 4 

Rewrite (12.3) as  

                                          
222 v3up13 =−                                                      (12.20) 

Assume 

                                            
22 ba13v −=                                                      (12.21) 

Write the integer 3 in (12.20) as 

                                       )7132()7132(3 −+=                                       (12.22) 

Inserting (12.21) & (12.22) in (12.20) and using factorization, we consider 

                        
2)ba13()7132(up13 ++=+  

On comparing, one has 

                                    
ba52)ba13(7u

,ba14)ba13(2p

22

22

++=

++=
                                                 (12.23) 

From (12.2), (12.1) is satisfied by 
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dba52)ba13(7w

,dba52)ba13(7z

,ba52b8a78y

,ba52b6a104x

22

22

22

22

−++=

+++=

++=

++=

 

jointly with p in (12.23). 

Note 4 

 Apart from (12.22) , we have 

                                        

9

)5132()5132(
3

,
4

)113()113(
3

−+
=

−+
=

 

The repetition of the above process leads to  different sets of solutions to (12.1) . 

Method 5 

      Consider (12.20) as 

                                       1*v3up13 222 =−                                                     (12.24) 

Write the integer 1 in (12.24) as 

                                   )18135()18135(1 −+=                                            (12.25) 

Inserting (12.21) ,( 12.22) & (12.25) in (12.24) and applying factorization , we consider 

                            )18135()ba13()7132(up13 2 +++=+  

On comparison, one has 

                                 
,ba1846)ba13(256u

,ba512)ba13(71p

22

22

++=

++=
                                       (12.26) 

From (12.2), (12.1) is satisfied by 
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dba1846b256a3328w

,dba1846b256a3328z

,ba1846b257a3315y

,ba1846b255a3341x

22

22

22

22

−++=

+++=

++=

++=

  

 jointly with p in (12.26). 

Note 5 

In addition to (12.25), we have 

                                   

324

)1135()1135(
1

9

)213()213(
1

4

)313()313(
1

−+
=

−+
=

−+
=

 

The repetition of the above process leads to different sets of solutions to (12.1). 

Method 6 

Express (12.3) in the form of ratio as below: 

 0,
pu

)vp2(3

vp2

pu





=

−

−
=

+

+
                                                              (12.27) 

The above equation is written as the system of double equations 

                          
0p)6(v3u

0p)2(vu

=+−+

=−+−
 

Employing the method of cross-multiplication, we have 

                              

22

22

22

3p

,262v

,123u

+=

++−=

+−=

                                                          (12.28) 

From (12.2), (12.1) is satisfied by 
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d123w

,d123z

,1093y

,143x

22

22

22

22

−+−=

++−=

+−=

++−=

         

 jointly with p given in (12.28). 

Note 6  

Apart from (12.27), we may have the following ratio form representations  

                             

0,
pu

)vp2(

)vp2(3

pu

0,
pu

)vp2(3

vp2

pu

0,
pu

)vp2(

)vp2(3

pu





=

−

+
=

−

+





=

−

+
=

−

+





=

−

−
=

+

+

 

Proceeding as above, three additional patterns to (12.1) are determined. 
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Chapter 13 

HOMOGENEOUS   QUINARY   CUBIC   

EQUATION 
 

 

 

13.1 Technical Procedure 

 

The uniform third quinary degree equation is 

                                  
33333 t90wzyx +−=−                                                  (13.1) 

Inserting  

         pvu,vt,vpw,vpz,vuy,vux =−=+=−=+=                       (13.2)   

in (13.1) gives 

                                
222 pv15u +=                                                                     (13.3) 

Solving (13.3) for getting the values of  p,v,u  and using (13.2), one obtains varieties 

of patterns to (13.1).  

 

Way 1 

Write (13.3) as 

                               0B,
B

A

pu

v

v15

pu
=

−
=

+
                                                       (13.4) 

Express (13.4) as two equations 

                            
0pAvBuA

0pBvA15uB

=−−

=+−
 

Utilizing the process of cross multiplication, one has 

            
2222 BA15p,BA2v,BA15u −==+=  

Thus, the integer solutions to (13.1) are given by 
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.BA2t

,BA2BA15w

,BA2BA15z

,BA2BA15y

,BA2BA15x

22

22

22

22

=

−−=

+−=

−+=

++=

 

  

 Remark 1 

 Apart from (13.4), we have 

                        
B

A

pu

v3

v5

pu
=

−
=

+
                                                                 (13.5) 

satisfied by 

                 
2222 B3A5p,BA2v,B3A5u −==+=  

Thus, 

                                  

.BA2t

,BA2B3A5w

,BA2B3A5z

,BA2B3A5y

,BA2B3A5x

22

22

22

22

=

−−=

+−=

−+=

++=

                        

satisfy (13.1). 

 

Way 2 

Write (13.3) as in Table -1: 

 

                                     Table-1 System of double equations 

System I II III IV V 
pu +  2v15  

2v5  
2v3  

2v  v15  

pu −  1 3 5 15 v  

         

The above pair of equations in Table 1 are solved for p,u,v  and utilizing (13.2), the 

integer solutions to (13.1) is determined. For brevity and simplicity, the respective 

integer solutions are exhibited below: 

Solutions from System I 

          
1k2t,6k28k30w,8k32k30z

,7k28k30y,9k32k30x

22

22

+=++=++=

++=++=
  

Solutions from System II 
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1k2t,k8k10w,2k12k10z

,3k8k10y,5k12k10x

22

22

+=+=++=

++=++=
 

Solutions from System III 

          
1k2t,2k4k6w,k8k6z

,3k4k6y,5k8k6x

22

22

+=−+=+=

++=++=
 

Solutions from System IV 

          
1k2t,8k2w,6k4k2z

,7k2y,9k4k2x

22

22

+=−=−+=

+=++=
 

Solutions from System V 

           kt,k6w,k8z,k7y,k9x =====  

Way 3 

     Write (13.3) as 

                         1*uv15p 222 =+                                                                           (13.6) 

Take 

                           
22 b15au +=                                                                                (13.7) 

Express the integer 1 in (13.6) as 

                    
16

)15i1()15i1(
1

−+
=                                                             (13.8) 

Substituting (13.7) & (13.8) in (13.6) and applying factorization, consider 

)]b,a(g15i)b,a(f[
4

)15i1(

)b15ia(
4

)15i1(
v15ip 2

+
+

=

+
+

=+

                                    (13.9) 

where 

                   ba2)b,a(g,b15a)b,a(f 22 =−=                                                 (13.10) 

On comparing  

                        

4

)b,a(g)b,a(f
v

4

)b,a(g15)b,a(f
p

+
=

−
=

                                                           (13.11) 

As the aim is to obtain integer solutions, replacing a  by  A2  & b  by B2  in (13.7) 

and (13.11), we have 

                        

.)B,A(g)B,A(fv

,)B,A(g15)B,A(fp

,B60A4u 22

+=

−=

+=
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From (13.2), (13.1) is satisfied by 

                        

.BA2B15At

,BA32w

,BA28B30A2z

,BA2B75A3y

,BA2B45A5x

22

22

22

22

+−=

−=

−−=

−+=

++=

 

Note 1 

     Also, 1 in (13.6) has the following representations: 

 

       (i)         
222

2222

)sr15(

)15sr2isr15()15sr2isr15(
1

+

−−+−
=  

      (ii)         
22

22

)8s30s30(

)15)1s2(i7s30s30()15)1s2(i7s30s30(
1

+−

−−+−−++−
=  

     (iii)        
22

22

)4s6s6(

)15)1s2(i1s6s6()15)1s2(i1s6s6(
1

+−

−−−−−+−−
=  

     (iv)         
22

22

)8s2s2(

)15)1s2(i7s2s2()15)1s2(i7s2s2(
1

+−

−−−−−+−−
=  

      (v)              

,...2,1,0n,)154()154(g

,)154()154(f

,
)f(

)gi2()gi2(
1

1n1n

n

1n1n

n

2

n

nn

=−−+=

−++=

−+
=

++

++
 

A similar analysis gives five additional choices of solutions to (13.1). 

 

Way 4 

Write (13.3) as 

                                  1*pv15u 222 =−                                                         (13.12) 

Assume 

                                  
22 b15ap −=                                                               (13.13) 

Consider the integer 1 in (13.12) as 

                                  )154()154(1 −+=                                                      (13.14) 

Substituting (13.13) & (13.14) in (13.12) and utilizing factorization, consider 

              
]15ba2)b15a[()154(

)b15a()154(v15u

22

2

+++=

++=+
                              (13.15) 

Equating the rational and irrational parts in (13.15), one obtains 
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ba8)b15a(v

,ba30)b15a(4u

22

22

++=

++=
 

In view of (13.2),  

 

.ba8b15at

,ba8b30w

,ba8a2z

,ba22)b15a(3y

,ba38)b15a(5x

22

2

2

22

22

++=

−−=

+=

++=

++=

                 (13.16)                           

                                              
satisfy (13.1). 

Note 2 

      Also, the integer 1 in (13.12) has the following representations: 

 

(i) 
22

22

)7s30s30(

)15)1s2(8s30s30()15)1s2(8s30s30(
1

+−

−−+−−++−
=  

(ii) 
22

22

)1s6s6(

)15)1s2(8s6s6()15)1s2(4s6s6(
1

−−

−−+−−++−
=  

(iii) 
222

2222

)sr15(

)15sr2sr15()15sr2sr15(
1

−

−+++
=  

A similar analysis gives three additional choices of solutions to (13.1). 

 

Way 5 

         Consider (3) as  

                                 1*upv15 222 =+                                                              (13.17) 

Take 

                                 
22 ba15u +=                                                                      (13.18) 

Express the integer 1 in (13.17) as 

                         
16

)i15()i15(
1

−+
=                                                              (13.19) 

Substituting (13.18) & (13.19) in (13.17) and applying factorization , consider 

)]b,a(g15i)b,a(f[
4

)i15(

)bia15(
4

)i15(
piv15 2

+
+

=

+
+

=+

                                                 (13.20) 

where 
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                   ba2)b,a(g,ba15)b,a(f 22 =−=                                                     (13.21) 

On comparing, we have 

                        

4

)b,a(g)b,a(f
v

4

)b,a(g15)b,a(f
p

−
=

+
=

                                                                  (13.22) 

Replacing a  by  A2  & b  by B2  in (13.18) and (13.22) , we have 

                                    

.)B,A(g)B,A(fv

,)B,A(g15)B,A(fp

,B4A60u 22

−=

+=

+=

 

From (13.2), 13.1) is satisfied by 

                                

.BA2BA15t

,BA32w

,BA28B2A30z

,BA2B5A45y

,BA2B3A75x

22

22

22

22

−−=

=

+−=

++=

−+=

 

Note 3 

  In addition to (19) , the integer 1 in (13.17) has the following representations : 

(i) 
222

2222

)s15r(

))s15r(i15sr2())s15r(i15sr2(
1

+

−−−+
=  

(ii) 
22

22

)8s30s30(

))7s30s30(i15)1s2(())7s30s30(i15)1s2((
1

+−

+−−−+−+−
=

 

A similar process leads to two additional patterns to (13.1) . 
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Chapter 14
 

NON-HOMOGENEOUS CUBIC WITH 

SIX UNKNOWNS 

 
14.1 Technical Procedure 

 

    The third degree non-uniform polynomial equation having six unknowns is 

                                
3222 R)ba(T2wzyx +=+−                                              (14.1) 

Inserting 

0Pvu,PT,vPw,vPz,vuy,vux =−=+=−=+=                        (14.2)  

in (14.1) gives 

                                   
32222 R)ba(Pu +=+                                                        (14.3) 

The process of obtaining patterns of integer solutions (14.1) is illustrated below: 

Process 1 

It is seen that 

                         

.)nm()ba(R

,)nm(n)ba(P

,)nm(m)ba(u

2222

22222

22222

++=

++=

++=

                                                        (14.4) 

satisfy (14.3). 

Thus, one obtains integer solutions to (14.1) as 

Deep Science Publishing  
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)nm(n)ba(T

,v)nm(n)ba(w

,v)nm(n)ba(z

,v)nm(m)ba(y

,v)nm(m)ba(x

22222

22222

22222

22222

22222

++=

−++=

+++=

−++=

+++=

  

jointly with the value of R in (14.4) .  Note that v is an arbitrary non-zero integer for 

obtaining distinct solutions. It is worth to mention that, if  v=0, then, the solutions for 

the equation 
322222 R)ba(T2zx +=+−

 
are obtained. 

Process 2 

     Assume 

                                       
22 BAR +=                                                            (14.5) 

Substituting  (14.5)  in (14.3) and employing factorization ,consider 

                          
)]B,A(gi)B,A(f[)bia(

)BiA()bia(Piu 3

++=

++=+
                                      (14.6)  

where  

                           
.BBA3)B,A(g

,BA3A)B,A(f

32

23

−=

−=
                                                         (14.7) 

On comparison in (14.6) , observe  

                     
.)B,A(ga)B,A(fbP

,)B,A(gb)B,A(fau

+=

−=
                                                           (14.8) 

From (14.2)   

                  

.)B,A(ga)B,A(fbT

,v)B,A(ga)B,A(fbw

,v)B,A(ga)B,A(fbz

,v)B,A(gb)B,A(fay

,v)B,A(gb)B,A(fax

+=

−+=

++=

−−=

+−=

                                                          (14.9) 

Thus , (14.5) & (14.9)  satisfy (14.1) . 

Process 3 
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    Let 

                
)qp(b)qp2(a)q,p,b,a(G

,)qp2(b)qp(a)q,p,b,a(F

22

22

−−=

+−=
                                                  (14.10)  

where  p,q are non-zero distinct integers. 

Observe that 

22222

22

)qp()ba(

)q,p,b,a(G)q,p,b,a(F)]q,p,b,a(Gi)q,p,b,a(F[)]q,p,b,a(Gi)q,p,b,a(F[

++=

+=−+

 

Thus , we get 

222

22

)qp(

])q,p,b,a(Gi)q,p,b,a(F[])q,p,b,a(Gi)q,p,b,a(F[
)ba(

+

−+
=+         (14.11) 

Substituting (14.5) & (14.11)  in (14.3)  and  following the procedure as  

in Process 2 , one has 

    

)qp(

)]q,p,b,a(G)B,A(f)q,p,b,a(F)B,A(g[
P

,
)qp(

)]q,p,b,a(G)B,A(g)q,p,b,a(F)B,A(f[
u

22

22

+

+
=

+

−
=

                                          (14.12) 

Replacing A  by  U)qp( 22 +  and B  by  V)qp( 22 + in (14.5) & (14.12) ,we have 

        

)]q,p,b,a(G)V,U(f)q,p,b,a(F)V,U(g[)qp(P

,)]q,p,b,a(G)V,U(g)q,p,b,a(F)V,U(f[)qp(u

)VU()qp(R

222

222

22222

++=

−+=

++=

                  (14.13) 

From (14.2), (14.1) is satisfied by

 

)]q,p,b,a(G)V,U(f)q,p,b,a(F)V,U(g[)qp(T

,v)]q,p,b,a(G)V,U(f)q,p,b,a(F)V,U(g[)qp(w

,v)]q,p,b,a(G)V,U(f)q,p,b,a(F)V,U(g[)qp(z

,v)]q,p,b,a(G)V,U(g)q,p,b,a(F)V,U(f[)qp(y

,v)]q,p,b,a(G)V,U(g)q,p,b,a(F)V,U(f[)qp(x

222

222

222

222

222

++=

−++=

+++=

−−+=

+−+=

                    (14.14) 



96 

 

 jointly with R given in (14.13). 

Illustration: 

Take     

 

5)1,2,1,2(G)q,p,b,a(G

10)1,2,1,2(F)q,p,b,a(F

46)2,3(g)V,U(g

9)2,3(f)V,U(f

1v,2V,3U,1b,2a,1q,2p

==

==

==

−==

=======

 

From (14.13) and (14.14), we get, 

 10375T,10374w,10376z,8001y,7999x,325R ===−=−==  

which satisfy 
 

 
32 R5T2wzyx =+−  

Process 4 

  The insertion of the transformations 

                           
S)ba(R

,Sk)ba(P

22

222

+=

+=
                                                             (14.15)  

 in (14.3)  leads to  

                           )kS(S)ba(u 224222 −+=                                                     (14.16) 

After performing some algebra, it is seen that the R.H.S. of (14.16)  

 is a perfect square for values of S given by 

                            ,...2,1,0t,k)tkc(S 22

t =++=   

and thus  we have 

                     ]k)tkc[()tkc()ba(uu 22222

t ++++==  

From (14.15) ,one obtains  

                      
]k)tkc[()ba(S)ba(RR

,]k)tkc[()ba(kSk)ba(PP

2222

t

22

t

22222

t

222

t

+++=+==

+++=+==
           (14.17) 
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In view of (14.2) ,the integer solutions to (14.1) are given by 

                      

]k)tkc[()ba(kPTT

,v]k)tkc[()ba(kvPww

,v]k)tkc[()ba(kvPzz

,v]k)tkc[()tkc()ba(vuyy

,v]k)tkc[()tkc()ba(vuxx

22222

tt

22222

tt

22222

tt

22222

tt

22222

tt

+++===

−+++=−==

++++=+==

−++++=−==

+++++=+==

   

jointly  with tRR =  given in (14.17) . 

Process 5 

Inserting 

0Pvu,P5T,vPw,vPz,vuy,vux =−=+=−=+=                   (14.18)                    

in (14.1) gives 

                                   
32222 R)ba(P49u +=+                                                 (14.19) 

By inspection, observe that (14.19) is satisfied by 

                         

.)n49m()ba(R

,)n49m(n)ba(P

,)n49m(m)ba(u

2222

22222

22222

++=

++=

++=

                                                  (14.20) 

From (14.18), 

                          

)n49m(n)ba(T

,v)n49m(n)ba(w

,v)n49m(n)ba(z

,v)n49m(m)ba(y

,v)n49m(m)ba(x

22222

22222

22222

22222

22222

++=

−++=

+++=

−++=

+++=

  

satisfy (14.1) jointly with (14.10).  

Process 6: 

Assume  

 ]BA[49R 22 +=                   (14.21) 
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Substituting (14.21) in (14.19) & employing factorization, consider 

)]B,A(gi)B,A(f[)bia(7

)BiA()bia(7Piu

3

33

++=

++=+
                                  

Following the procedure as in process 2, we have, 

  
.)]B,A(ga)B,A(fb[7P

,])B,A(gb)B,A(fa[7u

2

3

+=

−=
                                                       (14.22)   

From (14.22) and (14.18) , one has the integer solutions to (14.1) as 

                  

.)]B,A(ga)B,A(fb[7*5T

,v)]B,A(ga)B,A(fb[7w

,v)]B,A(ga)B,A(fb[7z

,v)]B,A(gb)B,A(fa[7y

,v)]B,A(gb)B,A(fa[7x

2

2

2

3

3

+=

−+=

++=

−−=

+−=

                                             (14.23) 

jointly with R in (14.21).
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Chapter 15
 

ON UNIFORM THIRD DEGREE 

EQUATION HAVING SIX 

PARAMETERS 

 

15.1 Technical Procedure 

               The uniform third degree equation with six variables is 

                            
22222 R)yx()2k()pw()zpw( ++=−−+                       (15.1) 

Inserting 

          1vu,vup,vuw,uz,1vy,1vx −=+==−=+=                   (15.2) 

in (15.1) leads to  

                     
2222 R)2k(v2u +=+                                                                (15.3) 

Solving (15.3) is, we have patterns of solutions to (15.1). 

Way 1: 

By scrutiny, 

           )2k(R,)2k(v,)2k(ku 222 +=+=+=                                              (15.4) 

satisfies (15.3), 

Thus, (15.1) is satisfied by 

                )2k()1k(p,)2k()1k(w

,)2k(kz,1ky,3kx

22

222

+−=++=

+=+=+=
                

 jointly with R given in (15.4) . 

Deep Science Publishing  
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Way 2: 

 Write  (15.3)  as 

                        1*uuv2R)2k( 22222 ==−+                                                (15.5) 

Assume 

                             
222 b2a)2k(u −+=                                                          (15.6) 

Take integer 1 in (15.5) to be 

                             
2

22

k

)22k()22k(
1

−+++
=                                   (15.7) 

Inserting (15.6) & (15.7) in (15.5) & utilizing factorization , consider 

               k

)b2a2k()22k(
v2R2k

222
2 ++++

=++  

On comparing, the coefficients of corresponding terms ,note that 

k

ba)2k(2b2a)2k(
v,

k

ba4b2a)2k(
R

2222222 ++++
=

+++
=                (15.8)                      

 Taking Bkb,Aka == in (15.6) & (15.8) and using (15.2), (15.1) is satisfied by 

               ]BA4B2A)2k[(kR

,BA)2k(k2)kk(B2A)2k()kk(p

,BA)2k(k2)kk(B2A)2k()kk(w

,]B2A)2k[(kz

,1]BA)2k(2B2A)2k[(ky

,1]BA)2k(2B2A)2k[(kx

222

222222

222222

2222

2222

2222

+++=

+−+−+−=

++−+++=

−+=

−++++=

+++++=

 

Way 3: 

         Write (15.3) as 

                  
2222 v2uR)2k( =−+                                                                   (15.9) 

  Assume v  as 
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222 ba)2k(v −+=                                                                      (15.10) 

Take the integer 2 in (15.9) as 

           )k2k()k2k(2 22 −+++=                                                         (15.11) 

Following the procedure as in Way 2,the corresponding integer solutions to 

(15.1)  are given by 

bak2ba)2k(R

,ba)2k(2b)1k(a)2k()1k(p,ba)2k(2b)1k(a)2k()1k(w

,ba)2k(2bka)2k(kz,1ba)2k(y,1ba)2k(x

222

22222222

2222222222

+++=

+++++−=++−+++=

++++=−−+=+−+=

  

Way 4: 

 Rewrite (15.3) as 

                                          2222 v2R)2k(u −+=                                      (15.12) 

Introducing the linear transformations 

                                          Uku,T)2k(Xv,T2XR 2 =++=+=            (15.13) 

in (15.12), one has 

                                        2222 UT)2k(2X ++=                                        (15.14) 

which is equivalent to the pair of equations as in case(a) & case(b) . 

Case (a): 

                                     
TUX

T)2k(2UX 2

=−

+=+
 

  On solving, one has  

                                    

2

T)3k2(
U

,
2

T)5k2(
X

2

2

+
=

+
=

 

 Taking  s2T = , we get  
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s)3k2(U

,s)5k2(X

2

2

+=

+=
 

Inserting (15.13) and using (15.2) ,we get the non-trivial integer solutions of 

(15.1) to be 

                                            

.s)9k3k4k2(p

,s)9k3k4k2(w

,s)9k2(R

,s)k3k2(z

,1s)9k4(y

,1s)9k4(x

23

23

2

3

2

2

−+−=

+++=

+=

+=

−+=

++=

 

Case (b): 

                                                  
T2UX

T)2k(UX 2

=−

+=+
 

  On solving, one has  

                                    

2

Tk
U

,
2

T)4k(
X

2

2

=

+
=

 

 Taking  s2T = , we get 

                                      
skU

,s)4k(X

2

2

=

+=
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From  (15.13)  &  (15.2) , (15.1) is satisfied by                                           

.s)8k3k(p

,s)8k3k(w

,s)8k(R

,skz

,1s)8k3(y

,1s)8k3(x

23

23

2

3

2

2

−−=

++=

+=

=

−+=

++=

 

Way 5: 

              Let   

                            22 b2aR +=                                                            (15.15)           

Take   )2k( 2 +   as 

               )2)(2()2( 2 ikikk −+=+                                    (15.16)                                  

Applying (15.15) & (15.16) to (15.3), consider 

          
)]b,a(g2i)b,a(f[)2ik(

)b2ia()2ik(v2iu 2

++=

++=+
                           (15.17)  

where 

        ba2)b,a(g,)b2a()b,a(f 22 =−=  

On comparing (15.17),we get 

kab2b2a)b,a(gk)b,a(fv

ab4)b2a(k)b,a(g2)b,a(fku

22

22

+−=+=

−−=−=
 

From (15.2), (15.1) is satisfied by 
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)2k(ab2)1k)(b2a(p

)2k(ab2)1k)(b2a(w

ab4kb2kaz

1kab2b2ay

1kab2b2ax

22

22

22

22

22

+−−−=

−++−=

−−=

−+−=

++−=

                                   

   jointly with R given in (15.15) .                                              

  

Way 6 

      Consider (15.3) as 

                                 1*R)2k(v2u 2222 +=+                                           (15.18) 

Write the integer 1 in (15.18) as 

                            
9

)22i1()22i1(
1

−+
=                                                 (15.19) 

Assume 

                                  )b2a(9R 22 +=                                                         (15.20) 

Substituting (15.16) ,(15.19) & (15.20) in (15.18) and applying factorization , 

consider 

                   

)]b,a(g2i)b,a(f[)]k21(2i4k[3

3

)22i1(
)b2ia(9)2ik(v2iu 2

+++−=

+
++=+

 

On comparing coefficients of corresponding terms , we have 

                    
.)]b,a(g)4k()b,a(f)k21[(3v

,)]b,a(g)k21(2)b,a(f)4k[(3u

−++=

+−−=
 

From (15.2) ,(15.1) is satisfied by 
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)]b,a(g)k52()b,a(f)5k[(3p

,)]b,a(g)6k3()b,a(f)3k3[(3w

,)]b,a(g)k21(2)b,a(f)4k[(3z

,1)]b,a(g)4k()b,a(f)k21[(3y

,1)]b,a(g)4k()b,a(f)k21[(3x

−+−−=

+−−=

+−−=

−−++=

+−++=

  j 

jointly with R given by  (15.20) . 

Note 1 

     Apart from (15.19) , the integer 1 may be expressed as below: 

          

.)223()223(h

,)223()223(e

where

,...2,1,0n,
)e(

)hi2()hi2(
1

,
)s2r(

))sr2(2is2r())sr2(2is2r(
1

,
)sr2(

))sr2(2isr2())sr2(2isr2(
1

1n1n

n

1n1n

n

2

n

nn

222

2222

222

2222

++

++

−−+=

−++=

=
−+

=

+

−−+−
=

+

−−+−
=

 

Following the above procedure, three more sets of integer solutions to (15.1) are 

obtained. 

Way 7 

Consider (15.3) as 

0,
)Rku(

)vR(2

)vR(

)Rku(





=

−

−
=

+

+
                                                    (15.21) 

which is expressed as 

0)k2(Rv2u

0)k(Rvu

=++−−

=−+−
       

whose solutions are                                                
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22

22

22

2R

k22v

4k2ku

−−=

−−=

−+−=

                                                               (15.22) 

Thus, (15.1)  is satisfied by 

 −++++−=

+−−+−=

−+−=

−−−=

+−−=

)4k2()2k2()1k(p

)4k2()1k(2)k1(w

4k2kz

1k22y

1k22x

22

22

22

22

22

       

 jointly with the value of R in (15.22) . 

Note 2 

Also, consider (15.21) as below 

                         




=

−

−
=

−

+




=

−

−
=

+

+

)Rku(

)vR(2

)vR(

)Rku(
)ii(

)Rku(

)vR(

)vR(2

)Rku(
)i(

 

A similar procedure as in Way 7, one obtains the respective solutions to (15.1) . 
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Conclusion:  

 

This book is intended for advanced undergraduate and graduate scholars as well as 

researchers. The aim of this book is to give the readers an opportunity   to learn and to 

know interesting results in the theory of Diophantine equations. We hope that scholars, 

researchers & anyone with an interest in number patterns and equations may be 

motivated to search for new techniques in solving multidegree and multivariate 

polynomial as well as transcendental Diophantine equations for their solutions in real 

integers. No doubt that the subject of Diophantine equations (polynomial and 

transcendental) is a treasure house and the analysis for getting integer solutions is a 

treasure hunt. 
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